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The complex Ginzburg-Landau equation (CGLE) has been used to describe the travelling wave behaviour in

reaction—diffusion (RD) systems. We argue that this description is valid only when the RD system is close to the Hopf

bifurcation, and is not valid when a RD system is away from the onset. To test this, we study spirals and anti-spirals

in the chlorite-iodide-malonic acid (CIMA) reaction and the corresponding CGLE. Numerical simulations confirm that

the CGLE can only be applied to the CIMA reaction when it is very near the Hopf onset.
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1. Introduction

The complex Ginzburg-Landau equation
(CGLE) is one of the most-studied nonlinear dy-
namic equations in the physics community. In pattern
formation theory, it describes the dynamics of generic
spatially extended systems which undergoes a super-
critical Hopf bifurcation from a stationary state to an
oscillatory state.ll With the classic reductive pertur-
bation method, any reaction-diffusion system that is
close to this bifurcation can be deduced to the CGLE,
which has the following form: 34!

%_vtv =W -1 +ic)W |W > +(1 +i8)V*W, (1)
where W represents the complex amplitude of the os-
cillations; 4 is the imaginary unit and V2 = (9%/9x2 +
0?/9y?) denotes the two-dimensional Laplace opera-
tor.

In one of recent papers, the CGLE is used to
explore spiral behaviour in the Fitz-Hugh—Nagumo
(FHN) model. ] Inwardly rotating waves, termed anti-
spirals, have been reported.[®”] The authors pointed
out a continuous transition from spirals to anti-spirals
at the wave number £ = 0. In the succeeding papers
on anti-spiral formation,®~1% it was indicated that

anti-spirals will occur when the group velocity (vg,)

and the phase velocity (v,n) have opposite signs. Fur-
thermore, the other transition line with the frequency
w = 0 from spirals to anti-spirals has been found in

the CGLE.

While the mechanism of anti-spirals in the CGLE
has been well documented, more and more works show
that the pattern behaviour in reaction—diffusion (RD)
system exhibits qualitative difference from the cor-
responding CGLE. In order to clarify this observa-
tion, we explore the transition between spirals and
anti-spirals in both the chlorite-iodide-malonic acid
(CIMA) reaction and the CGLE.['Y) In this paper, we
first analytically derive the CGLE coefficients from the
CIMA reaction kinetics, then conduct numerical sim-
ulations in both the CIMA RD system and the CGLE
system. The behaviour of the systems, especially the
onset of the transition from spirals to anti-spirals is
compared, this information helps us to justify the re-
gion of usefulness of the CGLE in RD systems.

2.Model analysis

The CIMA reaction mechanism in an homoge-

neous RD medium can be quantitatively described by
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a two-variable activator-inhibitor model:12~14 where
4kixy -z
L 3 2 a; =
0z /0t =k] — ks (u+a?) + D,V z, 1 21+ 2
kizy o
dy /ot =kbx — —3“_ 4+ D V?y, 2 az = ;
y/ 2 (u+ 222) + yVrY ( ) 2(3$62 _ 5)
_le + Dy/
where x = I~ stands for the concentration of iodide, Pr= 2 ’
the activator; y = ClO; represents the concentration D, — D,y
2 ﬁQ = Y W,
of chlorite, the inhibitor; ki, k5, k% are reaction rate 10 ’
constants; u denotes a phenomenological parameter; o :23”64 —27zg — 5
D, and D, are the diffusion coefficients of I~ and 23362(1 +:v62)2
ClO, , respectively. s :26;%6 — 119;664 + 100;%2 — 75 .. (8)

The above equations can be transformed to the

following dimensionless equations:

oz’ /0T = a — 2’ —4a'y' /(1 4+ ') + D V2,
dy'/or = bla’ —a'y'/(L+ )]+ Dy Viy',  (3)

where
z=pz’  y=vy  t=qT,
r=10"2¢" a=kiy/p b=upu/v,
po=u? v=1/ky  v=uky/ky.  (4)

There exists an unique uniform steady state

(x4, yp) solution of Egs.(3) given by
(0, y0) = (a/5,1 + a*/25). (5)

If one chooses b as the control parameter and keeping a
constant, the linear stability analysis of the fixed point
(24, y0) shows that the steady state becomes unstable
and undergoes a transition to a state of periodic os-

cillations if b < b., where
b. = 3a/5 — 25/a. (6)

This transition is called the Hopf bifurcation, which
induces periodic oscillations of the concentrations in
the RD system, with an oscillation amplitude |A]
5(3zf — 5)

(a >
1+ xf

and an intrinsic frequency w. =

54/5/3) at onset.

