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The concept of partially coherent nonparaxial modified Bessel-Gauss (MBG) beams is proposed. Based on the

generalized Rayleigh-Sommerfeld diffraction integral, the analytical propagation equations of nonparaxial MBG beams in

free space are derived and analysed, and some special cases are discussed. In particular, under the paraxial approximation

our results reduce to the corresponding paraxial ones.

Numerical calculation examples are given to illustrate the

dependence of intensity and spectral degree of coherence on the beam order m, £ and f parameters, and to compare

the difference between the paraxial and nonparaxial results.
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1. Introduction

In 2001 Ponomarenko introduced a new family
of partially coherent beams carrying optical vortices,
which is called the partially coherent modified Bessel—
Gauss (MBG) beam.[!l The parametric characteriza-
tion and propagation properties of MBGs have been
studied extensively within the framework of the parax-

(1.2] However, the paraxial theory

ial approximation.
fails when the beam width and wavelength are com-
parable, and/or the far-field divergence angle becomes
large.3=8] In such a case the nonparaxial approach
should be used. The present paper is aimed at study-
ing partially coherent MBG beams beyond the parax-
ial approximation. In Section 2, starting from the gen-
eralized Rayleigh-Sommerfeld diffraction integral, an-
alytical free-space propagation equations of nonparax-
ial MBG beams are derived and analysed. Some in-
teresting cases, such as the on-axis and far-field ex-
pressions, as well as the paraxial ones are treated as
special cases of our general results. Numerical illus-
trative examples and analysis are given in Section 3.

Finally, in Section 4 a brief summary concludes the

paper.

2.Theory

Let us consider a partially coherent MBG beam
whose cross-spectral density function W (po1, o1, poz2,
©02, 0) in the initial plane at z=0 in the cylindrical co-

ordinate system is expressed asl']

W (po1, o1, poz; Poz,0)

—m/2
“1-¢ exp[—im(po1 — @o2)]
L4 Ep8 + s 4v/€ po1poz
><exp< =t I, T—¢ w2 , (1)

where (poj,poj) (j=1, 2 unless otherwise stated) are
coordinates in the plane at z=0, I,,(-) denotes the
modified Bessel function of order m, wq is the waist
width of the Gaussian part (m=0, {=0), £ is the co-
herence parameter, 0 < £ < 1, and two limiting cases
& —0 and £ —1 correspond to the fully coherent and

incoherent cases, respectively.

The propagation of partially coherent beams is
characterized by the generalized Rayleigh-Sommerfeld
diffraction integral,[®l which provides the cross-

spectral density expression in the half space z > 0
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once the boundary condition in the plane at z=0 is

given, i.e.
W(p1,¢1,p2,92,2)
/ w( gy o8 b cos bz cos 01 cos 05
P01 ©01, P02, P02, RiR,
x explik(Ry — Ry)]d?po1d?poq, (2)

where (p;, ;) are coordinates in the z plane, k is the
wave number related to the wavelength A\ by k=2m/},
cosb; = z/R; and

\/ pa; + PF — 2p0jpj cos(pj — o) + 2% (3)
R can be expanded intol'0]

P5; — 2p0;Pj cos(; sooj)

27‘]'

Rj=r; + (4)
Equation (2) is valid provided that R; > A% with
T = /p? + z2. Replacing R; in the exponential term
of Eq.(2) by Eq.(4), and that in other terms by r;, and
substituting Eq.(1) into Eq.(2), after tedious integral

calculations, the final result can be arranged as

w (pla@lap%@%z)
222 6—m/2 1
i 1€ 4B1fe — a?
x exp[ik(re — r1)]exp[—im(p1 — p2)]

Bruj + Boui
X exp <_74ﬂ152 — 2 > 1, <

auius

46182 — a2>  (5)

__WE
= o3
In the derivation of Eq.(5) the following integral for-

(8)

mulae of Bessel functions were used:[!!]

2w
/0 expliz cos(p — @) — im@|deo
=27mi"exp(—imep)Jm (), (9)

[ ot
0

1 v? — 72 vT
:%exp< ™ >Jm<%>, (10)

/ exp(—
0

1 g%+ 92 g9

—%exp(— " >Im<% , (11)

where J,,,(+) denotes the Bessel function of order m.
On placing 1y =12 =71, o1 = p2 = ¢, p1 = p2 =
p into Eq.(5), the intensity in the z plane is given by

22) o (92) T (g2) 2de

2 ow? gm2 1+¢ 2p?
I(p,T‘) _ﬁwz(r) 1—¢ exp |:_1—f"1)2(r):|
4 2
<t (e 1
where 2
w?(r) = Wo (1 + k:427;00 > (13)

The spectral degree of coherence is defined asl!]

