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We study three-body entanglement induced by spontaneous emission in a three two-level atoms system by using the

entanglement tensor approach. The results show that the amount of entanglement is strongly dependent on the initial

state of the system and the species of atoms. The three-body entanglement is the result of the coherent superposition

of the two-body entanglements. The larger the two-body entanglement is, the stronger the three-body entanglement

is. On the other hand, if there exists a great difference in three two-body entanglement measures, the three-body

entanglement is very weak. We also find that the maximum of the two-body entanglement obtained with nonidentical

atoms is greater than that obtained with identical atoms via adjusting the difference in atomic frequency.
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1. Introduction

The subject of generation of entangled states has
aroused much interest of all since it became clear that
entanglement lay at the heart of many new appli-
cations which are listed under the general heading
of quantum information and quantum computation.
Several methods of creating entanglement involving
trapped and cooled ions or neutral atoms have been
proposed.[!~8] Recently, the possibility of environment
induced entanglement in an open quantum system has
opened new intriguing perspectives.!?! For example, it
has been shown that dissipation can be exploited to
implement nearly decoherence-free quantum gates, ]
and transient entanglement between distant two-level
atoms can be induced by atomic spontaneous decay or
by cavity losses.[*1] It has been also demonstrated that
asymptotic (stationary) entangled states of two closely
separated two-level atoms in free space can be created
by spontaneous emission.[*2] Therefore, the creation of
the atomic entangled states induced by spontaneous

emission is getting more and more interesting.

The properties, preparation, and applications of
tripartite entangled states are now a hot topic in the
field of quantum information. It is known that quan-
tum correlations in the multipartite setting have a
much richer structure than in the bipartite setting.*!
And, it has been shown that tripartite entangled states
have an advantage over the two-particle entangled
states in quantum teleportation, dense coding!*”!

and quantum cloning.[!6]

To assess how much entanglement is stored in a
given quantum system, it is essential to have appro-
priate measures of entanglement. A number of mea-
sures have been proposed, which include entanglement

(17 entanglement of distillation,*8! rela-

of formation,
tive entropy of entanglement[!?! and negativity.[20—23]
The problem of describing quantitatively the entangle-
ment in a two-particle system has been solved exactly.
However, the quantification of the amount of entan-
glement in three and more subsystems is still under
investigation due to the high complexity of entangle-
ment in a multi-particle system. Recently, measures

of entanglement in a three-qubit system in terms of
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the entanglement tensor approach!?*! has been pro-
posed in Ref.[25]. Entanglement measures of a three-
qubit system involve both an inter-three-qubit entan-
glement measure and an inter-two-qubit entanglement
measure. Moreover, according to the definition of en-
tanglement measure, the quantum entanglement of
the Tavis—Cummings model for two identical two-level
atoms interacting with a single-mode field is studied
in Ref.[26].

By using the entanglement tensor approach, we
study three-body entanglement induced by sponta-
neous emission in a three two-level atoms system in
this paper. It is shown that the amount of entan-
glement is strongly dependent on the initial state of
the system and the species of atoms. The three-body
entanglement is the result of the coherent superpo-
sition of the two-body entanglements. The larger the
two-body entanglement is, the stronger the three-body
entanglement is. On the other hand, if there exists a
great difference in three two-body entanglement mea-
sures, the three-body entanglement is very weak. We
also find that the maximum of the two-body entan-
glement obtained with nonidentical atoms is greater
than that obtained with identical atoms via adjusting

the difference in atomic frequency.

2.The three two-level atoms sys-

tem

We consider a system of three non-overlapping
two-level atoms connected by the dipole transition mo-
ments p;. The atoms are located at fixed positions
r1, 9 and 73, and coupled to all modes of the elec-
tromagnetic field, which are assumed to be in the vac-
uum state. We consider spontaneous emission from
identical as well as non-identical atoms prepared in
different initial states. In the case of nonidentical
atoms, we assume that atoms have equal dipole mo-
ments [1; = i = i3 = fi, but different transition fre-
quencies wy, wg and w3, such that w;—w; < (w;4w;)/2
(1,7 = 1,2,3), so that the rotating-wave approxima-
tion can be applied to calculate the dynamics of the

system.