Using the reductive perturbation method®4 and
after an intensive analytical study, we derived an equa-
tion for the amplitude A of the RD system. It has the

following form:

0A

or :(a1 + 1a2)(b - bC)A + (041 + 10(2)|A‘2A

+ (81 +iB2) V2 A, (7)

30z 3z — 5)(1 + ()2

Note that Eq.(7) has a saturated nonzero steady
state solution only when a; < 0 or 2z —27zZ -5 < 0,
which is the condition for the supercritical Hopf bifur-
cation. If a3 > 0, no saturated steady state solution
can be found for Eq.(7). One has to include higher or-
der terms to get an correct amplitude equation, which
is a case of the subcritical Hopf bifurcation. In the
latter case the CGLE of Eq.(1) can not be applied.
Thus, the necessary conditions for Eq.(7) to describe
the dynamic behaviour of the CIMA RD system are
a > 54/5/3 (Hopf bifurcation) and a < 18.495 (super-
critical).

Assuming 5\/% < a < 18.495, we can re-scale
the Eq.(7) as the following:

A= Me)q)(i@t) W,
a1 ay
’I"/ — ﬁl r
al(b — bc) ’
1
=t
T aib— b ©)

which gives the CGLE of Eq.(1) with coefficients

26z — 119z + 100z — 75

T 15322 — 5) (222 — 27 — 5)
Du — D,
== U,)C, ].0
R e (10)

In summary, using perturbation analysis and assum-
ing the CIMA RD system is near the supercriti-
cal Hopf bifurcation, we link this RD system to the
CGLE. More importantly, the control parameters in
the CIMA reaction are directly mapped to the con-
trol parameters a and § in the CGLE, allowing us to
compare the two systems quantitatively.

Certain background information needs to be pre-

sented before the comparison. Solutions (z’,y’) in
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Eqgs.(3) near the supercritical Hopf bifurcation with

frequency we can be decomposed asl®?

x! _ 586 Ill / iweT
= + A(r',7)e'¥T + c.c.,
Y Yo i
(11)
o | . : :
where ) is the stationary solution that
Yo
o : . 'y
loses stability at the bifurcation onset; )
Y1

is the eigenmode of the Hopf bifurcation. The
evolution of the complex amplitude A(r',7) =

—%:I%)W(r,t)eic‘)t of the oscillations is de-

scribed by the CGLE of Eq.(1), which has a travelling

wave solution of the form
W (r,t) = F(r)el(hecrer—weeLst) (12)

The selected wave number kcgrg is a function of pa-
rameters a and [ given by the nonlinear eigenvalue.
It has been proved that kcgrLg takes the same sign
as 8 — a. The corresponding frequency wcgrLg is
weare = a + (8 — a)kiqrp.

If we translate the above analytical results to the
CIMA RD system, we can deduce that there exists a
travelling wave solution in this system; the wave num-

ber of the travelling waves should be:

al(b — bc)
B

kciva = kcarE, (13)

and the frequency wciva should be
weiMa = (wearLe — az/ar)ar(b—be) —we.  (14)

Propagation of small perturbations of the waves

is described by the group velocity

Vgr =0wcima /Okciva
ay (b — bc)

=" 5

(ﬂ — a) kCGLE- (15)
Note that since the wavenumber kcqrg takes the same
sign as B — "% the group velocity is positive, which
means that any small perturbation of the (anti) spiral
should be pushed away from the core region.
However, the phase and group velocities do not
The phase

waves move outward (inward) for positive (negative)

necessarily point to the same direction.

phase velocity:

Uph =wctma /kciva

=[(wecaLE — az/a1)a1 (b — bc) — we|/kcima

ﬁ/lﬂCGLE- (16)

~ _
~ We

The above equation shows that vp, changes sign only
when kcgLe changes sign, i.e., when a = (3. In other
words, anti-spirals should be observed when § > « in
the CIMA RD system. This result is consistent with
the analysis of the CGLE. On the other hand, w = 0
predicted by the CGLE is no longer the spiral to anti-
spiral transition line in the CIMA.

