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The Lie-form invariance of a nonholonomic mechanical system is studied. The definition and criterion of the

Lie-form invariance of the nonholonomic mechanical system are given. The Hojman conserved quantity and a new type

of conserved quantity are obtained from the Lie-form invariance. An example is given to illustrate the application of

the results.
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1. Introduction

It is significant to study the symmetries and
conserved quantities of dynamic systems not only
There ex-
the Noether

symmetry,[!=4 the Lie symmetry[®~8 and the form

in mathematics but also in physics.

ist three main kinds of symmetries:

invariance,'® 13 and three main kinds of conserved
quantities: the Noether conserved quantity,!=4/ the
Hojman conserved quantity!¥ and a new type of con-
served quantity.®!

Recently, Mei et al gave a unified symmetry[16:17]

that could lead to the three kinds of conserved quan-
Mei gave the Noether—Lie
symmetry!® of the Lagrange system. Wu firstly de-

tities mentioned above.

fined the Lie-form invariance' of a holonomic me-
chanical system, from which the Hojman conserved
quantity and a new type of conserved quantity are ob-
tained. In this paper, based on the total time deriva-
tive along the trajectory of the system, we general-
ize Wu’s results to a nonholonomic mechanical system
and obtain the Hojman conserved quantity and a new

type of conserved quantity at the same time.
2.The definition and criterion of

the Lie-form invariance

Here we consider a mechanical system whose con-

figuration is determined by the n generalized coordi-
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nates gs(s = 1,---,n). Let its motion be subjected
to the g ideal nonlinear nonholonomic constraints of

Chetaev type

4,05(t,qs,qs)=0, (/8:1579)7 (1)
g
3 %250, =0, )
i 94s

Then its motion can be described by the differential

equations as follows:

g
0
E(L)=Q, + Z A a§ﬁ7
B=1 8

(521,---,n;ﬂ=1,---,g). (3)

In general, it is supposed that the system (3) is
nonsingular. Before integrating Eqs.(3), we can find
Ap is a function of ¢, ¢, and ¢,, thus we can obtain
the equations of motion of the holonomic system cor-

responding to the nonholonomic system expressed by
Egs.(1) and (3):

Es(L)=Qs+ 45, (s=1,---,n), (4)

g
3]
where A, = A5(t,qs,4s) = ZA,@ ;?ﬁ

o 9
eralized nonholonomic reactive constraint forces, L =

are the gen-

L(t, g, s) is the Lagrangian, Q, = Q.(t, ¢s,qs) are the

nonpotential generalized forces, A\g are the multipliers
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of constraint, and the repeated subscripts represent
the summation. F; are the Euler operators
d 9 0]
s = 3. a- . (5)
dt 9q,  9qs

From Egs.(4), we can find all the generalized ac-

celerations are

(s=1,---,n). (6)
Definition!'1%! The symmetry that is both a Lie

symmetry and a form invariance is called a Lie- form

ijs - as(taqsaqs)a

invariance.
For a nonholonomic system, the constrained
Egs.(1) retain the form invariance
XW(i5) = 0, (7)
|

The determining equations of the Lie symmetry are

Egs. (7) and

G S 20, 6 =XV (ar). (8)

The criterion equations of the form invariance are

Egs. (7) and
E. {X(1>(L)} ~XW(Q,) -XW(4,) =0, (9)

based on the total time derivative along the trajectory

of the system, where

0 - 0 [ d d 0
1) = ¢— — L —g—& | —
XV =g + ;ss 5+ ; (dtss s dt&) Be

“~/dd
X<1)+Z<——£s
Zo\atat

According to the above definition, the following result
can be obtained easily.
Criterion If the generators of infinitesimal

transform &y and &, satisfy Eqs.(7)

= 2
{iifs - qsi d gO 20‘3_50 - 1)(as)}

+ {E {X(U(L)} ~XM(Q,) - X(l)(/ls)}2 —0,
(1)

then the corresponding symmetry is a Lie-form invari-

ance of nonholonomic mechanical system.
3.The conserved quantity de-
duced from the Lie-form invari-

ance

Under certain conditions, by using the Lie-form
invariance, both the Hojman conserved quantity and
a new type of conserved quantity can be obtained.

Proposition 1 Under the special infinitesimal
transformation in which the time(£y = 0) remains un-
changed, if there is a function pu = p(t,qs,4s) such
that

oo d
5 —1 =0, 12
9. + —Inp (12)

then the Lie-form invariance will lead to a Hojman

Elg .aag 9
G~ Bga™ ) ag,

conserved quantity

10 1 d
Iy = — ués (ufs) = const, 13
" uaqs( )+ pogs \" dt (13)
where _ 5 5 5
d
— = — 4+ q¢s— - 14
dt 8t+q 9q, o 04s (1)

Proof According to the definition, a Lie-form
invariance must be a Lie symmetry, that is to say, it
satisfies

dd _ Oay €t da, d
dtdt™>® g

9 afk (15)

From the expressions (12) and (15) , by using Ho-
jman’s proof method, proposition 1 can be proved.

Proposition 2 If the generators of infinitesimal
transform &y and £, are the generators of Lie-form
invariance of a nonholonomic mechanical system and

there exists a function Gy = Gr(t,qs, §s) satisfying

X(l)(L)%&) + XM {X<1>(L)}

) d
— Gs6o0) + 367 =0 (16)

then the Lie-form invariance will lead to a new type

+XW(Q, + 4,)(&s

of conserved quantity

(1)
O+ LB e, i) + 0

=const. (17)

Ir =X
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Proof According to the definition, a Lie-form
invariance must be a form invariance, so the criterion
Eqgs.(9) hold. Using the relationships (9) and (16), we

can prove that the proposition 2 is correct.
4. Illustrative examples

The Lagrangian, the nonpotential generalized
forces and the constraint equation of a nonholonomic

mechanical system are, respectively,

1,. . 1
L=§(qf+q§)—5q§, Q1=0, Qx=gq2, (18)
p=qg1+tgg—q+t=0. (19)

Choose the infinitesimal generators as

fo=6=0, &L=t (20)
After calculation, we have

XM(L) = go — got,

XWAXM(D)} =1-#2,
1) =

X(l) (Q2) = ta

XMW (4;) = XD (4y) =0,

XM(p)=0

Then we have
d dd d
e g e e x(D)
Tas " bg gl g~ X (a)
=B, {XO(D)} = XN (Q,) - XD(4,) = 0. (22)

B

So, the generators (20) are Lie-form invariance. The

expression (12) gives

d
“lnp=0 23
g me=0 (23)

from which we obtain

=1, (24)

and
B= g2 —t41 + q1. (25)

From the expressions (20) and (25), by using
Proposition 1, the conserved quantity expression (13)

yields
1

Q2 —tq1 +aq1

= const. (26)

This is the Hojman conserved quantity deduced from
the Lie-form invariance.

Substituting the relationships (20) and (21) into
Eqgs.(16), we obtain

Gr = —t, (27)

and
Gy = —t + arctg(t) + d1- (28)

From the expressions (20) and (28), by using
Proposition 2, the conserved quantity expression (17)
yields

Iy = arctg(t) + ¢1 = const, (29)

which is a trivial conserved quantity deduced from the
Lie-form invariance.

Notice that based on the total time derivative
along the trajectory of the system the Noether con-

served quantity deduced from the generators (20) is
IN = ¢ot — g2 = const. (30)

It is obvious that both the Hojman conserved
quantity (26) and the trivial conserved quantity (29)

are non-Noether conserved quantities.
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