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We have investigated the steady-state cavity-field properties of a single-mode two-photon micromaser when the

atoms in a cascade three-level configuration are initially prepared in a mixture of the upper and intermediate states. The

mean photon number, trapping state and sub-Poissonian effect are discussed with upper (intermediate)-state population

changing from 1(0) to 0(1). These properties are very different from those in a pure two- or one-photon transition process,

due to the competition among different transition processes. In particular, the trapping states of nonzero photons are

discovered in this system under some conditions, which is contrary to the previous findings.
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1. Introduction

Cavity quantum electrodynamics(QED) has been
widely studied in recent years,! 4 because it can be
used to experimentally test fundamental problems in
quantum mechanics. The basic core in the study of
cavity QED is Jaynes-Cummings model.l’] A funda-
mental part in this framework is a one-atom maser
or micromaser. Recently a two-photon micromaser
has attracted many scientists’ interest,[6=1% since the
two-photon process emits photons in pairs simulta-
neously, it may lead to some interesting phenomena
different from those appearing in a one-photon pro-
cess. A few years ago, a two-photon micromaser was
operated,®! which offers us an opportunity to study
the interaction between atoms and a single mode of
electromagnetic field. The theory of the two-photon
micromaser was initiated by Brune et atl”) and Davi-
dovich et al,[® then developed by Zubairy et al.[9:1]
It is discovered in Ref.[9] that there are no other trap-
ping states except the vacuum states, which is differ-

ent from the one-photon micromaser./*!l In this paper

we investigate photon statistics of a two-photon mi-
cromaser when the atoms are initially prepared in a
mixture of the upper and intermediate states. Under
atomic initial conditions, there exist various transition
processes: two-photon emission(an upper state — an
intermediate state — a lower state), one-photon emis-
sion (an intermediate state — a lower state), and one-
photon absorption (an intermediate state — an upper
state). It is the competition among these transition
processes that influences the properties of the cav-
ity field. Here our purpose is just to investigate how
this competition affects the intensity, trapping states
and sub-Poissonian properties of the cavity field on
assumption that there exist small detunings between
the intermediate state and cavity field. Such atomic

level configurations are experimentally available.(®]

In this paper, to start with, we make use of time-
evolution operator with two different coupling con-
stants to calculate the reduced density operator of the
cavity field. Then we investigate the trapping states
We obtain four kinds

of trapping states besides vacuum states[®! in the in-

in a two-photon micromaser.
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termediate states of the excited atoms. Finally, we
investigate the photon statistics in the two-photon mi-
cromaser by changing the initial states of the excited
atoms in the presence of thermal photons m;, = 0.1.
The above content is organized as follows. In Sec-
tion 2, we derive a master equation of cavity fields and
present the steady-state photon-number distributions.
In Section 3, based on the steady-state photon-number
distributions, we numerically investigate the trapping
states in the two-photon micromaser besides the vac-
uum trapping states. In Section 4, we further study
the features of the photon statistics when 7, = 0.1
under different conditions. Our main results are sum-

marized in Section 5.
2.Model and theory

Consider a beam consisting of three-level atoms in
a cascade configuration (see Fig.1), which is injected
into a single-mode quantized cavity field. The exact
two-photon resonance is assumed to happen between
the upper state |a) and lower state |c¢) so that the
intermediate state |b) is detuned from the exact one-

photon resonance, with a detuning defined by

A=w— (wg — wp) = (wp — we) — w, (1)
la)
w
b)
A
w
fe)
Fig.1. Atomic level configuration used throughout

this paper.
where w is the frequency of the resonant mode of the
micromaser cavity. The frequencies associated with
the atomic levels |a), |b), and |¢) are w,, wp, and w,,
respectively. The Hamiltonian in the interaction pic-

ture can be expressed as

Vi =hgy (a|a><b\e_iAt + a+|b><a|eiAt)
+ hga(alb)(cle'® +at|c)(ble4Y),  (2)

where ¢g; and gy are the coupling constants for the
transitions a — b and b — ¢, respectively. As a result,
the temporal evolution operator U can be theoretically
acquired in this interaction picture, which is given by
ihdU/dt = V;U. Through tedious mathematical cal-

culations, one can obtain the following expression:

1 —aGrat —ig1aQ —aG1za
U=] -igQ*a* ot —ig2Q%a ;
_G+G21a+ _i92a+Q 1-— a+G22a
(3)
where
5 g9
A = 4
"7 (fata+ glaat)’ (4)
< 95
A =
22 2ata + g2aat)’ (5)
91 g3
1 A 9192
Aoy = Ayg = 6
21 12 (Zata+ gZaat)’ (
A= giata+ giaa® + A%/4, (7
O = (cos VAt + (1A sin \/Zt/g\/Z))efiAt/z7 ®
Q =sin \/Zte_iAt/Q/\/Z, (9

)
)
)
)
10)
)
)
)

Gu = A (1 - 0), (

Gy = Apa(1 — 0), (11
Gy = A1 (1 — O), (12
G = Aaa(1 - 0). (13

Assume g1 = gy, then Eq.(3) will be slightly differ-
ent from the temporal evolution operator U given in
Ref.[12]. If we apply the same initial condition as that
in Ref.[9], we can obtain the results similar to those
in Ref.[9].

flaws.

