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By virtue of the method of multiple-scale and the quasi-discreteness approach, we have discussed the nonlinear

vibration equation of a 3D discrete monatomic lattice with its nearest-neighbours interaction. The 3D simple cubic

lattices have the same localized modes as a 1D discrete monatomic chain with cubic and quartic nonlinearity. The

nonlinear vibration in the 3D simple cubic lattice has 3D distorted solitons and 3D envelop solitons in the direction of

ke =ky =k, =kand k= +m/6ap in the Brillouin zone, as well as has 3D vortices in the direction of kz = ky=k.=k

and k = £7/ag in the Brillouin zone.

Keywords: 3D simple cubic lattice, Brillouin zone, envelop soliton, distorted soliton, vortices

PACC: 0320, 0430

1. Introduction

Nonlinear discrete systems are abundant in na-
ture. In optics, a typical example is a closely spaced
nonlinear waveguide array. When the waveguide ar-
ray is embedded in a nonlinear medium, a balance be-
tween discrete diffraction and nonlinear self-focusing
gives rise to the so-called discrete solitons.l'! Optical
vibration modes and electron—phonon interactions!?
are also the examples of this kind. In nonlinear lat-
tices, they are discrete modes with the vibration ex-
cited by a short wavelength wave. The examples of
nonlinear discrete lattices include the interaction of a
kink soliton with a breather in a Fermi-Pasta—Ulam
chain,®! discrete breathers and Anderson modes,*
envelope-kink phonon localized modes in a homoge-
neous anharmonic chain,® the gap solitons in dis-

6-8] the breathers in a one-

crete diatomic lattice,!
dimensional molecular chain!®! and the soliton of non-
linear lattice with damping interaction.[°! In this pa-
per we discuss the nonlinear vibration equation of a
3D discrete monatomic lattice by virtue of the method

of multiple-scale and the quasi-discreteness approach.

Taking their nearest-neighbours interaction into ac-
count, the 3D simple cubic lattices have the same lo-
calized modes (distorted solitons and envelop solitons)
as a 1D discrete monatomic chain with cubic and quar-
tic nonlinearity. The nonlinear vibration in 3D simple
cubic lattices has 3D distorted solitons and 3D en-
velop solitons in the direction of k, = k, =k, = k
and k = +m/6ag in the Brillouin zone, and has 3D
vortices in the direction of k;, = k, = k., = k and

k = £m/ay in the Brillouin zone.

2.The 3D distorted solitons of the
nonlinear vibration in 3D dis-
crete monatomic lattices with
cubic nonlinearity
3D monatomic lattices are shown in Fig.1. By
taking into account the interaction between the lat-
tice and its nearest-neighbours, the Hamiltonian of

the system with a cubic anharmonic potential is given

by
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Fig.1. 3D simple cubic lattices.
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where M, pi.m n, Ui,m,n» are the mass, momentum and
K,;, K, and K, are

force constants in the z-direction, y-direction and z-

displacement of an atom;

direction, respectively. The nonlinear vibration equa-

tion for a 3D lattice is obtained by p; . n = Mty mn =

—0H /0uy 1 n, Where
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According to the method of multiple-scale and the

quasi-discreteness approach, we assume

Ul,m,n (t) :Eu(l) (£l> Cma Sny Ty ¢l,m,n)
+ 52u(2) (gla Cma Snsy T, ¢l,m,n)
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R e

- Z g’yulztn,lmn7 (3)
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where € is a small ordering parameter denoting the

(v)

relative amplitude of the excitation and Ui dmn =
U (&, s 6ns T Brmn)- & = e(la—At), (m =
e (mb —nt), s, = € (nc — pt) and 7 = £t are multiple-
The fast variable, ¢;.mn, =
lkza + mkyb + nk.c — wt, represents the phase of the
carrier wave. kj, ky, k., w are the numbers and fre-

z)
Here a, b

A,m, b are the parame-

scales slow variables.

quency of the carrier wave, respectively .
and c are lattice constants.
ters to be determined later. We perform the Taylor

expansion as follows:
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() ()
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By virtue of the method of the chain, we make the transformation as follows:
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Substituting Eqs.(3), (4) and (5) into Eq.(2), we have
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Comparing the powers of ¢ in Eq.(6), we can obtain the following equations:
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Equation (7a) has the same form as that of the vibration equation of the 3D harmonic monatomic lattice, which
has the solution

U’g?lrzn Ilmn — AO (517<m7§n7’r) + A(€l7<m7§n77_) eid)l’m’" + c.c. (8)

where c.c. denotes complex conjugate, which is also used hereinafter.

