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This paper investigates robust unified (lag, anticipated, and complete) synchronization of two coupled chaotic

systems. By introducing the concepts of positive definite symmetrical matrix and Riccati inequality and the theory

of robust stability, several criteria on robust synchronization are established. Extensive numerical simulations are also

used to confirm the results.
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1. Introduction

Over the last decade, chaos synchronization has
attracted much attention!! 1% because of its role in
understanding the basic features of manmade and nat-
ural systems and its potential application in secure
communication, telecommunications and others. For
example, experiments on the electric activity of infor-
mation transmission in brain('''?l have shown a pat-
tern which is a special kind of synchronization. Many

[13]

experiments on mammals'*® have indicated complex

synchronism between two firing neurons. Various
kinds of generalized synchronization have also been
observed!*~16] in many other numerical and labora-
tory experiments. Both the evidences of chaotic mo-
tion in the brain and the importance of synchroniza-
tion in perceptive process of mammals indicate a pos-
sible role of chaos in neural ensembles and its potential
application in communication. Many different syn-
chronization states have been studied in the past ten
years, namely, complete or identical synchronization
(CS or IS), phase synchronization (PS), lag synchro-
nization (LS), anticipated synchronization (AS), gen-
eralized synchronization (GS), etc. Correspondingly,
a great number of methods have also been studied for
all kinds of synchronization such as feedback control,

adaptive control, impulsive control, etc. Meanwhile, a

unified definition of synchronization, including IS, AS,
LS and GS, has been presented,!'” which develops a
framework to investigate different kinds of synchro-

nization.

On the other hand, uncertainties happen fre-
quently in various engineering, biological, and eco-
nomical systems, owing to model errors, measurement
inaccuracy, linear approximation, external noise, and
so on. It is well known that uncertainties often re-
sult in instability. Therefore, robustness analysis of
uncertain systems is very important. Several interest-
ing results have been established in Refs.[18-20] for
continuous dynamical systems. But so far there are
few results for synchronization of coupled uncertain
chaotic systems. Generally speaking, systems are al-
ways hoped to be asymptotically stable under the ac-
tion of a proper controller. However, it needs expendi-
ture of great control energy which even may be of no
use sometimes. In addition, it is neither possible nor
necessary to make the system’s actual state exactly
equal to the perfect state. In practical problems, er-
rors between reality and ideal are permitted if they are
within given limitations. Owing to these reasons, we

bring forward the concept of robust synchronization.

In this paper, based on the robust control theory,

we investigate the unified synchronization (including
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lag, anticipated, and identical synchronization) and
We discuss dif-

ferent cases of uncertainty and present a systematic

the robust unified synchronization.

and powerful control scheme. The organization of this
paper is as follows. In Section 2, we introduce the
concepts of unified synchronization and robust unified
synchronization. For simplicity and clarity, in Section
3 we state and prove our main results in the cases
with linear uncertainty and nonlinear uncertainty, re-
spectively. Finally, we work through some examples
to illustrate the effectiveness and applicability of our

results.
2.Definition of unified synchro-
nization and robust unified syn-

chronization
Consider the following two chaotic systems:
&= Az + f(z(t)),
y=Ay+ f(y() +U(z,y,1),

where x,y € R™ are the state vectors of the drive sys-

(1)

tem and response system, respectively, A € R"*" is a
constant matrix, f : R™ — R™ is a known nonlinear

continuous vector function satisfying

F@(t)) = F(y(t2)) = Mary) y(ea) (2(t1) — y(t2)), (2)

and U(z,y,t) is the controller to be designed later.

Remark 1 Many known chaotic or hyperchaotic
systems satisfy (1) and (2). For example, Chua’s cir-
cuit, the Lorenz system and the Rossler system all
belong to the class defined by (1) and (2).

Definition 1 For the two systems described
by (1), we say they have unified synchronization if
t1i+r£10 lly(t) — z(t — 7)|| = 0, where 7 is a given time
lag. Specially, when 7 = 0, the two systems achieve
CS. The case of 7 > 0 corresponds to LS, and 7 < 0
corresponds to AS.

