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The relation between corresponding trigonometric functions in two rotating coordinate systems is presented. The

transformation formula for a vector in the two rotating spherical coordinate systems is obtained. The scattering fields

for a spherical target irradiated by a plane electromagnetic wave in an arbitrary direction are derived. These fields in

a particular case retrogress to those available in the literature. The obtained results have great potential in practical

applications.
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1. Introduction

The spherical target is the most typical scatter-
ing target of radar targets.l!! Its scattering fields can
be considered as a benchmark to evaluate the scat-
tering characteristics of targets with other shapes and
estimate the numerical computations related to tar-
get scattering, etc. So, the spherical target is exten-
sively used and researched.?~7 The investigation on
the scattering fields from a sphere has been presented
in the literature® ! on the condition that the inci-
dent wave propagates in the z-direction and polarizes
in the x-direction in an original coordinate system X
However, the incident wave in engineering, such as
the dual station radar system, propagates and polar-
izes in arbitrary directions.['?] These results given by
the literature must cause a lot of inconvenience of ap-
plications of the scattering characteristics of the rel-
evant objects such as light scattering, raindrops, fog
and dust storms. Obviously, a good knowledge of the
scattering fields from a spherical target in the case of
the wave being incident in an arbitrary direction and

[13,14]

polarizing arbitrarily is of theoretical significance

and of great applied value.

In this paper, the scattering field of a sphere is
studied in detail by coordinate transformation when
the incident wave propagates in an arbitrary direction
and polarizes arbitrarily. The expressions of scatter-
ing fields are obtained. First, a new rectangular co-
ordinate system is introduced by rotating the original
coordinate system, and the relation between trigono-
metric functions in the two systems is derived. Then
the relation between vectors in the two spherical co-
ordinate systems is obtained. Finally the scattering
field of a spherical target is acquired when the inci-
dent wave propagates in an arbitrary direction and

polarizes arbitrarily.

2. Translations of vectors and an-

gles
2.1. Transformation of trigonometric functions

It is assumed that there are two coordinate sys-
tems X and Y’ as illustrated in Fig.1.
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Fig.1. Relations between coordinate axes in X system

and X' system.

The coordinates for the rectangular system and
the spherical system are denoted respectively by z,
y, z and 7, 0, ¢ for the system J. The unit vectors
in the system are denoted by u,, uy, u, and 7, é, %)
respectively.

Correspondingly, the coordinates z’, 3, 2z’ and
7,60’ ¢ are for the system X', and their unit vectors
are represented as ey, e,, e, and #,0', ¢ respectively.
0y is the angle between the z’-axis and the z-axis, ¢ is
the angle between the x’-axis and the z-axis. We first
rotate the rectangular coordinate system X around
the z-axis by an angle ¢o in the counter clockwise
sense, thus obtain a transitional coordinate system
X". We then rotate the coordinate system around
its £”’-axis by an angle 0 in the clockwise sense, and
obtain the system Y. The transformation of the unit
vectors between the systems X and X’ is obtained in

the above process as follows:

e=Agu, u=A;'e. (1a)
Where
€z Ug
e = €y y and u = Uy ,
€z Uz
COs ©o — sin g 0
A= | cosfysinpy cosfycospy —sinfy |,
sinfgsin g sinfgcospg  cosby
cospg cosbpsingg sin g sin po
Af]. . . 0 . 0
o = | —sinpg cosfgcosypy sin by cos g
0 —sin 6y cos

Let V be a vector that can be expressed in the two

systems, respectively, as

V = vpuy + vyuy + v u,,

and

! ! ! !
Vi=v e, + vy ey + VU €,

Obviously, V = V', we thus obtain the following ex-

pressions:

! !
Vy=V'ie, =V e =e€r UgVs+ €5 - UyVy + €5 - UV,

’ _ _
v Vieey =V ey = ey -uzvy +ey-uyvy +ey-u,v,,

!
Yy
!
Uz

!
Viece, =V -e, =e, uzvy +e,-uyvy+e,- u,v,.

Applying Eq.(1a) to the above yields
V= AV, (1b)

which implies that the transformation of a vector is
the same as that of the unit vector. Let ag and B
be the angles between the z’-axis and the z-axis, and
between the 2’-axis and y-axis respectively. The fol-
lowing expressions are thus obtained by utilizing the
dot product of the unit vectors in three coordinate

axes:

cos ag = sin O sin g
cos By = sin g cos g,

cos? o + cos? By + cos? 0y = 1. (2)

It is concluded that the direction of z’-axis in the sys-

tem J is entirely determined by both angles of 6y and

®o-

It is well known that the position vectors r» and 7’
for a point p in the two systems are the same: » = 7’.
The relation between the spherical coordinate system

and the rectangular coordinate system is written as

x =rsinfcos p,

y = rsinfsin @,

z =rcos#,

' =7r'sin@ cos ¢,

y =1 sin@ siny’,

2 =1 cosd'. (3)