The time evolution of the system of atoms cou-

pled through the vacuum field is given by the following

Vol. 15
master equation:[27—29
ap i
=2 = 1[H,,
5 [ Hs, p]
138
-5 Z i(pSi S5 + S S7p— 257 pSi), (1)
where

_thSZ—l—hZQ”SfS_ (2)

i#]

with, S;7(S;”) being the dipole raising(lowering) oper-
ators, S7 being the energy operator of the ith atom,
and I7;;(i = j) being the spontaneous emission rates of
the atoms, equal to the Einstein coefficient for spon-
I;; and £2;;(i # j) describe the

interatomic coupling, and are the collective damping

taneous emission.

and the dipole—dipole interaction potential defined, re-

spectively, by

gr{[l (1

s g o)
(3)

sin(kor;;)

I, =I'j; =

and
3 . cos(kori;)
Qi =T —[1 = ()] 25 0Ti)
s=3r{ 0= G
Sil’l(ko’f'ij)

41— 3()? { + COS(kOT“)] }

(korij)?
(4)

|r; — 7;| is the distance be-

(korij)?

where kg = wo/c, ri; =
tween the atoms, [ is the unit vector along the atomic
transition dipole moments, which are assumed to be
parallel to each other, and #;; is the unit vector along
the interatomic axis. In this paper, we consider the
case where [i is perpendicular to #;;.

Using the master equation (1), we can write down
the equations of motion for the components of the
density matrix of the three-atom system on the ba-
sis of the product states |111), |110), |101), |100),
|011), |010), |001), |000) of the individual atoms (see
appendix). if three atoms

[111), i.e

p11(0) = 1), one can find that the nonzero compo-

From these equations,

are initially in the excited state (|¢o) =

nents of the density matrix are
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p11 =— (11 + o2 + I'33) p11,
. . 1
p22 = — (11 + I'x2) paz + I'szp11 + (1932 - §F32> P23
. 1 . 1 . 1
+ (1931 - §F31> P25 + (—1923 - §F23> P32 + <—1~Q13 - §F13> P52,
. . . 1 1 . 1
P23 = | —lwg +iwz — I'1y — §F22 - §F33 p23 + I23p11 + | if2os — §F23 P22
. 1 . 1 . 1
+ (1291 — 51—'21 po2s + | —ifd3 — §F23 P33+ | —ifh3 — 51—'13 P53,
. . . 1 1 . 1
Pos = | —iwy +iwg — Iy — 51_'11 — EFSS pa2s + T'izpin + | i3 — §F13 P22
. 1 . 1 . 1
+ (1212 — 5['12 P23 + | —ifl3 — 5['23 p3s + | —ifh3 — §F13 P55,
. . 1
P33 = (—T11 — Is3) p3z + Toop11 + | 16223 — 5F23 P32
. 1 . 1 . 1
+ | i — §F21 P35 + | —ifd3y — §F32 P23 + | —ifhz — 51—'12 P53,
) . . 1 1 . 1
P35 = | —iwy +iwy — I3 — §F11 - 51—’22 p3s + T2p1y + | if22 — §F12 P33
. 1 . 1 . 1
+ (i3 — §F13 p32 + | —ifh2 — §F12 pss + | —ifl3p — §F32 P25,
. . 1
Paa = — I'1paa + I23p32 + I'32p23 + 22022 + ['33p33 + <1~Q21 - §F21> P46
. 1 . 1 . 1
+ (16251 — 51—'31 pa7 + | =112 — §F12 Pea + | —1f3 — 51—'13 P74,
. . . 1 1
pPae = | —lw1 + 1wy — §F11 - §F22 pas + T'iapag + I'izpaz + I's2p25 + I33035
. 1 . 1 ) 1 : 1
+ (1212 — §F12 Pas + | 18232 — §F32 par + | —ifha — §F12 pes + | —if3 — §F13 P76,
. . . 1 1
Par = | —lwy +iwz — §F11 - §F33 par + I'apaz + I'13p33 + I23p35 + Io2pos
. 1 . 1 ) 1 . 1
+ | i3 — 51—'13 Pas + | 1823 — 5[’23 pas + | —ifa — 51—’12 pe7 + | —if3 — 51—’13 P
. . 1
pss =— (I's2 + I's3) pss + T'ip1n + <1~912 - 5[’12) P53
. 1 . 1 . 1
+ | if213 — §F13 ps2 + | —if21 — ile p3s + | —if231 — §F31 P25,
. . 1
Pe6 = — I22p66 + I'11p22 + I'33055 + I'13ps2 + [31p25 + <1~Q12 - §F12> P64
. 1 . 1 . 1
+ <1932 - §F32> pe7 + (—1921 - §F21> pas + <—1~Q23 - §F23> P76,
. . . 1 1
per = | —iwg +iwz — §F22 - 5F33 pe7 + I'21p25 + '3ps3 + T23pss + 11023
. 1 . 1 ) 1 . 1
+ | i3 — §F13 Pes + | 18223 — 5[’23 pes + | —ifly1 — 5[’21 par + | —idly3 — 51—’23 P,
. . 1
P77 = — I33p77 + I'2ps3 + I'21p35 + I'1p33 + To2pss + <1~Q23 — 2F23> P76
. 1 . 1 . 1
+ (i3 — §F13 pra+ | =822 — =I32 ) per + | —if231 — 131 | par. (5)

