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The Gross—Pitaevskii equation which describes the motion of a Bose—Einstein condensed (BEC) atom in an elon-

gated trap is solved analytically, and a solitary-wave solution is obtained in the low-density case without neglecting the

effect of the interatomic interaction on the transverse function. It is shown that this effect leads to the velocity of the

solitary wave slowing down and the profile of the solitary wave widening.
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In recent years, the propagation of solitary waves
in clouds of Bose-Einstein condensed (BEC) atoms
has attracted much attention of all in theory as well
as in experiment.[!=8! Tt is known that Bose—Einstein
condensed atoms obey the Gross—Pitaevskii (G-P)
equation which is a nonlinear Shrédinger (NLS) equa-
tion. It is possible experimentally to make very elon-
gated clouds of Bose—Einstein condensed atoms in a
magnetic or optical trap, which provides excellent con-
ditions for investigating the propagation of essentially
one-dimensional sound pulses.[!! In the previous work,
the propagation of pulses in such a trap was con-
sidered in the Thomas—Fermi approximation (TFA),
and it was demonst;"ated that pulses propagated at

_ 1/2
a speed of <%Uo> in the linear regime.!>?! Here
Uy = 47rh2asc/m is a constant corresponding to the
effective two-body interaction, 7 is the particle den-
sity averaged over the cross-section of the cloud, m is
the atomic mass, and a. is the scattering length for
an atom-atom collision. Morgan et all* studied the
cloud of BEC atoms in a trap and considered a class
of solitary wave solutions that are, in fact, centre-of-
mass oscillations of the stationary states of the time-
independent G-P equation. Jackson et all% examined
the possibility of solitary waves propagating along the
axis of such a cloud, and sought the solitary wave solu-

tions under the low-density limit and the high-density

limit separately. Burger et all”l and Denschlag et
all® performed the relevant experiments, separately,
to study the generation and the propagation of dark
solitons in BEC, and they found that dark soliton ve-
locities are smaller than the speed of sound.

In this paper, we solve the G-P equation, which
describes the motion of a BEC atom in an elongated
trap, in the low-density case without neglecting the
effect of the interatomic interaction on the transverse
function.

The condensate wavefunction ¢ = ¥ (r, t) satisfies
the G-P equation,

22
ih@—<—hv+Uo|¢|2+V>w, (1)

ot 2m

where V is the trapping potential, which is harmonic
in the transverse direction and does not contain the
restoring force along the axis (taken as the z axis) of
the trap, that is,

1
V= Smel (@ + ) 2

with w, being harmonic frequency,  and y being co-
ordinates perpendicular to the z axis. We assume that
the transverse dimension of the cloud is so small that
the time scale for adjustment of the transverse profile
of the particle density to the equilibrium form appro-
priate for the instantaneous number of particle per

unit length is small compared with the time for the
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Ise t i int. Then, the problem be- 0 o o . :
pulse to pass a given point. en, the problem be €r— + e, — +e,— with e,, e, and e, being the
ox Yoy 0z Y

comes quasi-one-dimensional, and with this assump-

tion, the wavefunction may be written in the form

¢(r’t) = f(z,t)g(m,y, J)a (3)

where g = g(z,y,0) is the equilibrium wavefunction
for the transverse motion depending on time expressed

implicitly through o, and

7= o(ayt) = [ dndy| v P=] fat) P F P (4)

is the local density per unit length. Here, we choose g
to be normalized so that [ | g |* dedy = [ g*dady =
1.