Substituting the expression (3) into Eq.(1) yields

sin 0’ cos ¢’ = cos g sin O cos ¢ — sin @ sin @ sin @,
sin 8’ sin ¢’ = cos 6 sin g sin § cos ¢ — sin Oy cos §
~+ cos 6 cos g sin 0 sin @,
cos 0" =sin 6 sin  sin(po + ¢) + cos by cos b.
(4a)

In the above expression, we have to express the

trigonometric functions in the system X’ as those in
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the system X for the sake of application. There ap-
pears no change in the third expression in the above
after the transformation. In order to exclusively ob-
tain the sinusoidal function, the following transforma-

tions are introduced:
. ! i
sinf cosp’ = A,

. ;- 12
sinf'siny’ = B,

A = cos g sin 6 cos p — sin g sin 0 sin ¢,
B =cos ) sin g sin 0 cos ¢ — sin 6y cos 0

+ cos g cos g sin 8 sin . (4b)

Since sin 6’ > 0, we thus obtain the following expres-

sions:

sinf' = /A2 + B2,
cosp' = A/\/A? + B2
sinyp’ = B/\/ A% + B2, (5a)

cos 0" = sin 6 sin @ sin(pg + @) + cos by cos 6. (5b)

Up to now, all the trigonometric functions in the sys-
tem X' are completely expressed as those in the sys-
tem X/, which establishes a base of using the coordi-
nate transformation to investigate the scattering field
from a target irradiated by a plane electromagnetic
wave in an arbitrary direction. Obviously, it is impos-
sible to change the above components into a simple
expression, which implies that obtaining the general
scattering field from a target is very difficult when the
incident wave irradiates a target in an arbitrary direc-

tion.

2.2. The transformation of a vector in spherical

coordinate systems

Let V be a vector in the system X, so Vj is used

to express it in the spherical coordinate system and V;

is a vector in the rectangular coordinate system. Its

relation with V; can be written as

Vr = PV57 (6)
where
sinfcosy cosfcosy —sinep
P = | sinfsing cosfsing cosy
cos 6 —sinf 0

We can easily obtain a relationship corresponding to

the relationship (6), in the system X’

V,=P\V, (7)
where
sinf’ cos ' cos® cosyp’ —sing’
Py = | sin€'singy’ cos@'sing’ cosy’
cos 0’ —sin 6’ 0

Substituting the relationships (6) and (7) into the ex-
pression (1b) yields

V,=PJV,
P, =P 'A;'P;. (8)

The transformation (8) presents the relation between
vectors in the two spherical coordinate systems, one
of which is rotating around another one arbitrarily.
Since the scattering field is often expressed in terms
of spherical form, the expression (8) is the base of ob-
taining the transformation of scattering field. For con-
venience, the components of the above are expressed

in the following forms:

ps11 = cos B cos ' cos By + cos @ sin 6’ sin ¢’ sin @ sin v cos Gy — sin Oy cos O sin @’ sin ¢’

+ sin 8’ sin ¢’ sin 6 cos ¢ cos O sin g + sin Oy cos O’ sin @ cos ¢ sin g

+ sin 6 cos @ cos B’ sin @ sin ¢ — sin @ sin 0’ cos ¢’ sin @ sin g + cos @ sin @ sin @’ cos ¢’ cos p,

psiz = — cos @sin 6’ cos Oy — sin Hy cos @ cos O’ sin ¢’ + cos g sin @ cos O’ cos ¢’ cos ¢

— sin @ cos (g sin ' sin O sin ¢ — sin Ay sin §’ sin O cos p sin o — sin O cos ’ cos ¢’ sin p sin g

+ cos f sin ¢ cos ' sin ¢’ sin 6 cos ¢ + cos g cos O sin ¢’ sin § sin @ cos G,

ps13 = sin 0’ sin @ sin p sin g — cos g sin ¢’ sin @ cos ¢ — sin Gy cos 8 cos ¢’

+ cos g cos ¢’ sin @ sin ¢ cos Oy + cos ¢’ sin O cos ¢ cos Oy sin g,
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ps21 = — cos 8’ sin O cos By + sin Oy sin &’ sin ¢’ sin § + sin Oy cos O cos B’ cos @ sin g

+ sin @y cos g cos O cos @' sin ¢ + cos g cos O sin & sin ¢’ sin ¢ cos Oy

+ cos Asin @’ sin ¢’ cos ¢ cos O sin gy — cos @ sin O’ cos ' sin @ sin @y + cos g cos O sin §’ cos ' cos ¢,
Psa2 =sin 0’ sin @ cos Oy — sin Oy cos g cos §sin O’ sin ¢ + cos g cos 0 cos @’ sin ¢’ sin ¢ cos Oy