3. Simulation results

We should emphasize that the theoretical result
presented in Section 2 is based on perturbation anal-
ysis. It is valid only when the system is close to the
supercritical Hopf bifurcation. If the reaction goes
far enough away from the onset of the instability, it
should not be described by the above theory. In this
case, the CGLE and the real CIMA reaction will have
qualitative difference, so that the CGLE should not
be used to explore the dynamics of the CIMA reaction
any more. In this section, we use the spiral-anti-spiral
transition as the qualitative criterion to identify this
difference.

We first selected some points close to the super-
critical Hopf bifurcation curve in the CIMA RD sys-
tem (b = 0.8, b. = 1.17) to compare its behaviour with
the corresponding CGLE. In this case, our simulation
results show that the analysis presented in the last
section is valid. The behaviour of the stable travelling
waves splits into two regimes, spirals for < « and
anti-spirals for 8 > a. Figure 1 gives one example for
each case. When a = 7.5, b = 0.8, D,» = 0.07 and
D, = 0.095, Eq.(10) gives o = 0.176 and # = —0.05.
These two parameters are within the spiral regime be-
cause J < «a. Consistent with this prediction, a di-
rect numerical simulation of the dimensionless CIMA
model shows the spiral in Fig.1(a). Figure 1(c) shows
the corresponding time—space behaviour of the spiral.
In the other case, when we select a = 16.0, b = 8.0,
D, = 0.07 and D, = 0.075 in CIMA RD system,
Eq.(10) gives a = —2.002 and 8 = 0.117. These two
parameters are within the anti-spiral regime because
B > a. A direct numerical simulation of the dimen-
sionless CIMA model shows the anti-spirals in Fig.1(b)
and Fig.1(d), which also agree with the theoretical
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prediction.

Time

Space

Fig.1. Snapshots (top) and time evolutions (bottom), prop-
agating spirals [(a) and (c)] and anti-spiral waves [(b) and
(d)]. The space-time representation of (c) and (d) corre-
sponds, respectively, to the time evolution of the dashed cut-
lines marked in (a) and (b). Parameters: a = 7.5, b = 0.8,
D, = 0.07 and D,; = 0.095 for [(a) and (c)], a = 16.0,
b = 8.0, D,y = 0.07 and D, = 0.075 for [(b) and (d)]. The
results are obtained by integrating Eq.(3) numerically under
the zero-flux boundary condition on a 256 x 256 lattice by the
two-step Lax—Wendroff algorithm, with grid space h = 2.0,
time step At = 0.02.

If one changes the control parameters of the
CIMA RD system away from the onset of Hopf bi-
furcation, pattern behaviour in the RD system can
not be described by the CGLE any more. In order
to observe where the CGLE fails to describe the cor-
responding RD system, we conducted a systematic
study in numerical simulations of the dimensionless
CIMA model, continuously changing the control pa-
rameter from near to far from the onset of the Hopf
bifurcation. The results of these simulations is sum-
marized in Fig.2. Figures 2(a) and 2(b) compare the
behaviour of the CIMA RD system (a) and the cor-
responding CGLE (b). Values of b. — b measures the
distance to the onset of Hopf bifurcation in the CIMA
RD system; values of 8 is calculated from Eq.(10).
Figure 2(b) shows that for CGLE prediction, anti-
spirals should appear in the selected control param-
eters of the CIMA RD system. The direct simulations
of CIMA RD system show that this is true only when
the system being near the Hopf onset. From Fig.2(a),
one observes that near the Hopf threshold, the ob-
served behaviour in the CIMA RD system is indeed