It is convenient to derive the equations for f and
g based on a variational principle. G-P equation can
be derived by requiring stationarity of the action

[k L0y o

h’ 2 1 4 2
+/<%|V¢ —|—§Uo|¢| +V | ¢ )drdt.
(5)

Substituting Eq.(3) into Eq.(5), S can be rewritten as

S=— / % [(fg)*w - fga(gf)*]drdt

R: [ 8
+/ <|ga—£|2 + |ng|2>drdt

2m
+/<%U0fg|4+Vfg|2>drdt. (6)

Minimizing Eq.(6) with respect to f* and g*, the equa-
tions governing f and g can be given byl

LOf B2 9f (R )

+ U [ lotasay ) 21
+ ([ tovasay) s, ()

2v72

\V
Zmlg +Vg+Uo|fal’g = u(o)g, (8)

respectively, where p(o) is the chemical potential. In
order to obtain Eqs.(7) and (8), the normalization con-
dition on g is employed, and the characteristic length

of the pulse is considered to be sufficiently long that in

1 9
all cases of interest, the term containing —— | of |2

| f > 0z
is negligible and the term fVg in Eq.(6) is approx-
S}

imately equal to fV,g, where V = V| + 628_ =
z

unit vectors in the directions z, y and z, respectively.

It is clear that Eq.(7) is a one-dimensional G-P
equation for f and Eq.(8) is a two-dimensional sta-
tionary G-P equation for g. To obtain the equations
resembling those of hydrodynamics for f, we assume
that f = \/oe'?, and the superfluid velocity associated

with fis v = ——¢ Thus, Eq.(7) can be recast as a
m 0z
pair of quantum l?ydrodynamic equations:
9o 9(ov)
- _ _ 9
ot 0z '’ )
¢ 1, K 9% /o
hae = KO gm0
where
@) =0 [ 1907020
o) =—o x
K om 19 Y

+ / lgl*Vdady + aUy / lg|*dzdy. (11)
When differentiated with respect to z, Eq.(10) gives a
generalized Euler equation

v o) 1, n: 9%/o
= = - . (12
"ot 0z {u(a) + 2" 2my/o 02?2 (12)

We seek solutions of these equations for which the lo-

cal fluid velocity, v(z), and the local particle density
per unit length, o(z), both propagate at a uniform
velocity, u, without change in form, i.e. we assume

that v and o are only functions of (z — wt) with u

0 0
being constant. Thus, one may write P9 _ _WZE
5 5 ot 0z
and v —u—v The condensate far from the soli-

at 0z’

tary wave is at rest and has its equilibrium density

0p. With these boundary conditions, the continuity

v:u<1—‘:’). (13)

Also, Eq.(12) can be written as

equation (9) gives

ov 0
mu— =

9z 0z

ooy b 1]

Integrating this equation with respect to z, we have
n? 9%\o
2my/o 022
Substituting Eq.(13) into Eq.(15), multiplying Eq.(15)
0
by

2 () = eto) - nton) o) —mu 220

(16)

= p(o) — p(oo) + %va — mou. (15)

o
and integrating with respect to z, we find
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where €(o) = / u(o’)do’. In Eq.(15) and Eq.(16),
we have imposedothe boundary conditions ¢ = o9 and

v = 0 in the case far from disturbance.

There is no simple expression of €(o) for general
values of 0. To obtain analytical results, Jackson et
all®l explored the low-density limit case (0 < o) in
which the interaction-energy term (the third term on
the left-hand side) in Eq.(8) was neglected and the
hight-density limit case (o > o0.) in which the kinetic
energy term (the first term on the left-hand side) in
Eq.(8) was neglected, where o, ~ a_.!.

In this paper, for the low-density case we di-
rectly solve the partial differential equation (8) that
g(z,y, o) satisfies, without neglecting any term, by use
of a method similar to that in Ref.[9]. Thus, the ex-
pression of g(z,y, o) is obtained as (for further details

see the Appendix)

2 2

1 AscO e T /2al
~ (1 - Zag < r? . (17
ste) = | (1= o) + 577 T

From Eq.(11) the chemical potential (o) can be cal-

culated as follows:

5 3 1

w(o) = hw, | 14 2ag.0 — —aSCJQ + _agc‘73 _ _a;1€04 ,
4 2 4

(18)

and Eq.(16) can be taken as the following form:
R2 [(001/2\?
2m ( 0z >

_[oUo 5 5| (0 —00)?
—{23 <1 6ascag> mu} 5y (19)

where S = ma? is the cross-section of the atom
cloud. Here, we have considered the condition o <

o-C . . . . .
— which is satisfied in some relevant experimental

situations(!! and must be satisfied for structures to be
observable.[f] We see from Eq.(19) that the condition