So the results in Ref.[12] may have a few

Now we apply these results to calculating the
photon-number distribution in the two-photon micro-
maser. The excited atoms are assumed to be initially
in a mixture state of |a) and |b) with the probabilities
of paq and pyy, (of course, paq + poy = 1), respectively.
Such states can be achieved experimentally, for exam-
ple, in Ref.[13]. When such atoms are injected into the
cavity at the time ty = 0, the total density operator

for the atom—field system can be expressed as

py(to =0) =p; @ p,
:(paa|a><a| + pbb‘b><b|)
® D Pylv)(¥]
"

=Paa Z ‘av k>pkl(0) <l7 a|
k,l

+,0be b, k)pri(0)(1,0].  (14)
ol
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After the atoms pass through the cavity, one can ob-

tain the total density operator at that time

pr(r) = U(r)pr(0)U* (7). (15)

If U(7) acts on the state |a, k) directly, we obtain

f(n+1 iA iar) _iar
w—z) ﬁkcosﬂkT—i—l—sinﬂkT—ﬂke% =3 41 |k)
ﬁkak 2
igivk+1 iar
U(r)a, k) = _vET S 3 * e2" sin B7|k + 1)
k
k+1)(k+2 iA iar iar
992V E X DET2) (5 s Ber + D sin for — B ) e ¥ [k +2)
ﬂkak 2
Aglk)
Crlk + 2)
While U(7) acts on the state |b, k), we can acquire
. sin BrT _iar
—ig1Vk 3 ez |k—1)
Ak Dy|k)
1 . iar
U(7)|b k) = <cos BrT — 2, smﬁm’) eS|k | = Eplk+1) (17)
—igovVk + 1sin Bi7 _iar Filk +2)
ez [k+1)
Br
In order to obtain the field density operator, we should  where
trace over the total density with respect to the atomic
variable as follows: Hyp =rq(pacArAL + powErE[ — 1)
2np(k+1+1)+k+1
kI DR ALy
p(7) = Tratom (1 (7). (18)
) o _ It =ra(paa BB + poo Fir ")

Assuming that the injection of each atom is at - T 59
intervals of At, thus the injection rate is 1/At. The v (E+ Dk + 1), (22)
change rate of the field density operator can be written Ikt =rapaaCrCr, (23)
as Ky =rapr DD} + (7 + 1) VL. (24)

pr1(7) — pri(0)

At (19)

Pl = = radpri-
By applying Eq.(16) and Eq.(17) to Eq.(15), and us-
ing Eq.(18), then adding the cavity-loss terms in the

standard way, we can obtain

Ta0pr =Hpiprr + I—1,-1pk—1,1—1
+ Jr—2,1-2pk—2,1-2

+ Kt 1,04+1Pk+1,0+1, (20)

We set k = [ = n to derive the field photon-number
distribution. At the steady state, px; = 0. By defining
Pnn = P(n), Eq.(20) can be simplified as

H,P(n)+ I,_1P(n—1)

+ Kni1P(n+ 1)+ Jy oP(n—2)=0. (25)

It is well known that H,, + I,, + K, + J, = 0 . Thus
it is not difficult to obtain the following result which
is similar to that in Ref.[9]:
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G| Jr oK,
P(n) = P(O) H 7 Irfl + Jrfl + 2 Jl 3K 5 (26)
r=1 " IT72 + Jr72 + - —
Jo K1
I+ J
pEAE Iop+ Jo

In the following, based on Eq.(26), we numerically in-
vestigate the trapping states and the photon statistics
by calculating the relevant averages. We define the
average photon number and the normalized standard

deviation as follows:

(n)=> nP,, (n*)=)» n’P,,  (27)
o =[(n?) = (n)* = (n)]/(n). (28)

For o = 0, the field is Poissonian; for o > 0, the field
is super-Poissonian; for ¢ < 0, however, the field is
sub-Poissonian and nonclassical. The photon noises
are enhanced for o > 0, while reduced for o < 0. We
also follow the usual practice to introduce a measure
of the pumping rate normalized to the cavity decay

rate Ney,

Nex - Ta/'y- (29)

For simplicity, we assume g; = g3 = g in the following

sections.