2 2
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We note that all other components of the density ma-
trix not only contain the terms oscillating at higher
frequencies w;, w; +wj (4,5 = 1,2, 3), but also are zero
under this initial condition. Moreover, the above ini-
tial condition that three atoms are in the excited state

(Igo) =

is difficult to obtain the analytical solutions to Egs.(5),

|111)) is ideal and feasible experimentally. It

so we solve these equations subject to the relevant ini-
tial condition by using the fourth-order Runge—Kutta
method.

3. Entanglement measures of a

three-particle system

We will study quantum entanglement in a three-
particle system by making use of the entanglement
tensor approach that was first proposed in Ref.[24]
and further developed for a three-particle system in
Ref.[25]. Entanglement measures of a three-qubit sys-
tem involve both an inter-three-qubit entanglement
measure denoted by F3 and an inter-two-qubit entan-
glement measure labelled by E5. Based on entangle-
ment tensors M (1,2,3) and M(m,n) (1 <m <n < 3)
introduced in Ref.[24], the entanglement measures E3

and F5 can be defined as follows:

Z Mljk ]- 2 3 Mz]k(17273)7 (6)
i,5,k=1

ZM”mn

3,5=1

ij(m,n). (7)

Here the entanglement tensors in Egs.(6) and (7) are

defined by

M;j(m,n) = K;j(m,n) — Ai(m)A;(n), (8)
Miji(1,2,3) =K;;1(1,2,3) — Mi(1)M;1(2,3)
= Ai(2)Mix(1,3) — Ak (3)Mi;(1,2)
= Xi(1)A;(2)A(3), (9)

where K;;1(1,2,3) and K;;(m,n), and A;(m) are the
correlation tensors and coherence vectors defined, re-

spectively, by

K;;(1,2) =Tr(p-0s ® 0; @ I),

K (1,3) =Tr(p-0; @ I ® oy)

K;r(2,3) =Tr(p- I @ 0; Q@ o%),

K;i1k(1,2,3) =Tr(p- 01 @ 0, Q@ 0%),

A =Tr(p- o @IRI),
A(2)=Tr(p-IQ0; @),

MB)=Tr(p I ®I®oy), (10)

where o;, 0; and o}, are Pauli matrices, I is the unit
matrix, and p is the density operator of the system.
The values of entanglement measures can change be-
tween 0 and 1. For unentangled atoms, the values
of entanglement measures are 0. For the maximally
entangled states, the values of entanglement measures
are 1, which is useful in quantum information process-
ing. F3 quantifies the three-qubit entanglement. The
larger Fj is, the stronger the three-qubit entanglement
is. And E5(m,n) quantifies the entanglement between
any two qubits m and n in the three-qubit system.
The larger Ez(m,n) is, the stronger the entanglement
between two qubits m and n is. Physically, the practi-
cal application of entanglement requires a considerable
amount of entanglements. Making use of Egs.(10), we
can obtain the nonzero components of the coherence

vectors and correlation tensors

A3(1) =2(p11 + p2z2 + p3s + paa) — 1,

A3(2) =2(p11 + p22 + ps5 + pes) — 1,

A3(3) =2(p11 + p33 + ps5 + pr7) — 1,
K11(1,2) =K22(1,2) = p35 + pas + ps3 + peu,
K15(1,2) =K3,(1,2) = —ip3s — ipas + ips3 + ipea,
K33(1,2) = — 2(p3s + paa + ps5 + pes) + 1,
K11(1,3) =K22(1,3) = pas + par + ps2 + pra,
K12(1,3) =K3,(1,3) = —ip2s — ipa7 +ips2 + ip7a,
K33(1,3) = — 2(p22 + paa + pss + pr7) + 1,
K11(2,3) =K22(2,3) = pa2s + p32 + pe7 + pre,
K12(2,3) =K5,(2,3) = —ip23 — ipe7 + ips2 + ip7s,
K33(2,3) = — 2(p22 + p3s + pes + pr7) + 1,