U 5
u <1 — +0scO00

— mu? > 0 must be satisfied in
28 6

order to obtain real solutions. In other words, the
density of particles per unit length must exceed the
minimum value 0,;,, which determines the velocity u

of the dark solitary wave

minU 5 5
u? = U2m50 <1 — gasco()) = u? <1 — Easco()). (20)

We find also from Eq.(19) that the profile of the dark

solitary wave can be given by

0(2) = Omin + (00 — Omin) tanh2(z/§), (21)
€= E(no) = Eomo) (1~ 2aueo0) /%, (22)

. ~1/2
where &o(ng) = {27rngasc <1 — Umm)} with ng =

0o
=Y. Here ug and &y are, respectively, the velocity and
the width of the dark solitary wave in Ref.[6] where the
transverse structure g(z,y,o) was determined with-
Thus,
compared with the results in Ref.[6], the factor of

out considering the interatomic interaction.

1 — —as.00 | in the above results is due to the ef-

6

fect of the interatomic interaction on the transverse
function g(z,y, o).

We see from Egs.(20) and (22) that the effect of
the interatomic interaction on the transverse function
can lead to the velocity of the dark solitary wave slow-
ing down and the profile of the solitary wave widen-
ing. We can interpret the above results in physics:
the interatomic interaction (being repulsive for the
case of as. > 0) smoothes the transverse function
g(z,y,0) and decreases the density of atoms n(0,0, z)
in the z axis, which can lead to the repulsive force
along the z axis weakening and the dark solitary wave
widening. On the other hand, this weakened repul-
sive force can be effectively characterized by an in-
teraction constant Uj (< Up) in one-dimensional G-P

equation for f(z,t), which determines a speed of sound

!
cs< = UOZP) and a velocity of the dark solitary
m

Omi

wave u< = ¢4 n) slower than those in the case

go
without transverse interaction.

Let us now estimate the correction for Jackson’s

Oc
theory.[%l For the case of g = — ~ (e.g. o9 ~

5 Sagc
3.8 x 10°cm™1!, 7.3 x 10°cm ™! and 9.2 x 10°cm ™! for
8,10])

87Rb, Na and H atoms, respectively! , the correc-
tion ratios for the velocity and the width of the solitary
wave are estimated as

- 1
e §asco0)? =1~ 0088, (23)

Ug

€(no) — &o(no)

1
= (1 - —as0e)" /%=1~ 0.096, (24
£0(n0) ( ) (24)

6
respectively. In the low-density limit (as.00 < 1), our

results are the same as those in Ref.[6].

For the cases of o > ¢ and the non-high-
density limit, the problem of pulse propagation can-
not be solved by this method because the motion
is no longer quasi-one-dimensional. In order to be
able to observe quasi-one-dimensional dark solitary

waves, the densities of atoms per unit volume must
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be less than ngps &~ 1013 cm 3.1 From the formula

8 3/2 7
Nops = — ni{,i(azaL)%ic/z with a, = [6]
3 mw,

and w, being frequency in the z axis, we estimate the

total number of atoms Nyps ~ 2 x 10% for structures
to be observable in the typical trap in Ref.[7]. In the
experiment and the numerical simulations of dark soli-
tons performed by Burger et al,l”) N(= 1.5 x 10° and
5% 104)> Nobs, our method is not valid, but the simu-
lations show that the dark soliton velocity drops down
and its width grows up when the trap is switched off
and the condensate expands in the radial direction,
which qualitatively demonstrates our results.

In the case of the high-density limit, the kinetic
energy is very small compared with the interaction en-
ergy and the TFA may be used to calculate the struc-
ture of the cloud in the transverse direction (seeing
Refs.[5] and [6]).

In this paper we have discussed the propagation
of solitary waves in elongated traps in the low-density
case without neglecting particle interactions, and ex-
amined the effect of the structure in the transverse
direction on the velocity and the profile of solitary

waves.