The dispersion relation is
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Substituting Eq.(8) into Eq.(7b), we have

82ul( ) m K
mn,lm T (2) (2) (2)
ot2 - M (ulmn (I+1)mn + ulmn,(lfl)mn - 2ulmn,lmn)
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The terms proportional toe!®=.» on the right-hand side of Eq.(10) are secular terms which must be eliminated
for the theory being valid. Thus we have
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vibration in the 3D harmonic lattice), and from Eq.(11a) we obtain
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In fact we can let B =0, because it can be transformed into the lowest-order solution (8). Substituting Uﬁzn Imn
into Eq.(7c) and taking the following relation into account:
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0A K.a 0%A 9%A Kb 0%A 9%A 9%A
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There are two types of secular terms in Eq.(12). One type is functions of the slow variables only which will

gives rise to terms explicitly in ¢ in quj)n Removal of these and the secular terms e!?>-m= on the right-hand side

of Eq.(12) gives
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w B

TR T TN TR T S TN R -
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DA 2A Ay A Ay 924 92 A 82
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Ot 92 T w 860w | w 969s, | w I mbsn oz a<2
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where
4K, ke 4K ky b
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+ WCtg 5 ) (cosk,c—1)sink,c
and

1 (K,a? 1 [ K,b? 1 [(K,c?
a:%< ]\/;l coskza—)\2>, ,8:%< ]\y/[ coskyb—n2>, 'y:%< A/[c coskzc—u2>.

Taking Egs.(3) and (8) and the method of multiple-scale into account, we have A = u/e, & = ¢ (la — At) = X,
Cm =€ (mb—nt) =eYpy, s, =€ (nc— ut) = eZ, and 7 = e%t. Equation (13) can be written as

Pug  An 0%y ?ug  Ap 0uy nu 0%ug 8%ug
) 27 iiad e
“ (O‘ ox? " w axov, T Pave T w ax0Z, T w ooz, azg)

8K, dlu”  8K,ayb dul> 8K.a. 3 |ul?
- ]\; 2 cos 20 3|;L(|l - %coskyb 3‘;1 - jWa € cos e a‘;i =0, (14a)
ou %u  An 0%u 0%u  A\u 9%u nu  0%u 0%u 2
i— - i~ - =0. 14b
5t TO9xE T W oxav, T Pave T w aXi0Z, T w avadZ, 972 +xlulu (14b)
Here we discuss several types of particular conditions. When the lattice has the same structure as the simple
cubic lattice we have a = b = c = a9, K, = K, = K, = K, a, = ay = a; = ap, and o = f = v =
Kag(:a k—l)ﬁ—’\—“—@—mg( kao + 1) in the direction of k, = k, = k, = k in th
S (3 coskao =, = = GMu (Coskao in the direction of k;, = k, = k, = k in the
Brillouin zone. Equation (14) can be transformed into the following forms:
Ka% 9?2 coskag + 1 9? 92 coskag + 1 92
— (3 kag — 1 2 2
4M (3 coskao ) (8Xl2 + 3(3coskayg — 1) 0X,0Y,, + oYz + 3(3coskag — 1) 0X,07,
coskag +1 02 02 SKagag 0 0 0 2
_ k _— — =0 15
SGooskay — 1) 0V,.07, Tazz) " kelgx, Y ey, taz, )l =0 (152)

i@_u n Ka (3 cos kag — 1) < 0? n coskag + 1 02 n 02 n coskay +1 H?
ot 8Muw 0 0X}? 3(3coskag — 1) 0X,0Y,, 0Y2 3(3coskayg — 1) 0X,0Z,
coskag +1 9? 9?
3(3coskag — 1) 8Y,,,07, + 072

