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Based on the invariance of differential equations under infinitesimal transformations, Lie symmetry, laws of con-

servations, perturbation to the symmetries and adiabatic invariants of Poincaré equations are presented. The concepts

of Lie symmetry and higher order adiabatic invariants of Poincaré equations are proposed. The conditions for existence

of the exact invariants and adiabatic invariants are proved, and their forms are also given. In addition, an example is

presented to illustrate these results.
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1. Introduction

Poincaré constructed a new type of differential
equations of motion of holonomic mechanical systems
by use of the method of Lie movable group of infinites-
imal transformation in 1901.[] Chetaev extended the
theory to the situation in which the transformation
group was non-movable, constraints were non-steady
and variables were non-independent, in the 1920s.2!
The equations constructed by the two scholars are
called Poincaré equations, which are of significance in
the modern theory of Hamiltonian systems. Mei has
studied the Poincaré equations and obtained some im-

portant results in recent years.[3’4]

The symmetrical principle plays an important
role in the study of mathematics and physics. The re-
search on conserved quantities of mechanical systems
not only has important theoretic significance, but also
can reveal the physical essence involved in them.!%:°!
The approach of Lie symmetries was proposed in the
19th century,”) but it was not applied to mechanics
until 1979.18) In recent years, many results have sprung

up in the studies of Lie symmetries.[9*35]

It is well known that even tiny changes in sym-
metry, called perturbation to symmetry, are of great

importance for physical systems.[36=38] Burgers pio-

neered in this area by proposing adiabatic invariants
for a special kind of Hamiltonian system.[3) The adi-
abatic invariants are almost unchanged when the pa-
rameter varies very slowly, and thus play a very im-
portant role in the research on the quasi-integrability
of mechanical systems. Ibragimov,/4?! Kruskall*!! and
Djukic/*?! also made great contributions to the re-
search in this respect and obtained a series of im-
portant results separately. Hereafter, studies of adi-
abatic invariants are very active in many areas such
as mechanics, atomic and molecular physics, spherical
physics and engineering.[43—4]

In this paper, we discuss Lie symmetry, perturba-
tion to symmetry and adiabatic invariants of Poincaré
equations. Firstly, we give the Poincaré equations,
and propose the concepts of Lie symmetry and higher
order adiabatic invariants of the systems. Then, we
prove the conditions for existence of the exact invari-
ants and adiabatic invariants, and give their forms.
Finally, we present an example to illustrate these re-

sults.
2.Poincaré equations

The position of an n degree-of-freedom holo-
nomic mechanical system is determined by m variables

zi(i=1,---,m;m > n). If m = n, then z; are inde-
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pendent generalized coordinates; If m > n then z; are
remainder coordinates of the system.
Suppose that the generalized velocities possess

the following forms:

mzZCf(m)ns (i:17"'7m;5:17"'7n)7

rank ((7) = n. (1)
Let

L(tawians) :L(t7$i7Cfﬂs)a (2)
which is the Lagrangian function expressed by the pa-
rameters 7. When m = n, Poincaré equations can be

expressed as[*:50]

doL . OL

N, = r e Xs-i aka :15"'5 ) 3
o = Chmg XL (s n), (@)
where
0
X, =2, 4
= (1)

and C¥, are structure parameters, which are the func-
tions of @, and are determined by the following equa-

tions:
[Xs,Xi] = XX — XX = C X, = =Cp,X,.. (5)
From Egs.(4) and (5), one can obtain

o¢;

s BCzk k
e (6)

J 8$]'

wGi =
Suppose that Egs.(3) are not singular, i.e.

92L
det 0, 7

then all 775 can be solved from Egs.(3)

ﬁs = as(tamiank)' (8)

3. Infinitesimal transformations

and exact invariants

Introducing the infinitesimal transformations of

groups
tt=t+ At,’/T:(t*) = ”Ts(t) + A'/Tsa(s =1,-- an)7 (9)
and their expansions

t* :t—l—sTO(t,w,n),
T (") = my(t) + €0 (t, 2, m), (s=1,---,n), (10)

where ¢ is an infinitesimal parameter, 70 and ¢ are

infinitesimal generators, from Eqs.(1) one can obtain

dx; = (Jomg, (11)

hence
Ax; =0z; + ; At
=7 (e€) — enst®) + (S n,1°
=e(7E], (12)
and

Ang =bns + n,At
= b+ O+ A
=e(€) = n?° + O 7). (13)
Introduce an infinitesimal generator vector

0

0
(0) — ;02 0ps _—
X T 8t+§s zaxi>

and its first extension

. . s 0
X0 =X 4 (€ =t + Chnesl) -, (15)

and its second extension

: . s .. .9 O
X® = XO 4 [(£0 —ny 70+ C2m &0) — 15 7°)]

5 (16)

then the invariance of Egs.(3) under the infinitesimal

transformations (10) will lead to the following equa-

d oL oL
xX@ [ = - XM (cky, ==
(dt am) " o,

- XWX, L} | =0, (17)
(3)

tions:

which is called the Lie symmetrical determining equa-

tions, and its equivalent form is

X®(n,) = XW(ay) | =0. (18)
(8)

Definition 14/ If the generators 7° and &9 sat-
isfy the determining equation (17), then the corre-
sponding transformations are called the Lie symmet-
rical transformations, and the corresponding symme-
tries are called the Lie symmetries.

The Lie symmetries do not always imply exact in-
variants. The following theorem gives the conditions
of the existence of exact invariants and their forms.