Appendix: Solving the transverse function
9(z,y,0)

In this appendix, by use of a method similar to
that in Ref.[9], we solve in detail Eq.(8) and obtain
the expression of transverse function g(z,y, o).

Substituting Eq.(2) into Eq.(8) and introducing

the following transformations:

r=ayr, ulo)=hw (o),

9(z,y,0) =g'(2",y',0)/aL (25)
[ h
withr = /22 + y? and a;, = 4/ ——, we can rewrite
mw

Eq.(8) in a dimensionless form

Vfg' _ 7'/29/ +2og = Fg'3, (26)
where F' = F(z,t) = 8maso, VP = 82, + 9},
and ¢'(z’,y’,0) satisfies the normalization condition
J ¢"*dz’dy’ = 1. For the experimentally relevant sit-
uation, F is evidently larger than 1[1:6-8] and we can
assume that F' = e "1 Fy with € being a small positive
parameter and |Fy| being of the order of 1. Expanding

¢’ and ' in a power series of ¢ as follows
g =g+eq+eigp+--, (27)

po=po+epr +e e (28)

substituting them into Eq.(26), and equating the co-
efficients of each power of € on the left-hand side of
the resulting equation correspondingly to those on the
right-hand side, we easily obtain go = 0 and linear
equations governing gi, ga, * - *:

(V2 =7+ 2u0)g1 =0, (29)

(V2 =1 4+ 2p0)g2 = —2p191 + Fogi, ---, (30)

where pg is the dimensionless chemical potential of the
condensate without interaction. Equation (29) can be

easily solved
gh=Ae" o =1, (31)

where A is a constant to be determined later. In order

to solve Eq.(30), we put go = w(:c’,y’)efrlz/? Thus,

Eq.(30) reduces to an equation governing w:
Viw—2r -V iw=—-2u A+ F0A3e—r'2‘ (32)

Expanding w in Hermite polynomial as

w(wlvyl) = Z Cnlnanl(wl)an(yl) (33)

ni,n2

and inserting it into Eq.(32), we obtain

!
23" Curny(m1 + 1) Ho, (2 oy (3)

ni,n2
=2u A — FyAPe ™", (34)
where Z/nhnz means the summation over all positive

integers except for n; = ny = 0. Here, we have em-

ployed the following Hermite equation:

d

d—Hn(m) +2nH,(z) =0 (35)
x

governing the Hermite polynomial H,(z). Multiply-
ing Eq.(34) by Hy (a:')HO(y’)efrlz, integrating with re-
spect to z’, y’' over the whole z’'oy’ plane and employ-
ing the orthonormal relation of the Hermite polyno-

mials
| Hu@Hu@e do = 2"y, (30

we obtain the first-order correction for the chemical
potential py = FyA2/4. Similarly, multiplying Eq.(34)
by Hyp, (2')Hom, (y')e™"", integrating with respect to
z', y' and employing Eq.(36), we have

2“1AIm1 Im2
2mitme (my + mg)my Imo!n’

(37)

le may —
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where

i

Im, :/ Hy (z)e™® de, i=1,2.  (38)

oo

All I,,,; can be calculated directly as follows:

I():\/T('/Z, 12:—\/7%, 14:3\/m, ey,

I2k+1 =0, k205152a"" (39)

Then, we can easily calculate all expansion coefficients
from Eq.(37):

Cao = Co2 = HIA/247 Cop = —HlA/QS,

Cyo = Cos = —p1A[2°, ---,

Comym, = 0, for odd integers (m; and my). (40)

As a primary approximation, we neglect all terms with
ny +nz > 2 in Eq.(33), and obtain

w(z',y') ~CooHa(z'") + Coa Ha(y')

= A(r'? —1)/4, (41)
Y') Regr + gz

—eA[l — F(eA)?(1 — ') /2%e /2 (42)

1
from Eq.(33) and Eq.(27), where €A = ﬁ deter-

mined by the normalization condition of ¢g’. Conse-
quently, we obtain the transverse wavefunction ex-
pressed by Eq.(17).
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