K113(1,2,3) =K223(1,2,3)

=p35 — P46 T P53 — P64,

Ki125(1,2,3) =K5,5(1,2,3)
= — ip35 + ipae + 1p53 — ipea,
K131(1,2,3) =K232(1,2,3)
=p25 — Pa7 + P52 — P14,
Ki32(1,2,3) =Kis,(1,2,3)
—ipas +ipar +ips2 — ip74,
K311(1,2,3) =K322(1,2,3)
=p23 — Pe7 + P32 — P16,
K312(1,2,3) =K35,(1,2,3)
— ipes +ipe7 + 1p32 — ip7e,
K333(1,2,3) =2(p11 + paa + pee + pr7) — 1. (11)

From Egs.(8) and (9), one can find the nonzero com-

ponents of the entanglement tensor
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Mi:1(1,2) =M (1,2) = K11(1, 2), while all other components of the entanglement ten-
Mis(1,2) =Mz, (1,2) = Ki2(1,2) sor vanish. In Section 4, we will study the three-
M 17 5 K21 ) ,2 (1 )\, 27 body quantum entanglement induced by spontaneous

33(1,2) =K33(1,2) = As(1)A5(2), emission in the three two-level atoms system by using
M1 (1,3) =M32(1,3) = K11 (1,3), Egs.(6),(7),(11) and (12).
M12(17 3) :M2*1(1’ 3) = K12(13 3)7
M33(1,3) =K35(1,3) — A3(1)A3(3), 4. Entanglement in the three-
Mi1(2,3) =M32(2,3) = K11(2,3), atom system
M;i2(2,3) =M3,(2,3) = K12(2,3),
M33(2,3) =K33(2,3) — A3(2)A3(3),
3(2,3) 2(23) 2(2)%(3) Let us now study the three-body quantum entan-
Mi15(1,2,3) =M22s(1,2,3) glement induced by spontaneous emission from iden-
=K113(1,2,3) — A3(3)K11(1,2), tical as well as non-identical atoms prepared in differ-

Mi23(1,2,3) =M35(1,2,3)

=K123(

Mi31(1,2,3) =Ma32(1,2,3)

=K331(1,2,3) — A3(2)K11(1, 3),

Mi32(1,2,3) =M35,(1,2,3)

=K132(1,2,3) — A\3(2)K12(1, 3),

M311(1,2,3) =M322(1,2,3)

=K311(1,2,3) — A3(1)K11(2, 3),

M312(1, 2, 3) =M§21(1, 2, 3)

=K312(1,2,3) — A3

M333(1,2,3) =K335(1,2,3) — A3
— A3(2)K33(1,3) — A3(3)K33(1,2)

= A3(1)A3(2)A3(3), (12)

1)K12(2,3),

(1)K12(2,3
(1)K33(2,3)

(a)

0.6
0.5
0.4

0.3

E;

0.2

0.1

M/vaw

0.5 1.5 2.0
I't

0.0
0.0

E2(1,2), E» (1, 3),E2(2, 3)

ent Initial states. We assume that three atoms are

located in a line. The interatomic distance 712 =

A
1z that gives the values I'ls = I53 = 0.95I"

23

>

and 012 = .923 = 930[', and r13 =
values 13 = 0.79" and (2,3 = 1.127T".

6 that gives the

4.1. Identical atoms

We begin with spontaneous emission from three
identical atoms (I'y = I'ay = I'33 = I', w1 = we = w3)
and consider the evolutions of entanglement measures

for three different initial states.

Case 1 Initial state with only the second atom
excited: |¢o) = |010). Here, we have pgg(0) = 1.

1.0 1.5
I't

2.0 2.5

Fig.1. Time evolutions of entanglement measures for identical atoms with initially only the second
atom excited (|¢pp) = |010)). (a) the time evolution of E3; (b) the time evolutions of E2(1,3) (solid
line) and E2(1,2) = E2(2,3) (dashed-dotted line).