Consider systems (1) with uncertainty, described

as follows:

t = Az + f(x(t)) + F(z(t),t),

3
y=Ay+ fy(@®) + G(y(t),t) + U(z,y,1), )

where F(z(t),t) and G(y(t),t) represent structural un-
certainty or uncertain perturbation.

Definition 2 For the two systems described by
(3), we say they possess the property of robust uni-
fied synchronization with tolerance o (a given small
positive constant) if there exists a control function
U(z,y,t) such that t_l}_l_moo lyt) —z(t —7)|| < o.

3. Robust synchronization

The present section consists of two parts. At
first, we investigate the robust synchronization in the
case of linear uncertain dynamical systems. The cor-
responding results for nonlinear uncertain dynamical
systems are given in the second part. All criteria in
these two parts are suitable for 7 € R, no matter
whether 7 > 0,7 < 0 or 7 =0.

3.1. Robust synchronization with linear uncer-

tain terms

Study robust synchronization of the following two
coupled chaotic systems satisfying (2) with linear un-

certain terms

i = Az + f(a(t) + A (t)a,

4
g =Ay+ f(y(t)) + A2(t)y + U(z,y,1), W

where both A;(t) = (a1(t)ij)nxn and As(t) =
(az(t)ij)nxn are uncertain but bounded matrices
satisfying Ai(t), A2(t) € N[P,Q], ie., p; <
ai(t)ij,a2(t)i; < gij, where P = (pij)nxn, Q@ =
(¢ij)nxn are known constant matrices.

In order to obtain the robust synchronization con-
troller of systems (4), we first introduce some lemmas.
Lemma 1 Let A;(t),A2(t) € N[P,Q], where
P = (pij)nxn; @ = (gij)nxn are known constant ma-

trices. Then A;(t), A2(t) can be written as

Ay(t) = Ag + REy(8)S, (5)

Ay(t) = Ag + REy(8)S, (6)

where AO = %(P‘i‘ Q), L= (lij)an = %(Q - P):

2 2 ..
761(t)n17551(t)nn)€Rn xn 7|51(t)ij‘<177fa]:1727"'7n7
2 2 ..
762(t)n17 o '752(t)nn) S Rn xn a|52(t)ij| < 1,2,] = 1727' N,

Vlinen) € RV

4 (t) = diag(d1(t)11, -+, 01 () 1m, - - -

Xy (t) = diag(d2(t) 11, -+, 02(t)1n, -

R=(/lie1, -, Vlner, +, Vlnin, -

S = (Ve -, llnEn,---,\/EQ,---, lnnan)T = R"ZX”,

Ei:(())""og]-;o;"',o)TeRn’ 7/:]-,,77/



No.3

Robust synchronization of uncertain chaotic systems 509

Lemma 2 Suppose Y(t) = diag(d(t)11,---,
J(t)lnv ) 5(t)n17 ) d(t)nn) € Rn2><n27 |5(t)13‘ <
1,72,7 = 1,---,n, thus for any positive number a > 0
and for any vectors £,n with proper dimension, the

following inequality holds:
1
0+t YT <o+ —nTn. (D)
By Lemma 1, (4) can be rewritten as

&= Az + f(z(t)) + RX\(t)Sz, ®)
y=Ay+ f(y(t)) + R%(t)Sy + U, y,t),

where 4 £ A + Ao, and R, S, X (t), Xo(t) are defined
as in Lemma 1.
Let e(t) = y(t) — «(t — 7), then the error dynamical

system is

é(t) =Ae(t) + f(y(t)) — f(z(t — 7))
+ U(x(t = 7),y(t),t) + RX5(t) Sy(t)
—RY(t—7)Sx(t— 1)
=(A+ My(1),u(t—r) + RE2(t)S)e(t)
+U(z(t — 7),y(t),t) + R(Xs(¢)
— X1t —71))Sz(t — 7). 9)

