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Some new exact solitary wave solutions of the Hybrid lattice and discrete mKdV lattice are obtained by using a

hyperbolic function approach. This approach can also be applied to other nonlinear differential-difference equations.
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1. Introduction

The soliton theory is an important branch of
nonlinear science. Finding explicit and exact solu-
tions, in particular, solitary wave solutions of non-
linear partial differential equations (PDEs) in math-
ematical physics plays an important role in soli-
ton theory. In recent years, several powerful di-
rect algebraic methods have been employed to ob-
tain many types of exact solutions of PDEs with
the help of computer symbolic systems, such as,
the hyperbolic tangent function expansion method,!!
the homogeneous balance method,?! Jacobi elliptic
function method,®~® F-expansion method, 8! the
auxiliary equation method,®! the hyperbolic function
method,[°12] and so on. But a little work has
been done on the exact solutions for the nonlinear
differential-difference equations (DDEs).
some exact solutions of hybrid lattice are obtained
by use of the improved tanh-method in Refs.[1, 13].

In Ref.[5], the Jacobian elliptic function method was

Recently,

applied to obtain the periodic wave solutions for the

discrete mKdV lattice. In this paper, we shall obtain

some new exact solitary wave solutions of the Hybrid
lattice and discrete mKdV lattice by using a hyper-

bolic function approach.

2.Exact solutions of Hybrid lat-
tice
The Hybrid lattice reads/*:1?]
Un(t) = (14 au, + ﬂui)(un—l — Upy1), (1)

where a and (3 are constants.
By use of u,(z,t,n) = un(§), € = dn+cit+cox+
o, Eq.(1) becomes

dun, (§)
d§

= (140 (€) + 1 () (tn—1(§) —un41(€)).
(2)

According to the homogeneous balance principle, we

C1

can choose
un(€) = Ag + Az sinh(§) + By cosh(§), (3)

dun(‘f)
d¢

= A, cosh(§) + By sinh(¢§), (4)
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A1 (sinh(&)cosh(d) 4 cosh(&)sinh(d) + d)
cosh(&)sinh(d) + a cosh(&)cosh(d) + b sinh(§)sinh(d) + ¢ sinh(&)cosh(d)
n Bj (sinh(€)cosh(d) — cosh(€)sinh(d) + d)
cosh(¢)sinh(d) + a cosh(&)cosh(d) + b sinh(¢)sinh(d) + ¢ sinh(€)cosh(d)’

Un—1(§) =Ao +

A; (sinh(§)cosh(d) — cosh(&)sinh(d) + (d + 1))
cosh(¢)sinh(d) + a cosh(&)cosh(d) + b sinh(£)sinh(d) + ¢ sinh(&)cosh(d)
N By (sinh(&)cosh(d) 4 cosh(&)sinh(d) + (d + 1)) (©)
cosh(€)sinh(d) + a cosh(§)cosh(d) + b sinh(£)sinh(d) + ¢ sinh(&)cosh(d)’
where Ay, A1, By, a,b,c are constants to be determined later, d is an arbitrary constant. Substituting Eqgs.(3)-
(6) into Eq.(2), using cosh?(¢) = 1 + sinh?(¢) and setting the coefficients of power terms like cosh? (¢)sinh®(¢),
(=0, 1, 2, and 3; =0 and 1) to zero yield a system of algebraic equations as follows:

Unt1(€) =Ao +

Ay + By + AgAra + AgBia + A3A 3+ A2B 3+ A B33 + BB + aAjcicosh(d) + Ajcy
x sinh(d) — 24, Byasinh(d) + 2Biasinh(d) — 4Ag A, B, Bsinh(d) 4 4A, B3 Bsinh(d) =
A1Bia + Bia +2A0AB1S + 2A¢B33 — 2A;sinh(d) + 2B;sinh(d) — 249 A asinh(d) + 24,
x Biasinh(d) — 242 A, Bsinh(d) 4+ 2A2 B, Bsinh(d) — 24, B} Bsinh(d) + 2B3 3sinh(d) =
Ala+ A1Bia +240A38 + 2A0 A, B1 8 — 4A3 B, Bsinh(d) + 4A, B? Bsinh(d) =
ZAfBlﬂ + 2A1Bfﬂ + aBjcicosh(d) + Ajecicosh(d) + Apbeysinh(d) + Byeysinh(d)
— 2A2asinh(d) + 2A; Biasinh(d) — 4AgA? Bsinh(d) + 4A¢ A, By Bsinh(d) =
A3B + AIB1S + A BiB + BiB + aAjcicosh(d) + Byccicosh(d) + Ajeisinh(d) + bBye;
x sinh(d) — 24, Byasinh(d) + 2B?asinh(d) — 4A¢ A} By fsinh(d) + 4A, B3 Bsinh(d) = 0
— 2A3Bsinh(d) + 2A3 B, Bsinh(d) — 2A; B} Bsinh(d) + 2B; Bsinh(d) =
— 4A? B Bsinh(d) + 44, B Bsinh(d) =

