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Tunnelling effect from a Vaidya—de Sitter black hole
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In this paper, we extend Parikh’ recent work to the Vaidya—de Sitter black hole which is non-stationary. We view

Hawking radiation as a tunnelling process across the event horizon and calculate the tunnelling probability when the

particle crosses the event horizon. From the tunnelling probability we also find a leading correction to the semiclassical

emission rate.
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1. Introduction

Steven Hawking made a striking discovery that
basic principles of quantum field theory lead to the
emission of thermal radiation from a classical black
hole!! in 1973, which gives rise to a famous paradox
— the information loss paradox of black hole physics.
When Hawking first proved the existence of black hole
radiation, he described it as the tunnelling triggered
by vacuum fluctuations near the horizon. But, actual
derivation of Hawking radiation did not proceed in
this way at all and there seemed not to be any bar-

rier.

Recently, a method describing the Hawking radia-
tion as a tunnelling process, where a particle moves in
dynamic geometry, has been developed by Kraus and
Wilczek[?! and elaborated by Parikh and Wilczek. 5!
They have taken the self-interaction effect into ac-
count and given a leading correction to the emission
rate arising from loss of mass of the black hole corre-
sponding to the energy carried by the radiated quan-
tum. Following this method, Hemming and Keski-
Vakkuri have investigated the radiation from AdS
black holes, and Medved has studied those from
a de Sitter cosmology.[”l In all these investigations,
however, all the black holes are static and spherically
symmetric. In this paper, we will extend the investi-
gation to a non-stationary black hole: the Vaidya—de
Sitter black hole. The Vaidya—de Sitter black hole ra-

diates energy continuously and does not have a time-
like Killing vector field. So there is a problem how to
use the condition of the energy conservation. In quan-
tum mechanics, particle tunnelling a barrier is an in-
stantaneous process, so, the metric in the coordinates
should satisfy Landau’s coordinate clock synchroniza-
tion condition.!®! Although not all the non-stationary
black holes satisfy Landau’s condition, the Vaidya—
de Sitter black hole does satisfy it.[®] It is the Lan-
dau’s coordinate clock synchronization condition that
makes it possible to generalize Parikh’s work to the
non-stationary cases. It is not very important whether
the spacetime has a time-like Killing vector field or
not. Of course, if the time-like Killing vector field ex-
ists, one will find a coordinate system which satisfies
the Landau’s coordinate clock synchronization condi-
tion at least. So, we could fix a certain Bondi time
v’ and at this moment of v’ the Bondi energy of the
Vaidya—de Sitter black hole is conserved in the tun-
nelling process. The result is successful and we can
conclude that the tunnelling rate is the exponent of
the difference in Bekenstein—-Hawking entropies, AS,
before and after emission, which is in agreement with
the stationary cases. We believe that our result is rea-
sonable. We emphasize that although the calculation
has been carried out at the moment v’, v’ can be cho-
sen arbitrarily. Hence our results reveal the dynamical
change of the non-stationary black hole. Throughout
the paper, the units G = c =% = kg = 1 are used.
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2.New coordinates

The Vaidya—de Sitter metric is given as

2m_(v) _ EATQ dov?
r 3

+ 2dvdr + 72 (d92 + sin? 9d902) ) (1)

ds’=—|1-—

where A is the cosmological constant. In order to ob-
tain the equation of the event horizon, we use the null
surface equation
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where G = G (r,v) because of the symmetry of the
spacetime. From Eq.(2), the equation of the event

horizon ryg satisfies
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where 7y = ——. One solution of Eq.(3) is the event
v
horizon
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another is the universal horizon
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From metric (1), we find that the event horizon and
the time-like limit surface are not located at the same
place, which causes difficulties of calculating the tun-
nelling rate. In order to study the tunnelling effect,
we define new coordinates, R =7 —rg (v) and V = v.

Then we have

dR =dr — rgdv,dV = dov,
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where rg = ——. The essentiality and the merit of

v
the new coordinates will be explained in Sec.4. So the

line element (1) can be rewritten as
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In the new coordinates, from ggo = 0 we could obtain

the equation of event horizon.
3.Landau’s coordinate clock syn-

chronization condition

Before calculating the tunnelling probability, we
will verify that the metric in line element (7) satisfies
Landau’s coordinate clock synchronization condition
in the following because particle tunnelling a barrier

is an instantaneous process.

According to Landau’s coordinate clock synchro-
nization theory, in a spacetime decomposed into 3+1,
the difference between coordinate times of two events

taking place simultaneously in different places is!®]

AT = —/&dxi, (8)
goo
where ¢ = 1,2,3.

clocks could be transmitted from one place to another

If the simultaneity of coordinate

and has nothing to do with the integration path, the

components of the metric should satisfyl®]
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In this case, ' = R, 22 = 0,23 = ¢, thus we obtain
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That is to say, we could define the coordinate
clock synchronization although the spacetime is non-

stationary. This feature of the coordinates is very im-

portant for us to discuss the tunnelling process.
4. Tunnelling effect

To describe the across-horizon phenomena, it is
necessary to choose coordinates which are not singu-
lar at the horizon; fortunately the line element (7) is
not singular at the horizon. From ds? = 0 in Eq.(7),
the radial null geodesics are given by
2m(v) 1

= _ = _ 2 _ -
=% =3 " 3/17" 2rg|, (11)
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corresponding to outgoing geodesics. These equa-
tions are modified when the particle’s self-gravitation
is taken into account. We could consider the parti-
cle as a shell of energy. We fix the total mass (Bondi
mass) and allow the hole mass to fluctuate. When
the shell of energy w travels along the geodesics, we
should replace m (v") with m (v') — w in the geodesic
equation (11) to describe the movement of the shell.[]