3. Trapping states

As we know, the trapping state is one of the main
quantum features for micromasers,!'*19 which can-
not be explained from the viewpoint of the classi-
cal field theory. These states have been long stud-
ied theoretically and led to a proposal for Fock states
generation.!8! Recently, the trapping states and even
pure number photon states have been realized in
micromasers.[1718] Though the trapping states have
become a hot issue in the quantum optics field, only
vacuum trapping states are discovered in two-photon
micromasers.[?! In this section, we discuss the other
kinds of trapping states in the two-photon micro-
masers under different conditions. Considering the
existing experiments,[*718] we set N, = 10 and 7, =
0.0001.

1 n 1 i 1 1

2.0m

257

Fig.2. The mean photon number (n) (dashed line) and the
normalized standard deviation of the photon numbers (solid
line) o as a function of the interaction time gr when ppp = 1,

A =0, Nex = 10 and nj = 0.0001.

If the atoms injected into the cavity are all in up-
per states, only vacuum trapping states appear in the
cavity.l?). When we change the states of the excited
atoms, however, the other trapping states will come
out. Especially when the excited atoms are all in an
intermediate state, four kinds of trapping states can
be acquired. As shown in Fig.2, when the normalized
standard deviation of the photon numbers o arrives
at some sharp minimum values, the trapping states
appear correspondingly besides the vacuum trapping
states which come out only when o reaches its corre-
sponding maximum values. The trapping states are
labelled with (k,n + 1), which take place when the

interaction time obeys the following relation:

km
TR = ——,
AL

where k is an integer, n is the photon number of the

(30)

trapping states. For example, if we want to acquire
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one-photon trapping states, we can modulate the in-

teraction time such as

z (31)

In a particular interaction time satisfying Eq.(30), the
atoms in the intermediate state |b) interacting with
the cavity-field state |n) involve integer Rabi oscil-
lations and cannot emit photons. Considering one
photon loss, the cavity-field state changes from |n)
to [n — 1). The atoms in the intermediate state |b)
cannot emit two photons simultaneously to help the
cavity-field state to transit from |n — 1) to |n + 1),
which is very different from what the atoms in the up-
per state |a) do. Thus it turns out that the cavity field
has more trapping states when the cavity is pumped
by the atoms in the intermediate state |b) than by the
atoms in the upper state |a).

In Fig.3, we display the photon-number distribu-
tion for four kinds of trapping states which are indi-
cated in Fig.2 as A, B, C, and D. In these states, the
distributions are truncated at the photon numbers be-
ing 1, 2, 3, and 4, respectively, and the performances

of the trapping states are very clear.

1.0
(a) (b)
0.8
0.6
0.4
0.2

~ 0.0

0.5

0.4

0.3

0.2t

0.1t

0.0
-1 0 1 2

3 4-1 0 1 2 3 4

Fig.3. The photon-number distributions correspond-
ing to the times (a), (b), (c), and (d) indicated in
Fig.2, show the trapping states undoubtedly. (a), (b),
(c), and (d) denote the cases of trapping zero photon,
one photon, two photons, and three photons respec-
tively in the cavity..

It should be noted that the trapping states still
exist when the detunings appear in the system. We
add a small detuning A = 5¢g to this system and

keep the other parameters unchanged. As presented

in Fig.4, the sharp minimum values A, B, C, and D
denote the relevant trapping states. It is very obvious
from Fig.5 that we can still acquire the one-photon
trapping states. Compared with Fig.3(b), there exists
a remarkably enhanced probability in the component
state |0) of these states.

apply to the quantum computing and the quantum

Such trapping states can

communication in the future. So we can modulate the
probabilities of the states |0) and |1) by adjusting the

detuning of the system.

T T T T T

1.5 ]

N

Fig.4. The mean photon number (n) (dashed line) and the
normalized standard deviation of the photon numbers (solid
line) o as a function of the interaction time g7 when ppp = 1,
A = 5g, Nex = 10, and np = 0.0001.
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Fig.5. The photon-number distributions for the trap-
ping states (a), (b), (c), and (d) indicated in Fig.4.
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4. Features of photon statistics

In this section, we discuss how the photon statis-
tics evolves with upper (intermediate)-state popula-
tion changing from 1(0) to 0(1). In the following, we
assume Ngy = 100 and np = 0.1.