Theorem 1 Assume there exist two positive
numbers p and «, a positive definite symmetrical ma-
trix P € R™*™ and Xy(t) = X1(t—7). Thuse=01isa
uniformly asymptotically stable equilibrium point of
the error dynamical system (9) if the control function
is chosen as U(z(t — 7), y(t),t) = Ke(t) such that for
all possible y(t) and z(t — 7) the following inequality
always holds:

PA+A"P+ PK + K"P+ PMyu) o(i-r)
1
+ M) 41—y P+ aPRRTP + —STS5 < —pP. (10)
’ «Q

Proof Construct a Lyapunov function as V =
e(t)T Pe(t).

According to assumption Xh(t) = Xi(t — 1),
Eq.(9) can be rewritten as

e(t) = (A + My(),a(t—r) + B22(1)S + K)e(?).

Based on lemma 2, the derivative of V' with respect to

time is

V =é(t)T Pe(t) + e(t) T Pé(t)
=e(t)"(ATP+ K"P + My (1P
+ STXS(t)R"P + PA+ PK + PMy(t) u(1—r)
+ PR (t)S)e(t)
<e(t)"(PA+ AP+ PK + KTP
+ M) w(t—r) P+ PMy(s) o)

1
+ aPRRTP + =STS)e(t).
(6%

Therefore, by (10) we have V < —pe(t)T Pe(t). Hence,
the theorem is true, that is to say, given a 7, two sys-
tems of Eq.(4) achieve LS, AS or CS with 7 > 0,7 < 0
or 7 = 0, respectively.

Remark 2 There are two cases satisfying as-
sumption X5(t) = Xy(t — 7). The first is that both
In this

case the parameter perturbation is time invariant and

X1 and X5 are identical constant matrices.

identical. We can regard them as two identical semi-
determined systems while we only know part of the
information of their parameters. Another case is that
Yy and X5 are time-varying and different, but they
have a certain relation with time lag 7. In this case,
we may look upon system z and system y as systems
with noise, which disturbs systems’ parameters. How-
ever, if Y5(t) = Xi(t — 7) is satisfied and other con-
ditions in theorem 1 hold, the two systems still can
achieve synchronization.

Next we consider the case that X5 (t) # X (t —7),
and first introduce the following lemma.

Lemma 3! Consider the following uncertain

system:

& = (A+ AA())z + Bw(t) + u(t),

11
z(t) = Cx(t), (D

where x € R"™ is the state of the system, z € R™ is
the output of the system, A, B and C are constant
matrices of proper dimension, AA(t) € R™*™ is an
uncertain perturbation matrix, w(t) € R™ is the ex-
ternal noise vector and wu(t) is the controller. Given
a scalar quantity v > 0, the system is said to be ro-
bust quadratic stable with degree of disturbed decay
v, i.e, ||z]ly < v]|wl|,, if there exists a positive defi-
nite symmetrical matrix P such that for all possible
AA(t), the following inequality holds:

(A+AA(R)+ K)'P + P(A+ AA(t) + K)
+~72PBTBP +CTC <0, (12)
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where the feedback controller is designed as u = Kz,
which is named as H,, robust controller.

Theorem 2 Given a constant v > 0, let
U(z(t — 7),y(t),t) = Ke(t).
of (4) achieve robust unified synchronization with tol-

Thus the two systems

erance o, if there exists a positive definite symmetrical
matrix P such that for all possible Y5(t), the following
inequality is satisfied:

(A+ My aer) + RE(1)S + K)'P
+ P(A+ My o(t-r)
+RE,(1)S+ K)+~vy72P? < 1. (13)

Proof Consider R(X(t) — Xi(t — 7))Sz(t — 7)
as the external noise w(t) of system (9), choose B =1
and C =1, i.e.,
Thus, according to lemma 3, we have tii-ﬁ?oo lle()]] <
3 Jim_[R(50) — 5i(t - 7)Sa(t — 7)].
Xo(t) — Xy(t — 7), there always exists a small posi-
tive number v such that ’yt_l>i_~r{100 [|R(Xs(t) — X1(t —
TNSX(t—7)|| <o. So t_l}_l_moo lle(t)]] < o, and the two

the error e(t) is the output vector.