In Fig.1, we plot the time evolutions of the entan-
glement measures E3, E2(1,2), F2(2,3) and FE»(1,3)
for initially only the second atom being excited (|¢g) =
|010)). It can be seen from Figs.1(a) and (b) that the

entanglement measures exhibit oscillatory behaviours
because of the sufficiently large values of the dipole—
19 = (hy = 930" > T

Moreover, due to the dissipation of energy in the sys-

dipole interaction, i.e.
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tem, the oscillation and the peaks of the entangle-
ment measures decrease as time goes on. Over a long
time, the entanglement measures go to zero. And, the
amount of E5(1,2) entanglement is always equal to
the amount of E5(2,3) entanglement (see Fig.1(b)).

. . 1
Pas = — I'11paa + (1921 - §F21>p465

This result can be explained as follows. From Egs.(5),

when pgg(0) = 1, we have

P11 = P22 = P23 = P25 = P33 = P35 = pss = 0, (13)

and

) 1 . 1 : 1
+ <1-(331 - §F31>P47 + <— if212 — §F12> Pea + < — i3 — §F13> P4,

1 1
) = —_ —F —_ —F
P46 < ) 11 ) 22>p467

. 1 . 1 . 1 . 1
+ <1912 - 51—’12)1344 + (1932 - 51—’32)047 + <— 25 — §F12>p66 + < — i3 — 51—’13) P76,

1 1
) = —_ —F —_ —F
Pat ( 5 11 5 33> Par,

. 1 . 1 . 1 . 1
+ <1~Q13 - §F13> P44 + <1~Q23 - §F23> P46 + < i — §F12> per + < ifh3 — §F13> Py

. 1 1
Pet —< §F22 - 2F33>p67a

. 1 ) 1 ) 1 ) 1
+ <1913 - §F13> Pea + <1_(223 - §F23>p66 + <— i1 — §F21>P47 + <— i3 — §F23> P77,

. . 1
prr = — I'szprr + (1923 - §F23> P76,

: 1 . 1 ) 1
+ <1-Q13 - 51—’13) pPra+ <— if230 — §F32)P67 + < —if23; — §F31>P47- (14)

It is easy to obtain pss = pre, paa = pr7 and
par = pra. From Egs.(11), (12) and (7), we have
E»(1,2) = E2(2,3) # E2(1,3). We also see that when
the entanglement measure Fo(1,3) intersects the en-
tanglement measure F5(1,2), the peak of the entangle-
ment measure E3 occurs. And, the larger the value of
intersecting point is, the higher the peak of F5is. This
means that the three-body entanglement is the re-
sult of the coherent superposition of the two-body en-
tanglements. The three-body entanglement will vary
with two-body entanglements changing. The larger
the two-body entanglement is, the stronger the three-
body entanglement is. The above result sheds light on
the idea that the dissipation can assist the generation
of entanglement especially three-partite entanglement.

Case 2 Initial state with three atoms excited:
|¢po) = |111). Here, we have p11(0) = 1.

The time evolutions of the entanglement mea-
sures E3, F5(1,2), E2(2,3) and E3(1,3) are shown
in Fig.2 for initially three atoms being excited (|¢g) =
[111)). From this figure, we can see that the amount
of E5(1,2) entanglement is equal to the amount of
E5(2,3) entanglement. And, the amount of E3(1,3)
entanglement is always less than that of E5(1,2) en-
tanglement and also that of F3(2,3) entanglement.
And, the maximal value of the entanglement measure
E5(1,3) in the case of initially three atoms being ex-
cited is much less than that in the case of initially only
the second atom being excited; the maximal value of
E5(1,3) is 0.66 (see Fig.1(b)). We also see that the
entanglement measure Fj is very small because of the

coherent superposition of the entanglement measures
E5(1,2), E5(2,3) and FE3(1,3) in this case.
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Fig.2. Time evolutions of entanglement measures for identical atoms with initially three atoms excited
(|¢o) = |111)). (a) the time evolution of E3; (b) the time evolutions of F2(1,3) (solid line) and E2(1,2) =

E>(2,3) (dashed-dotted line).

Case 3 Initial state with only the third atom
excited: |¢o) = |001). Here, we have p;7(0) = 1.

Figure 3 displays the time evolutions of the entan-
glement measures E3, Fy(1,2), F5(2,3) and F3(1,3)
for initially only the third atom being excited (|¢g) =
|001)).

seen that the maximum of the entanglement measure

Comparing Fig.3(a) with Fig.1(a), it can be

FE5 in the case of initially only the third atom being

0.6

0.5}

0.4}

0.3

B3

0.2

0.1 A&

0.0 WM
0.0 0.5 1.0 1.5 2.0 2.5

I't

E3(1,2), E2(1,38), B2(2,3)

excited is less than that in the case of initially only
the second atom being excited. We also see that the
time evolution of the entanglement measure F(2, 3) is
not identical with the time evolution of the entangle-
ment measure FEs(1,2) and that of E5(1,3) in Fig.3(b).
The maximum of the entanglement measure F5(2,3)
is 0.65, which is greater than that of the entanglement
measure F5(1,2) and also that of F5(1,3).