4.1. The A =0 case

As paq decreases from 1 to 0, the light intensity
becomes smaller and smaller, as shown in Fig.6(a).
However, that is not surprising because the atom in

an upper state can emit two photons, while the atom

200

160 fi .

ar

in an intermediate state can emit only one photon. As
the curve E shows in Fig.6(a), when p,, = 0 the light
intensity (< 10) is much weaker than that (100) in the
pure one-photon process or two-level system under the
same conditions. In this case, all the excited atoms are
in the intermediate state |b). When the atom transits
to the lower state |c), one photon is emitted; otherwise
when it transits to the upper state |a), one photon is
absorbed. When the excited atoms pass through the
cavity, the two processes take place simultaneously,
and the final photons in the cavity are dependent on

the competition between these two processes.

o [
-
-]

gr=0.1m

a4

o W

Fig.6. The mean photon number {(n) (a) and the normalized standard deviation of the photon numbers o

(b) separately as a function of the interaction time g7 for different values of paa. A, B, C, D, and E denote

the cases of pgq = 1.0, 0.8, 0.5, 0.2, and 0, respectively. The other parameters are Nex = 100, ny, = 0.1, and

A=0.

Figure 6(b) displays the standard deviation of
photon numbers when p,, decreases from 1 to 0. From
the curve A to the curve D, the sub-Poissonian be-
comes weaker and weaker. However, when pp, = 1
(paa = 0), the sub-Poissonian becomes stronger and
appears throughout the interaction as the curve E
It should be noted that the strongest sub-

Poissonian exists in the p,, = 1 case. Therefore, the

shows.

atomic mixture is not favourable to the sub-Poissonian
effect, because the atoms in this state emit two kinds
of incoherent photons.

Figure 7 exhibits the photon number distribu-
tions (PNDs) P(n) corresponding to the fixed inter-

action times indicated in Fig.6(b). Figure 7 shows
that the peak of P(n) moves to the left side on the
n-coordinate with p,, decreasing, which shows that
the average photon number decreases correspondingly.
In general, the average photon number is larger at
g7 = 0.17 than at g7 = 0.5057. For p,, > 0.5, the
PNDs are sub-Poissonian with a single-peaked struc-
ture, and the PNDs are much narrower at gr = 0.5057
than at g7 = 0.1m. For pg, = 0 and 0.2, the PNDs
are super-Poissonian, with a single-peaked structure
at g7 = 0.1, but with a double-peaked structure at
gT = 0.5057.
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Fig.7. Steady-state photon number distributions cor-

responding to the points indicated in Figs.6(b). The

relevant parameters are the same as those in Fig.6.

4.2. The A = 5g case
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If we add a little detuning to this system, the av-
erage photon number, the sub-Poissonian effect and
the photon number distribution will be changed. As
shown in Fig.8(a), the maximum light intensity is sup-
pressed compared to the resonance case. All curves
but for the curve E oscillate with larger amplitudes
and almost the same longer periods throughout the in-
teraction, which is very different from that in Fig.6(a).
It is very obvious from Fig.8(b) that the detuning is
unfavourable to the sub-Poissonian effect. To illumi-
nate the influence introduced by the detuning, we se-
lect two times indicated in Fig.8(b) the same as those
in Fig.6(b) to indicate the change of the photon dis-
tribution. In the short interaction time g7 = 0.1, the
photon distributions do not change much. In a little
longer interaction time gr = 0.5057, however, a con-
siderable change takes place in the cases of p,q = 0
and 0.2, as shown in Fig.9. As to p,q = 0, only one
peak appears in the detuning system; meanwhile for
Paa = 0.2, the PND has a high peak and a much lower
side peak. For the cases of p,, > 0.5, the PNDs are
still sub-Poissonian, but they move toward the large-n

direction and are broadened.

H ok

3
SRR IRRET AN Pyt SRR

gr=0.

(el SN e
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DR
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Fig.8. The mean photon number (n) (a) and the normalized standard deviation of the photon numbers o

(b) as a function of the interaction time g7 for different values of paq. A, B C, D, and E denote the cases

of paq = 1.0, 0.8, 0.5, 0.2, and 0, respectively. The other parameters are Nex = 100, n;, = 0.1, and A = 5¢.
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Fig.9. Steady-state photon number distributions cor-
responding to the points indicated in Figs.8(b).

5. Conclusion

We have investigated the steady-state cavity-field
properties of a single-mode two-photon micromaser
when the atoms in a cascade three-level configura-
tion are initially prepared in a mixture of the up-
per and intermediate states. The trapping states of
nonzero photons have been discovered in this sys-
tem under some conditions. The mean photon num-
ber, trapping state and sub-Poissonian effect in both
the resonance and detuning cases are discussed with
upper (intermediate)-state population changing from
1(0) to 0(1). These properties are very different from
those in a pure two- or one-photon transition process,
due to the competition among different transition pro-

cesses.
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