From the above, a type of solution is obtained with the help of Mathematica:

o B B \/(a2 —48)((a + ¢)cosh(d) + (1 + b)sinh(d))
Ao = 257A1 =h=7 2ﬂ\/ —a + ¢)cosh(d) + (=1 + b)sinh(d) ’
a? — 48
B((a — ¢)cosh(d) — (—1 + b)sinh(d))

Substituting Eq.(7) into Eq.(3), we obtain the following new exact solitary wave solution of Eq.(1):
a _ +/(a® —4B)((a + c)cosh(d) + (1 + b)sinh(d))

C1 =

un(t) = — % + Zﬁ\/ —a + c)cosh(d) + (—1 + b)sinh(d)
. (a? —4pB)t
x sinh (dn + B((a — c)cosh(d) — (—1 + b)sinh(d)) e co)

V(@2 —4B3)((a + c)cosh(d) + (1 + b)sinh(d))
26+/(—a + c)cosh(d) + (—1 + b)sinh(d)
(a? — 4P)t
B((a — ¢)cosh(d) — (=1 + b)sinh(d))

where a, b, ¢, « and (3 are constants, d, cg and cy are arbitrary constants.

X cosh <dn + + cox + c0> ,

When a = 3, b = 2, and ¢ = 1 we obtain the following exact solitary wave solution of Eq.(1):

_ o \/(—a? + 43)(4cosh(d) + 35inh(d))sin n a? —4p R
wnll) = = 95 F 35 Jacosh(d) — sb(d) h<d T Beoh(d) —smh(@) T T °>
V/(—a? + 453)(4cosh(d) + 3sinh(d)) a? —4p
25 /2cosh(d) —sib(d) " <d” " Blzcosh(d) —sinh(@) ' T " > !

where c¢g, c2, and d are arbitrary constants. o and ( are constants and 8 # O.
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3. Exact solutions of the discrete
mKdV lattice

The discrete mKdV lattice reads!®!

un(t) = (a - ui)(un—i-l - unfl)v (8)

where « is a constant.
By using the hyperbolic function approach intro-
duced above, we obtain the following new exact soli-

tary wave solution of Eq.(8):

" B \/a\/(a + ¢)cosh(d) + (1 + b)sinh(d) sin . 4ot ot
n(t) = V/(=a + ¢)cosh(d) + (—1 + b)sinh(d) h<d (a — ¢)cosh(d) — (—1 + b)sinh(d) +ea 0>
vay/(a+ c)cosh(d) + (1 + b)sinh(d) cosh (dn dat et
T V/(=a + c)cosh(d) + (=1 + b)sinh(d) h<d (a — ¢)cosh(d) — (—1 + b)sinh(d) tert 0> ’

where a, b, ¢, d, ¢y and ¢y are all arbitrary constants.

When a = 2, b =4 and ¢ = 4, we obtain the following exact solitary wave solution of Eq.(8):

v/ay/6cosh(d) + 5sinh(d)
\/2cosh(d) + 3sinh(d)

V/ay/6cosh(d) + 5sinh(d)
\/2cosh(d) + 3sinh(d)

un(t) = F

with cp, c2 and d being arbitrary constants.

4. Summary

In this paper, we have successfully utilized a hy-
perbolic function approach for obtaining new exact

solitary wave solutions for the Hybrid lattice and dis-

sinh <dn +

cosh (dn +

4at
2cosh(d) + 3sinh(d)

4ot
2cosh(d) + 3sinh(d)

“+ cox + co>

+sz+00>,

\
crete mKdV lattice.

proach is a more effective approach to finding the ex-

The hyperbolic function ap-

act solutions for nonlinear discrete system, and it is

worthy of further studies.
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