(b)

0.6}-

Fig.3. Time evolutions of entanglement measures for identical atoms with initially only the third
atom excited (|¢po) = |001)). (a) the time evolution of E3; (b) the time evolutions of F3(1,3) (solid
line), F2(1,2) (dashed-dotted line) and F3(2,3) (dotted line).

4.2. Nonidentical atoms

For nonidentical atoms, we assume I'j; = 9y =
I'33 = I', but w; # ws # ws. And, we consider the
evolutions of entanglement measures for different ini-
tial states.

In Fig.4, we present the time evolutions of the
entanglement measures FEs, FE5(1,2), E3(2,3) and
E>(1,3) for initially only the third atom being excited
(Jpo) = |001)) with wy — wy = 321", wy — w3 = 171

and w; — w3y = 49I'. It can be seen from Fig.4(b)
that the entanglement measure F3(2,3) exhibits reg-
ular oscillatory behaviours because of the sufficiently
large difference in the atomic frequency. Moreover,
a comparison between Fig.4(b) and Fig.3(b) shows
that the value of the entanglement measure F2(2, 3) at
the first maximum is 0.84 in the case of nonidentical
atoms, which is greater than that in the case of identi-
cal atoms. However, it is obvious from Fig.4 that the
amounts of Fy(1,2), Ez(1,3) and Ej entanglements
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are very small.

great difference in three two-body entanglement mea- glements.
sures , the three-body entanglement is very weak due
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This means that if there appears a

to the coherent superposition of the two-body entan-

Fig.4. Time evolutions of entanglement measures for non-identical atoms with w; —wg = 321", we—w3 = 171"
and wy — w3 = 49" with initially only the third atom excited(|¢g) = |001)). (a) the time evolution of E3;
(b) the time evolutions of E2(1,3) (solid line), E2(1,2) (dashed-dotted line) and E2(2,3) (dotted line).
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Fig.5. Time evolutions of entanglement measures for non-identical atoms with wj —wg = —171", w1 —ws =

—49I" and wy —ws = —32I" with initially only the first atom excited(|¢o) = |100)). (a) the time evolution of
E3; (b) the time evolutions of E3(1,3) (solid line), F2(1,2) (dashed-dotted line) and F2(2,3) (dotted line).

In Fig.5, we plot the time evolutions of the entan-
glement measures E3, Ey(1,2), E3(2,3) and F3(1,3)
for initially only the first atom being excited (|¢o) =
|100)) with wy —we = —17I", wy — w3 = —49I" and
wy —wg = —321I".
E5(1,2) entanglement is very big and the value of

It is shown that the amount of

the first maximum is 0.84, which is quite remarkable.
While the amounts of F5(1,2), E2(2,3) and Ej3 entan-
glements are very small. From Fig.4 and Fig.5, we can
find that the amount of two-body entanglement can
greatly increase via adjusting the difference in atomic
frequency. It is useful for practical realization of quan-

tum information processing due to the considerable

amount of entanglement and the dissipation-assisted

entanglement.

5. Conclusion

In this paper, we study the three-body entangle-
ment induced by spontaneous emission in a three two-
level atoms system by using the entanglement tensor
approach. It is shown that the amount of entangle-
ment is strongly dependent on the initial state of the
system and the species of atoms. The three-body en-
tanglement is the result of the coherent superposition

of the two-body entanglements. The larger the two-
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body entanglement is, the stronger the three-body en- the difference in atomic frequency.
tanglement is. On the other hand, if there exists a .
. . Appendix
great difference in three two-body entanglement mea-
sures, the three-body entanglement is very weak. We In this appendix, we present the equations of mo-
also find that the maximum of the two-body entan-  tion for components of the density matrix of the three-

glement obtained with nonidentical atoms is greater =~ atom system by using the master equation (1) as fol-

than that obtained with identical atoms via adjusting lows:

p11 =— (I'1 + a2 + I'33) p11,
. i 1
P22 = — (11 + I'a2) p22 + I'zzp11 + <1932 - §F32> P23
. 1 . 1 . 1
+ (1931 — §F31> p25 + <1~Q23 — §F23> P32 + <1~Q13 - §F13> P52,
. . . 1 1 . 1
P23 = (—lwz +iws — I11 — §F22 - §F33> p23 + I23p11 + <1923 - §F23> P22
. 1 . 1 . 1
+ (291 — 51—'21 po2s + | —ifd3 — §F23 P33+ | —ifh3 — 51—'13 P53,
) . . 1 1 . 1
P25 = | —iwy +iwg — Iy — §F11 - 51—’33 p2s + T'zpiy + | i3 — 51—’13 P22
. 1 . 1 . 1
+ <1~Q12 - 2F12> p23 + <1~Q23 — 2F23> P35+ <1~Q13 - 2F13> P55,
. . 1
p33 = (—I11 — I'33) p3z + La2p11 + (1923 — 2F23) P32
. 1 . 1 . 1
+ (1921 - §F21> P35 + (—1032 - §F32> p23 + <—1912 — §F12> P53,
. . . 1 1 . 1
P35 = | —iwy +iwy — I3 — §F11 - 51—’22 p3s + T'2p1n + | 122 — §F12 P33
. 1 . 1 . 1
+ (i3 — §F13 p3z + | —ifh2 — §F12 pss + | —ifl33 — §F32 P25,
. . 1
Paa = — I'1paa + I23p32 + 132023 + 22022 + ['33p33 + <1~Q21 - 5F21> P46
. 1 . 1 . 1
+ <1931 - 51—'31) par + (—1912 - §F12> Pea + <—1913 - 51—'13) P74,
. . . 1 1
Pas = | —lw1 + 1wy — 51—'11 - 51—’22 pas + T'i2paz + I'izpzz + I's2p25 + 133035
. 1 . 1 ) 1 : 1
+ (1212 — §F12 Pas + | 18232 — 5[’32 par + | —ifha — §F12 pes + | —if3 — §F13 P76,
. . . 1 1
par = | —lwy + 1wz — 5['11 - §F33 pa7 + I'i2paz + I'3p33 + I23p35 + L2025
. 1 . 1 ) 1 . 1
+ <1~Q13 - §F13> Pas + (1923 - Epzs) P + <—1-Q12 - §F12> pe7 + <—1~Q13 - §F13> P75
. . 1
pss =— (I's2 + I's3) pss + T'ip1n + <1~912 - 5[’12) P53
. 1 . 1 . 1
+ | 1213 — 51—'13 ps2 + | —ifky — 51—'21 p3s + | —ifl3 — 51—'31 P25,
. . 1
Pes = — I22pee + I'11p22 + I's3p55 + I'13ps2 + I31p25 + <1~Q12 — §F12> P64

. 1 . 1 . 1
+ <1932 - 2F32> pe7 + (—1921 - 2F21> pas + <—1~Q23 - 2F23> P76,
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) . . 1 1
Per = <1w2 + wsg — 5['22 - 2F33> pe7 + I'21p25 + I'izpss + Iazpss + L11p23

. 1 ) 1 ) 1 ) 1
+ <1913 - 2F13> Pea + (1923 - 2F23) Pe6 + <—1921 - 2F21> pa7 + <—1923 - 2F23> P75

R . 1
prr = — I's3prr + Iapss + Ta1pss + [11pss + To2pss + (1923 - §F23> P76
. 1 . 1 . 1
+ | if3 — —F13 pra+ | —if3p — §F32 pe7 + | —if231 — 51—'31 P4,

. 1 . 1 . 1
P12 = iwg + I + I'op + 2F33) P12 + <1932 - 5F32> P13+ <1931 - 51—’31) P15,

. 1 . 1 . 1
P13 = iwg + I'q + I'33 + 2F22) P13 + <1921 - §F21> P15 + <1~Q23 — §F23> P12,

. 1 . 1 . 1
P15 = iwy + Ipg + I's3 + 2F11) P15 + (1912 - §F12> P13+ <1-Q13 - §F13> P12,

. 1 1 . 1 . 1
P14 = iwy +iwz + I'11 + 2F22 + 2F33> p1a + (1921 - 51—’21) P16 + <1~931 - 51—’31) P17,

. 1 1 . 1 . 1
P16 = iwy +iws + 2F11 + I'pp + 2F33> P16 + (1912 - 51—‘12) P14+ <1~Q32 - §F32> P17,