However, there is a problem that in the non-stationary
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spacetime the energy of a particle travelling along the
geodesics is not conserved because the spacetime does
not have a time-like Killing vector field. So the en-
ergy of the shell w will vary when v increases towards
the future. The crucial point is that the particle tun-
nelling through a barrier is an instantaneous process.
Therefore we could fix a certain moment v’ and the
energy of the black hole is m (v') at the moment v’.
When the virtual particle with positive energy w just
inside the event horizon tunnels just outside the event
horizon where it materializes as a real particle, its en-
ergy is still w. At the same time the total energy of
the black hole changes to m (v') — w and the black
hole shrinks a little. The line element (7) should be

rewritten as
2 " — 1
dsz—{li[m(v) ud ——/17~2—27'1H}dv2
r 3
+2dVdR + 72(d6? + sin® fdp?). (12)

In our picture, a point particle description is ap-
propriate. Because of the infinite blue shift near the
horizon, the characteristic wavelength of any wave
packet is always arbitrarily small there, so that the
geometrical optics limit becomes an especially reliable

approximation. Since we fix a certain moment v’ to

(m—w) out
ImS =Im / / d—RdH

. R

study the tunnelling process, the Wentzel-Kramers—
Brillouin formula could be applied as in the static
cases. We address that v describes the movement of
the particle, while v’ is fixed. The emission rate, I, is

the square of the tunnelling amplitude.!*
I' ~ exp (—2ImS). (13)

The imaginary part of the action for an outgo-
ing positive energy particle which crosses the horizon

outwards from R;, to Roy can be expressed as

ImS =Tm / " prdR

out PR
=Im / / dprdR, (14)

where pg is the canonical momentum conjugate to R.
In the coordinates (V| R,0,¢), Rin = T |y
is the initial radius of the black hole, and R, =
g — g = —0 is the final radius of the hole, where
(v') — w]. We substitute the Hamilton’s

. d
equation R = e |r into Eq.(14), change variable
PR

7TH:0

fH = TH [m

from momentum to energy, and switch the order of

integration to obtain

(—dw'). (15)

wf [

We have used the modified Eq.(11) and H is the Bondi
energy of the black hole.l) The radiative field does
not radiate energy in the tunnelling process because
a certain moment v’ is fixed to study the tunnelling
process, while the difference between the Bondi ener-

gies of the black hole at two different moments v; and

vy is the energy radiated from the black hole during
So we have dH = d[m (v') — w] = —dw and

the minus sign appears. Now let us explain why we

Vg — Vq.

must adopt the coordinate system (R,V,0,¢). If we
do not adopt the new coordinates, then Eq.(15) will

be

(—du'). (16)

|
ImS = Im/ /

The first-order pole is at rrps = 24712 cos (a + g)

which is the time-like limit surface, not the event hori-

zon. This means that the particle tunnels out of the

It is

well known that the Hawking radiation comes from

time-like limit surface, not the event horizon.

the event horizon, not from the time-like limit surface.
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W]

In Eq.(15), g 2m() -]

at the event horizon. So we adopt the new coordinate

1
— 27y — = Ar? equals zero

system in order that the first-order pole is at r = 7y,
where ri; = rg (m (v') — w’). In order to evaluate the
integral, we treat r as a constant and make the fol-

lowing change of variables:[7]

2 N —w 1
g 2mE) =] e o (17)
r 3
When 7y is not a function of m (v’), it leads to
Rout z(w) dx
ImS = —Im/ (R+ rH)dR/ . (18)
Rin z0) =1

where x = 1 is the first-order pole. We integrate in
a counterclockwise direction in the upper half of the
complex z plane and obtain

2ImS = —n (R?

out R12n) = -7 (’FI2-I - TI2-I) . (19)
As a further check on our formalism, we consider the
change in entropy during the process of emission. The
entropies of the black hole['1=13] before and after the

emission are, respectively,

1
Spu, = ZAHI = mry, (20)
1 )
SBH2 = ZAH2 =TTry. (21)
The tunnelling rate is therefore
I' ~ exp (—2ImS) =exp [r (7§ — r§;) ]
=exp (ASBH) . (22)

5. Conclusion and discussion

The tunnelling rate obtained in this paper is a
function of time v’ which describes the black hole
itself.

nelling rate could return to the result for the static

Moreover, when m is a constant, the tun-

Schwarzschild—de Sitter black hole. Therefore our re-
sults reflect the dynamical change of the Vaidya—de
Sitter black hole.

AS can be also written as AS =

dm
1d2S 2 N
555 (Am)” + --- The derivative of the entropy S

2
Witglrespect to the mass m is

ds
—Am +

ds d 9 dry
— = =2 —_—. 23
dm dm (TWH) e dm (23)
. . . 2m
From the equation of the event horizon 1 —2rg— — —
TH
1, .
- Arg = 0, we obtain
3
d
e S (24)
dTn 1 2
m — gArH

In the tunnelling process, Am is just —w. When we

neglect the quadratic term of w, AS reduces to

2 2
AS ~ —TH (—w) = —fw, (25)
m— gAr%{
2
where § = WIH 14151 We then have the fa-
m — —/11”12_I

miliar result that the rate I' is a Boltzmann factor
exp(—pw). But note that at higher energies the spec-
trum cannot be approximated as being thermal. The
w? correction arises from the law of energy conser-
vation. Moreover, the emission spectrum (22) seems
to be consistent with an underlying unitary theory.
The above discussion is based on the fact that 7y
is not a function of m (v') — w'. If 7y is a function
of m (v') — w', the differential of Eq.(17) will become
dz = 7d_w' — ZdT—H which results in a different result.

)
.. dw’ .
This is also an open question.
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