W (plagolapZaQOZaz)

\/I pla()pla )I(p27(‘02’z).
(14)

1(p1, p2,01,92,2) =

From Egs.(5), (12) and (14) we obtain

)exp[ik(rz—Tl)]eXP[_im((p —¢2)lm <4ﬁ?ﬂt—1iza2)

1+¢( p P}
“®{1—5<wﬂ%)+u@@a>}

<[ (o) ()] @

where Lie 1 .
_ - 1 +1 1 6
5= T e DTG (6)
k
U; = r_jpja (7)
’LU1(’I‘1)’U)2(’I‘2)k2
N(pla()olyp%(p% ) r1r2w0(4ﬂ1ﬂ2 )
/Bluz + 52“%)
xXexp| ———-"—+%
P ( 46162 — o
where
9 4r2-
wi(rj) = wi |1+ 7l ) (16)

Equations (5), (12) and (15) are the main analytical

results obtained in this paper, and govern basic prop-

agation properties of nonparaxial MBG beams in free
space. Equation (5) indicates that the cross-spectral
density function W (p1,¢1, p2, @2, 2) depends on the
order m, £ parameters, waist width wg, and wave num-

ber k (or, equivalently, f parameter (see Eq.(23))) and
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relative orientation Agp = |p1 — p2|. However, it turns  If m #0 we have
out from Egs.(12) and (15) that the intensity I(p,r)
and spectral degree of coherence |u(p1,¢1,p2, 92, 2)] 1(0,2) =0, (m #0),
are independent of Ap.

Some interesting special cases of Egs.(5), (12) and intensity profile for m 0.
(15) are as follows.

L. . 2.2. Far-field expressions
2.1. On-axis intensity

) . L If we use the far-field approximation
Letting m=0 and p=0 in Eq.(12), the on-axial in-

(18)

because I,,(0)=0. Thus, a central dip appears in the

tensity I(0, z) is expressed as Rj=r— po;pj cos(p; — 4.003‘)‘ (19)
2 "
10,2 = 201 n_o (17)
T w?(2)1-¢ - Equations (5), (12) and (15) become
|
Z2 —m/2
W (p1, %1, p2, 92, 2) R explik(ry — r1)]exp[—im(p1 — ¢2)]
1 1+¢ P2 4/€  pip2
_ L 1+¢ I, (25 : 20
Xexp[ 421 - 5(%+T§ L —&driry f2 (20)
22 f—m/2 1 1+£ 4\/5 p2
I - - L LI i 21
#7) = i 1—§eXp[ 2f2r21—§p} (1—547«2,12) (21)
4
1s(p1, 01, p2, 2, 2) =explik(rz — r1)lexp[—im(p1 — ¢2)]1n <1 [5 4:11722]@2)
4 2 4 2 —1/2
w1 (V€ ML) I, Ve P , (22)
1—¢4rif? 1—¢4rsf?
|
respectively, where Applying the paraxial approximation
1 2
- _ [3,4] ;
f= T (f — parameter'™>™). (23) vz ;’_g’ (24)
z
2.3. Paraxial expressions Equations (5), (12), and (15) reduce to
|
2 —m/2
wg & 1 +§ 1 .
Wy (1,01, p2, 92, 2) ~wi(s) TSP { 02(2) ( + p7)| exp[—im(e1 — ¥2)]
ik \f Plp2
I, 25
<o | a2 - ] “Ew 25)
w2 é——m/Q 1+€ 2p2 4\/5 p2
I =— - I 26
)= s e | 1—5w2<z>} <1—£w2<z>>’ 2
Hp(p1,#1, P2, P2, Z) =€Xp i(p2 — 02)| expl—im(p1 — o)L (2222
P ) ) ) ) 2R(Z) 2 1 m o_g
~1/2
207 203\] "
<[ ()= ()] 0
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where Equations (25), (26), and (27) are essentially consis-
w?(z) = w? <1+ 4z* >7 (28) tent with Eqgs.(35), (9) and (11) in Ref.[1], respec-
k2wg tively.
2w Moreover, if the paraxial far-field approximation
R(z)=z+ 0 (29)
4z Rj — pijj COS(QO 900]) (31)
z
1 2ve (30)
o2 (1 -§&w?(2) is further applied to Egs.(25)—(27), we have
|
1 gm/2 ik ,
Wi (P11, p2,92,2) = 2R 1 ¢ - ~——exp [Z(pg — p%)}exp[lm((pl — ¢2)]
1 1+¢ 4VE pip2
— 32
Xexp[ 4221 - 5( } ( —f4:2f2 )7 (32)
1 &/ 1 1+¢ 4/€  p?
I =——2 — I, | = 33
riPT) = EaE T [ 27221 —¢" 1—¢422f2)" (33)
g (9101, P2 P2 2) =6 | (52 — )| excpl—im (1 — 4\[ e
P TTo e e 222 1 64:/:2f2
4 2
|, (AE e, i (34)
1—£422f2 §4zzf2