P17 =

1 ) 1 . 1
iwy +iws + 21711 + F22 + F33> P17+ (1913 — §F13> P14+ <1~Q23 - §F23> P16,

P18 = iwg +1w2+1w3+2f11+2fz2+2f33> P18,

P28 = iwy +iws + F11 + F22> p28 + I'i3p1a + I'nzp16 + I33p17

. 1

+ | —if213 — —F13> P58 + <—1~Q23 - §F23> P38,
. 1

+ | —if212 — —F12 psg + | —if23 — §F32 P28,

P58 = iws +iws + — F22 + F33> pss + I21p16 + I31p17 + T11p14
. 1

+ | —if2 — —F21 p3g + | —if23; — 5[’31 P28,

Pag = 1wy + F11> pag + I'iapas + I'zpss + Tozpse + I'32par + Ioapas + 33037
. 1

+ | —if212 — F12> pes + <1~Q13 - 2F13> P85

Peg = iwy + F22> pes + I21p26 + I31p27 + T'11p24 + I'i3psa + Ia3ps6 + I'33p57
. 1

+ | —if2 — —F21 pag + | —idla3 — 51—’23 P78,

prs = iws + F33> prg + I'apsa + I'n1p3e + I32ps57 + I'31p37 + I'1pss + Io2pse

-
-
-
-
-
-
-
-
(
p3s = (lm +iws + Fn + F33> p38 + I'sap17 + I'aapie + L'12p14
(
-
(
i
(
-
(
-
(

. 1
—if239 — —F32> Pes + <1~Q31 — 5F31> P4g,

+

1 . 1

P24 = <—1w2 - I - §F22> p24 + I'ogp1o + I's3p1s + (1921 - §F21> P26
J’_

. 1 . 1 . 1
(1931 - 51—'31) p27 + <—1913 - 5F13> P54+ <—1923 - 51—'23) P34,
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. ) 1 ) 1
P26 = | —iwy — I'zy — §F11 p26 + I'izpiz + I's3p1s + | if212 — 51—’12 P24
. 1 . 1 i 1
+ | if232 — §F32 por + | —ifh3 — §F13 pse + | —i2a3 — §F23 P36,
. . . . 1 1 1 ) 1
por = | —iwi —iwy + iws — §F11 5l - §F33 p2r + I13piz + Tasp1s + | i3 — §F13 P24
. 1 . 1 . 1
+ | if3 — §F23 p2e + | —ifh3 — §F13 ps7 + | —ifa3 — §F23 P37,
. ) 1 ) 1
P31 = | —iwz — I'l1 — §F33 p34 + I'30p13 4+ To2p12 + | 1621 — 5131 P36
. 1 . 1 i 1
+ (16231 — §F31 p37 + | —ify — 5[’12 psa + | —if23y — 51—’32 P24,
. . . . 1 1 1 ) 1
p3e = | —iwi + iwg — iws — 51_'11 — 5l - §F33 ps6 + T12p12 + 32015 + | 1612 — 51_'12 P34
. 1 . 1 i 1
+ | if252 — §F32 p37 + | —ifha — §F12 pse + | —if23y — §F32 P26,
. ) 1 ) 1
P37 = | —iwy — I'33 — §F11 p37 + Thap1s + Toap1s + | 103 — §F13 P34
. 1 . 1 ) 1
+ | 123 — §F23 P36 + | —if2 — 51—’12 ps7 + | —if233 — §F32 P27,
. . . . 1 1 1 ) 1
pas = | w1 + 1wz + 1wz — 5F11 — iz~ 51—'33 pas + I21p21 + I'izpz1 + | 10212 — 5F12 P43
. 1 . 1 i 1
+ | i213 — §F13 paz + | —ifha — §F12 pes + | —if3 — §F13 P75,
. ) 1 ) 1
Pse = | —iwz — I'yy — §F33 pse + Is1p15 + Tipiz + | 182 — §F12 P54
. 1 ) 1 ) 1
+ | if233 — 51—'32 ps7 + | =iy — 51—’21 P36 + | —id231 — 51—’31 P26,
) . 1 ) 1
ps7 = | —iwy — I's3 — §F22 ps7 + Io1p15 + I'ipiz + | il — §F13 P54
. 1 . 1 i 1
+ (i3 — §F23 pse + | —if221 — §F21 p37 + | —if231 — §F31 P27, (A1)

with the condition p11 + p22 + p33 + paa + ps5 + pes + pr7 + pss = 1.
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