Proposition 14 For the infinitesimal genera-
tors 70 and &0 satisfying Eq.(17), if there exists a
gauge function G° = G°(t, z,n) satisfying the follow-

ing structure equation:

L%+ XWD(L) + G° =0, (19)
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then the Poincaré equation has the following exact in-

variant of Lie symmetries:

. oL
Ip=Lm° + 37(53 —n,7") + G° = const. (20)
Ns
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d 8L oL N
=& ) - —Chp = - X, L) =
(& nT)(dtc‘)ns " B

4.Perturbation to the symme-

tries and adiabatic invariants

Firstly we give the concept of high-order adiabatic
invariants.

Definition 2 If I,(t,x,n,¢) is a physical quan-
tity including & which has the highest power of z in
a mechanical system, and its derivative with respect
to time t is directly proportional to ¢**!, then I, is
called a zth order adiabatic invariant of the mechani-
cal system.

Suppose that the Poincaré equations correspond-
ing to Egs.(3) is perturbed by small quantities eWj,

then the equations of motion of the system become
doL _, oL

dtan, "o

(S,k‘,T‘ = 15"'7”)'

+ XL+ eW,,
(21)

Due to the action of eéW,, the primary symmetries

and invariants of the system may be changed. Sup-

pose that the change is a small perturbation based on
the symmetrical transformation of the system without
perturbation, and 7(¢, ®,n) and &(¢, @, n) express the
generators of time and space respectively after being

perturbed, then

T:T0+€Tl+€2T2+--~,

Eo=E tebi+ed+- o, (22)
and they satisfy

Li + XW(D)+eW, (& —nr)+ G =0,  (23)

where

’ U . a
XW' =XO 4 (€, — ot + kamfk)%

0 0 0
=T33, s S s s. c; T a_

S

G in Eq.(23) is a gauge function. Let

G=G"4+eG' +2G* + - -+, (24)
0 0
X(l)m —m 2 m s
™ot e
- -m s m 0
+ (&5 = s + Clemeéy) (25)

s’

Substituting Egs.(22) and Eq.(24) into Eq.(23), we

obtain

Lim+XWm(L) + W (¢ = nor™ ) + G™ =0,
(m:0,1,2,~--,z), (26)

when m = 0, the condition W = 0 holds.
Proposition 2 For the Poincaré equations per-
turbed by small quantities eW,, if the generators
T"(t,2,m) and £7(t,z,n) under infinitesimal trans-
formations satisfy the structure equation (26), and

G™(t,x,n) is a gauge function, then
oL

s
(mzoala"'az)a

I, =e™|Lr™ +

" =nsm™) + G|,

(27)

is a zth order adiabatic invariant of the mechanical

system.
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Proof
drI, - - oL .. . .
i [LTm + Li™ + o, (6 = ns™™ = ms™™)
d oL - .
mo__ my _ -m (1)m

= W (& ™ =™

LJ(doL  , oL
=€ . - Mra—
dton, "7 Oy

- Xsi) (Er —net™)

=W =™

Using Eq.(21), we have

dIZ m m m m— m—
dt =£ [EWS(ES —NsT )7WS(£5 1*7757' 1)]

Expanding the above formula and performing summa-

tion, we have

dr,
—Z = *TIWL (€7 — 7). (28)
dt
This shows that dI,/dt¢ is directly proportional to
e*T1 so I, is a zth order adiabatic invariant of the

mechanical system.
5. An illustrative example

Now we come to study the exact invariants and
adiabatic invariants of a particle with mass M mov-
ing on the smooth surface of a taper with semi-vertex
angle 6 in gravitational field.

The kinetic energy and potential energy of the

particle are respectively
1
T =§M(7'«2 + 7252 sin?0),
V =Mgr cos#, (29)

where r is the distance of the particle from the pole
of taper, and ¢ is the angle between the projection of

r on horizontal plane and the fixed line. Let

By =12 (30)

Z1

ry =T, T2 = ¥, 1 ="M,

then we will have

=~ 1
L= 5M(nf + 72 sin? §) — Mgz, cos 6,

1
G=

G=d=0, G=—,

(=1,
0122 = *051 = - (31)

So we can obtain the following Poincaré equations:

02
M = —gcosh + —2sin®H,
T1
. 1
N2 = ——MnN2. (32)
T1

The Lie symmetrical determining equation (17)
gives
. 1’]2
(€) — 0y — 7° < — gcosf + 2 sin? 0>
T1
212

2
=— sin® 0(£9 — no 70 + C2n,€Y)) — —xi ¢ sin® 0
1 1

(€5 — 2 + O, &)y — #° < - M)

z
mnz .o 1 0 .0
—_ _ — — T
x% & $1772(f1 m )

1. .
— x—lm(ﬁg — 27’ + CAmeéy), (33)

with solutions

o1, @m0, (34)

Substituting Eqs.(34) into the structure equation (19),
we obtain
G =o0. (35)

So we can obtain the following exact invariant by us-
ing Proposition 1:

1
I, = 5M(nf +n3sin® @) + Mgz, cos§ = const. (36)

Suppose that the system is perturbed by the small

quantities as follows:

eWy =¢exy, eWy= 5@, (37)

Z1

then the structure equation (26) will be

: , . AL
+ (5; - 7757-1 + Crknrgli)a_ns

+WL(E — mT°) + W (€9 — n2r) + G =0 ,(38)
which has solutions as
=1

1

So we can obtain the following first order adiabatic

invariants by use of Theorem 2:

1
I :§M(n% +n2sin® @) + Mgz, cosf

1
+5|:— 5M(nf + n3 sin? @) — Mgy cos @
1
i +x§)] . (40)

Further we can obtain more higher order adiabatic in-

variants.
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