+ cos 8 cos @’ sin ¢’ cos ¢ cos B sin g — sin Gy cos @ sin 6’ cos @ sin g + cos g cos O cos §’ cos ¢’ cos ¢

+ sin @ cos @’ sin ¢’ sin @ — cos 6 cos @' cos ¢’ sin p sin g,

Vol. 15

Psa3 = cos Bsin ¢’ sin @ sin g — cos g cos O sin ¢’ cos ¢ + sin H; cos ¢’ sin §

+ cos @ cos O cos ¢’ sin @ cos By + cos O cos ' cos p cos B sin g,

Ps31 = COS g cos By sin @’ sin ¢’ cos p + cos g sin Oy cos B’ cos ¢ — cos g sin B’ cos ¢’ sin @

. ;) - - . 12 12 . . ! - 7 . .
— sin fp cos 0’ sin @ sin o — sin @’ cos ¢’ cos @ sin g — cos By sin ' sin ¢ sin @ sin g,

Ps32 = COS (g cos By cos O’ sin ¢’ cos p — cos g sin Oy sin B’ cos @ — cos g cos B’ cos ' sin @

. . ;- . 12 / . /- ! .
+ sin 6y sin 0’ sin  sin g — cos B’ cos ' cos w sin g — cos By cos 6 sin ¢’ sin p sin g,

Ps33 = COS g cos ' cos By cos ¢ + cos @ sin ¢’ sin ¢ + sin ¢’ cos @ sin g — cos ¢’ cos By sin @ sin @g.

There is no need here to derive the inverse transfor-
mation of the expression (8) since it is easily derived.
After substituting Eq.(5) into the above formula, all
the components can be entirely expressed by the pa-

rameters 0, o and angles 6, .

2.3. Discussion

When the above parameters are changed into
0o = o = 0, the transformation matrix becomes the

following form:

A =

(=
S = O

which demonstrates that the corresponding vectors
in the two rectangular coordinate systems are iden-
tical with each other. This conclusion must be drawn
because the corresponding axes are parallel to each

other. The expression (4a) is changed into

sin 0 cos ¢’ = sin @ cos o,
. ! - 12 . .
sin 6’ sin " = sin @ sin ¢,

cos @' = cosé.

It is concluded from the above results that the matrix
P and matrix P; are the same. It is thus obtained
from the expression (8) that the transformation ma-

trix of a vector in the spherical coordinates is changed

into the following form:

1 00
P.=]10 10
0 0 1

All the results obtained in this section demonstrate

the validity of the investigation in this paper.
3. Application

It is assumed that there is a spherical target, say,
a conductor sphere or a medium sphere, located at
the origin of the coordinate system X’. An electro-
magnetic wave polarizing in the x’-direction and prop-
agating in the z’-direction irradiates the target. It
is observed in the system Y that the incident wave
propagates in the direction at angles of aq, By and 6y
respectively with three axes. These angles are com-
pletely determined by the expression (2). Meanwhile,
the incident wave has a determined polarization. The
scattering field of a target in the system X’ is obtained

as[8—10]

0
El
E;,

E' =

Substituting the above expression into Eq. (8) yields
the scattering field in the system X

Ey = ps2aEly + psasEy,,
E(p - ps32E;0 +p533E;W (9)
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which is the general expression of the scattering field
for a target when the incident wave propagates in an
arbitrary direction. It is remarkable that the trigono-
metric functions must be replaced with the formula
(5). Under this condition we can conclude from the
Mie theory that obtaining the scattering parameters
such as the scattering cross-section is difficult. How-
ever numerically computing those parameters is feasi-
ble. The process of obtaining the expression (9) holds

truce for ordinary targets in reality.
4. Conclusion

The scattering field from a spherical target is
studied in detail for the first time utilizing the coor-
dinate transformation, when an incident wave prop-
agates and polarizes arbitrarily. The expression of

the scattering field is obtained. First, a new coor-

dinate system is introduced by rotating the original
one arbitrarily. The relation between the trigonomet-
ric functions in the two systems is presented. Then,
the transformation of a vector between two spherical
coordinate systems is obtained. Finally, the scattering
fields from a sphere are obtained utilizing this trans-
formation when the incident wave propagates and po-
larizes arbitrarily. The obtained results in this paper
are universal in application. The present work pro-
vides a new approach to investigating the scattering
fields from targets with other shapes for what is con-
sidered herein. This paper is the fact that the wave is
incident upon a target in an arbitrary direction. This
work has not only the theoretical significance, but also
extensive applications in several fields such as radar

target identification, target concealment, etc.
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