For any

systems of (4) achieve robust unified synchronization.

3.2. Robust synchronization with nonlinear un-

certain terms

Now we study robust synchronization of chaotic

systems satisfying (2) with nonlinear uncertain terms

&= Az + f(z(t)) + g1(z(¢)),

(14)
¥=Ay+ fly(®) + g2(y(t)) + U(z,y,1).

The functions g1,g2 : R® — R'™ represent structural

uncertainty or uncertain perturbation characterized

by

1 (2)8g, (2), |09, (@) < [lmy, ()], (15)
2(4)095(Y), 1189, (W) < [lmg, (w)]I, (16)

g1(z)

Hg
92(y) = Ky

where pg,, pg, € R™™ are known matrix functions
whose entries are smooth functions of the state, and
04, (2),04,(y) are unknown vector valued functions
whose norm are bounded, respectively, by the norm
of the vector valued functions mg, (z), mg, (y). Here,
mg,, Mg, : R — R™ are given smooth functions.

Let e(t) = y(t) — «(t — 7), thus

é(t) =Ae(t) + f(y(t)) — fz(t — 1))
+U(x(t —7),y(t),t) + g2(y(t)) — g1 (2(t — 7))
=(A+ My(t),a(e-—r))e(t) + U(z(t —7),y(t),t)
+ g2(y(t)) — ga(z(t — 7). (17)

Theorem 3 Suppose that p 2 Wy, (2(t —T)) =
Hg, (y(t)). Given a constant o > 0 and the con-
troller is chosen as U(z(t — 7),y(t),t) = Ke(t). As-
sume there is a Lyapunov function V(e(t),t) and a
vector valued function m : R™ — R™ such that
|lm|| > 2max(||mg,||,||mg,||). Thus the two systems
of (14) achieve unified synchronization if the following
Riccati inequality holds:

B OV (4t My oty + Ke(t)
VT

LoV
2 36”” de

(18)

Proof Let V = V(e(t),t) >0, ¢ = b9, (y(t)) —
691 (m(t -

of V' with respect to time is

7)), according to theorem 3, the derivative

V:%—ZJF %V[(A+M() a(t—r) + K)e(t)
+92(y(t)) — g1 (z(t — 7))]
%‘;Jr%(AJrM (1),a(t—7) + K)e(t ()+?TV“5

:88—‘; + %—:(A + My(sy a(—r) + K)e(?)

1/ oV 1.7 rovT 1
‘5(“%“‘55 )(““ W‘E‘S)

because

1811 = 164, (y(£)) — g, (2(t = 7))l
<|18g, (2(t — 7)) + 16, (D))l
< lmg, (2(t = TN + lImg, (y(£)]

(
<2max(|mg, (z(t — 7)), [[mg, (y(¢))[])
<|lmll,

so we have mTm > 674, and

ov. oV

V< _E + 5o (A+ My(e),a(e-r) + K)e(t)
2 9 M ge T g™ ™

so if (18) holds, V < 0 and the two systems of (14)
achieve unified synchronization.