3. Numerical illustrative exam-

ples and analysis

To illustrate the propagation properties of par-
tially coherent MBG beams in free space and to com-
pare the results with those in the paraxial case, nu-
merical calculations were made by using the formulae
derived in Sec.2. Figures 1 and 2 show the normalized

radial intensity distributions I/l ax (Imax: maximum

intensity) at z=20zg (zr = 7r—wg: Rayleigh length of
the Gaussian beam) of partially coherent MBG beams
of order m=0 in Fig.1 and order m=2 in Fig.2 for dif-
ferent values of £=0.1, 0.9, and f=0.01 in (a) and
f=0.3 in (b). The solid curves denote the results by
using Eq.(12) and the circles represent the correspond-
ing paraxial results by using Eq.(26). It is seen that
for a small value of f=0.01 in Figs.1(a) and 2(a) there
is no difference between the paraxial and nonparaxial
results, whereas for a large value of f=0.3 in Figs.1(b)
and 2(b) the discrepancies between them appear. This
means that the paraxial approach for such a case is no
longer applicable. The radial intensity distribution in
the z plane depends on m, & and f. The intensity
reaches its maximum at p=0 for m=0, but there is a

central dip in the intensity profile for m=2. Addition-

3

5

~

i~

"o 120 240 360 480 600

p/A

3

5

~

i~
p/A

Fig.1. Normalized radial intensity distributions

I/Imax in the plane z=20zg of partially coherent
MBG beams of order m=0 for different values of £
=0.1 and 0.9. (a) f=0.01; (b) f=0.3 “—:
Eq.(12), “o 0 0”: by using Eq.(26).

by using
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ally, Fig.2 indicates that for the almost coherent case
of £=0.1 the intensity profile is fairly symmetric about
its maximum, and the symmetry becomes worse for
f=0.3 than for f=0.01. However, the symmetry dis-
appears and a long tail instead comes out in the in-

tensity profile for the almost incoherent case of £=0.9.
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Fig.2. Normalized radial intensity distributions

I/Imax in the plane 2=20zgr of partially coherent
MBG beams of order m=2 for different values of &
=0.1 and 0.9. (a) f=0.01; (b) f=0.3. “—": by using
Eq.(12), “o000”: by using Eq.(26).

The spectral degree of coherence |u| in the plane
z=20zRr of partially coherent MBG beams of order
m=0 for different values of £=0.1, 0.9 and f=0.01 in
(a) and f=0.3 in (b) are given in Fig.3. The other
calculation parameters are p;=50\ and ps=p. From
Fig.3 we see that |p| is dependent on parameters m,
¢ and f, and0 < |u| < 1.
for f=0.01 in Fig.3(a) the paraxial approximation is

As can be expected,

applicable, whereas for f=0.3 in Fig.3(b) the parax-
ial approximation fails, and the nonparaxial approach

should be used.
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Fig.3. Spectral degree of coherence |u| in the plane
2z=20zR of partially coherent MBG beams of order
m=0 for different values of £ =0.1 and 0.9. (a) f=0.01;
(b) f=0.3. “—” — by using Eq.(15), “c00” — by us-
ing Eq.(27).

4. Conclusion

In this study the concept of partially coherent
MBG beams has been extended to the nonparaxial
regime. The closed-form propagation equations of
nonparaxial MBG beams in free space have been de-
rived, and the on-axis intensity, far-field and paraxial
expressions have been given as special cases of our gen-
eral results. Theoretical and numerical results have
shown that the intensity and spectral degree of coher-
ence of nonparaxial MBG beams depend on the order
m, & and f parameters, whereas their cross-spectral
density function is additionally dependent on the ori-
entation Ay. The nonparaxial approach has to be
used when the f parameter is not small. Finally, we
would like to point out that, instead of the generalized
Rayleigh-Sommerfeld diffraction integral, the Wigner
distribution function recently introduced into the non-
paraxial regime in Ref.[12] can be also used to treat
nonparaxial MBG beams, and deliver the same re-

sults.
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