anti-spiral waves, consistent with the prediction of the
CGLE in Fig.2(b). However, as the system moves far
enough from Hopf onset, i.e., when b. —b is larger than
1.0, the prediction of the CGLE breaks down. In this
case, spirals rather than anti-spirals take place in the
CIMA reaction. This breaking down of prediction is
clearly shown in Fig.2(c). In this figure, CIMA simula-
tions are carried out by setting b = 6.0, and changing
a from 13.5 to 15.5 for different pairs of diffusion co-
efficients: D, = 0.070, D, = 0.075; D, = 0.070,
D, = 0.070; and D, = 0.075, D,y = 0.070. The
results are mapped to the (a, 3) parameter plane to
compare with the prediction of CGLE. The CGLE pre-
dicts that the white region in the figure should be a
regime of anti-spirals, but for the corresponding CIMA
RD system, a line of spiral-anti-spiral transition is ob-
tained inside the white region, where the distance from
the Hopf onset is large. Quantitative differences also
exist between the CIMA RD system and the CGLE.
For example, oscillation frequency simulated in the
CIMA RD system increases with b. — b, while it is
a decreasing function of b. — b predicted by Eq.(14).
This difference is shown in Fig.2(d). When b. — b is
larger than 1.0 and the travelling waves change from
anti-spirals to spirals, there is a striking dissimilarity

between simulations and calculation from Eq.(14).

0.116 0.116
0.114 . 0.114 x
Q X X
0.112 x 0.112 x
0.110} x(a) 0.110f x(b)
0 1 2 0 1 2
be —b be —b
-3.0 ——=
o—°
-3.20
3 +.
Q .
-3.4 .
L +
(c) -36} (d) *
0.2 06 1.0 1.4 1.8
a be —b

Fig.2. The relation between the CIMA reaction and the
CGLE system for b = 6.0. (a) Parameter space (3,bc — b)
for the CIMA reaction when changing a from 13.5 to 15.5;
D, =0.070, D,s = 0.075. (b) Parameter space (3, b; —b) for
the corresponding CGLE. (c) Comparison of spiral-anti-spiral
transition between CIMA simulations and the CGLE predic-
tion. (d) Frequency relationship between simulation results of
the CIMA reaction (o)and calculation from the theory (+).
Symbols: (e) for spiral, (x) for anti-spiral.
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4. Discussion and conclusion

The major cause of the difference between the
CGLE and the corresponding RD system is that we
assume the Eq.(11) can represent the oscillations of
the RD system. This assumption omits influence of
higher harmonics of the oscillatory system, thus it is
valid only when the RD system is near the supercrit-
ical Hopf bifurcation. As the system moves beyond
the Hopf onset, higher harmonics become important.
We suggest that this is the main cause of the spiral—
anti-spiral transition and the CGLE breaking down.

Figure 3 compares the oscillation modes of the RD

307
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30T
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Fig.3. CIMA numerical simulations for b = 6.0,

D,/ = 0.070, and D, = 0.075. (a) Time history of the
variable 2’ when a = 13.5, where the CIMA reaction
makes sinusoidal oscillation; and (b) shows the corre-
sponding limit cycle(the solid line) the CIMA follows.
(c) Time history of the variable ' when a = 18.0,
where the CIMA reaction makes relaxation oscillation;
and (d) shows the corresponding limit cycle(the solid
line) the CIMA reaction follows.

system when it is near and far away from the onset

Near the Hopf instability, the

oscillations in CIMA reaction is sinusoidal, as shown

of Hopf bifurcation.

in Fig.3(a), which is quite different from the highly
inharmonic oscillations observed when the system is
apart from the onset, as shown in Fig.3(c). Figures
3(b) and 3(d) are the corresponding limit cycle mo-
tion that the CIMA system follows. Obviously, CGLE
can only be applied to describe the sinusoidal oscilla-
tion when CIMA reaction is near the Hopf instability.
Apart from the onset, the CGLE is no longer valid
because the CIMA reaction makes the relaxation os-

cillation.

In summary, to throw some light on the valid-
ity of the complex Ginzburg—Landau approximation,
we have compared a RD system with their CGLE ap-
proximations. For the chemical RD system based on
the CIMA reaction, we found that there exists sub-
stantial regions where the CGLE provides an excellent
description of the dynamical behaviour. Spirals and
anti-spirals in real chemical systems can be described
by a CGLE with parameters o and 8 determined by
the classic reductive perturbation method. However,
the CGLE only applies to a coefficient region where
the system is close to the Hopf bifurcation. We demon-
strated how the CGLE approximation eventually fails
beyond a certain limit. In this case, anti-spirals can
not be found any more because the system follows
the relaxation oscillation. In conclusion, the CGLE is
just an approximation to the real chemical RD sys-
tem close to the Hopf onset. The approximation is no
longer valid when the chemical system is apart from

the onset.
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