Theorem 4 Given a constant v > 0, let U(x(t —
7),y(t),t) = Ke(t). Thus the two systems of (14)
achieve robust unified synchronization with tolerance

o, if there exists a positive definite symmetric matrix
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P such that for all possible g1 (z(t — 7)), g2(y(t)), the
following inequality holds:

(A + My(a(e—r) + K)'P
+ P(A+ My ot—r) + K) +7 2P? < —1. (19)

Proof Consider g,(y(t)) — g1 (z(t — 7)) as the ex-
ternal noise w(t) of Eq.(17), let B = I and e(t) is the
output vector, i.e., C = I. According to lemma 3, we
have lim_[le(®)] <7 lim_[lga(y(t)) - oa(z(t 7).
For any functions g; and go satisfying Egs.(15) and
(16), if only g2(y(t)) — gi(z(t — 7)) is bounded,
there always exists a small positive number v such
that v lim {lg2(y(t)) = gr(e(t = 7)) < 0. So
1t_lg_noo lle(t)]] < o, and the two systems of (14) achieve

robust unified synchronization.
4. Simulations

To illustrate the scheme developed in Section 3,

the famous Lorenz system is used.

&1 = a1(z2 — x1),
Ty = €121 — Ty — T1T3, (20)

T3 = —bix3 + T122,

where © = (z1,22,73)T, the parameter set is chosen
as a; = 10, by = 8/3, ¢; = 28, such that the system
shows chaotic behaviour.

System (20) can be rewritten as

&= Az + f(x), (21)
where
—10 10 0 0
A=| 28 -1 o0 , f@)=| —zi23
0 0 -8/3 1T
(22)

Suppose that the manifold is y(t) = z(t — 7),
7 € R. We take the drive system and response system

in the form of (3) with A and f(-) as defined in (22).

Define the error state e(t) = (ei(t), ea(t),
e3(t)T = (yi(t) — @1 (t —7), ya(t) — 502(t - 7') 3(t) —
za(t — )T and let [le(t)]| = V/eI(O) + 30 + A(0).
Suppose the controller to be U(z,y,t) = ( ey (t),

kaea(t), kses(t))™.

Case 1 The uncertainty is a linear term and
Aq(t) = Aa(t). In this case, we set Aq(t) = Aa(t) =
diag{sint,sint,cost}, and we know A;(t) = As(t —
2km) (k is an arbitrary integer). According to theo-

rem 1, we have y(t) = z(t — 7) only when 7 = 2k,

i.e., the drive and the response achieve LS (when & is
an arbitrary positive integer), CS (when k = 0) or AS
Without

loss of generality, Figure 1 shows complete synchro-

(when k is an arbitrary negative integer).

nization when 7 =0 and ky = kg = k3 = —3.
Case 2 The uncertainty is a linear term and
A]_(t) 7é Ag(t — ’T).

the drive and the response can only achieve ro-

According to theorem 2,

bust lag, complete or anticipated synchronization

with a given degree of disturbed decay. Here,
-0.1 01 0
we set Ap(t) = 0 0 0 and A;(t) =
0 0 0
01 —-01 0
—-0.1 0 0 Figure 2 shows the robust syn-
0 0 o0
chronization when 7 = 0 and k; = ks = k3 = —5.

Case 3 The uncertainty is a nonlinear term. For
convenience, we set gi(z) = (0,0.01z125,0.01z123)T,
go(z) = (0,—0.01z, 23, —0.01z122)T. Figure 3 shows
robust synchronization when 7 = 0 and k; = ky =
ks = —10.

25

20

15

[lell

10

Fig.1. Synchronization error with linear uncertainty

and Al (t) = Az(t).

16

12

[lell

0 K\“ s Asn s Ao pnnn A p Ao

0 5 10 15 20 25 30
t

Fig.2. Synchronization error with linear uncertainty

and Aj(t) # Az(t — 7).
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12 Remark 4 As a matter of fact, the criteria given
10} 1 in this paper are suitable for 7 € R. However, owing

st to the limitation of space and without loss of general-
_ ity, all the simulation results displayed here are in the
= 6 |
= case of 7 = 0.

4 1 .

5. Conclusions
2
0 In this paper, based on the robust control theory,
0 5 10 15 20 25 30 we investigate a type of unified (lag, anticipated, and

Fig.3. Synchronization error with nonlinear uncer-

tainty.

identical) synchronization and robust unified synchro-

nization. We discuss different cases of uncertainty and

a systematic and powerful control scheme is presented.
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