>u—i—x|u|2u=0. (15b)

When k = :I:6L, Eq.(15) are transformed as follows:
ao

I RV .1 (R Juf? (16a)
ax, "oy, " 9z,) T "4 \ox, oy, 9z,)'" " a4
ou  Ka: [ 0 ) a \? )
ou o . 9 —0 16b
"9t 16Mw <8Xl Ty T azn) ut xfultu=0, (16b)

3K
where x = —3ay4/ SVa < 0. With the transformation X; = X (r,s,9) =r+s+g, Y, =Y (r,s,9) =r —s+g,
Zn =27 (r,s,9) =1+ s— g, we have

8_86Xl+88Ym aazn_a+a+a

or 90X, or ' 8Y,, or ' 08Z, or \98X,  98Y,,  0Z,)’

8_86X,+88Ym o 0Z, ([ 0 a+a

ds 08X, s = 9Y,, Os 8z, 0s \dX, 8Y,, 08z,)’
d

890X, 09 oY, 0g 9z, g

0 _ 00X 9 Wy, K 002, (0 9 9
0xX, " Y, 97,
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Equation (16) can be written as

32
Oug _ 3200, 2. (172)

or ag

Ou _ Kag @4_3 1/%\ 2
Y9t T 16Mw or? o\

If the initial state of lattice is static, we can ob-
tain ug = 0 from Eq.(17a); and for Eq.(17b), we
can assume that its solution has the form of u =
u (r) e~ (>+9) Thus the solution is

w(r, s,g,t) =/csech P\/m(r - vt)}

ap

7i%(r7vt)+iwgt7i(s+g)
0

(17b)

X e (18)
Yo+ Zn
Substituting the transformation r = %, s =
X Y, X1 —Z, . .
ZT, and g = d into the solution (18), we
have

u (I, m,n,t) =y/csech {§g [(m +n)ag — (n+ pu + 2v) t]}

—i(l 5 S —Jd3t
X e i(lag+d1mag+dz2nag—3ds )7 (19)

where ¢, v and wg are integration parameters and

1 4Mwv
= wo +

3
0 aov Qapc, 01 2 9 + Ka2 ' 3

AMwv
Ka?
According to Eq.(17a), we obtain

(n+ p+ 2v).

8
uy = %50&1{50 [(m+n)ag — (n+ p+2v)t]}.
(20)
So the solution of Eq.(2) has the following form:

U :8;#50th{50 [(m+mn)ag— (n+ p+2v)t]}
+ Vasech {8y [(m + n) ag — (1 + 1+ 20) ]}

% e—i(la0+51mao+52nag—53t). (21)

From the solution (21) we know that the solution of
the nonlinear vibration of the 3D simple cubic lattice
has the same form as that of a 1D discrete monatomic

chain with cubic nonlinearity.!1]

The solution (21) has the forms shown in Figs.2(a)
and (b). The nonlinear vibration of a 3D simple cu-
bic lattice with the cubic nonlinearity has the 3D dis-
torted solitons, in the direction of k;, =k, =k, =k

and k = £7/6ag in the Brillouin zone.

Fig.2. (a) The 3D distorted solitons of a 3D simple cubic lattice; (b) The 3D distorted solitons of a
3D simple cubic lattice.

3.The 3D envelop solitons and
the 3D vortices of the non-
linear vibration in 3D discrete
monatomic lattices with quar-

tic nonlinearity

The 3D monatomic lattices are shown in Fig.1.
Taking the interaction between the lattice and its
nearest-neighbours into account, the Hamiltonian of
the system with quartic anharmonic potential is given
by
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transformation we have
pl ,m 1 2 82?1,0
H = lz [ + EKE (Ul+1,m,n — ul7m7n) or2 =0, (24a)
1 4 2 92
+ —ﬂ K (UH,.]_ — U ) :| . au K(lo 8 u SK 2
i) ,m,n ,m,n -7 - - 3 - 24b
4 13t 16 Mw 0r? + 3 V M [ul”w (24b)

1 2
+ Z |:§Ky (ul,m+1,n - ul,m,n)

l,m,n

1
42, (i - uz,m,n>4]

+ Y [

l,m,n

2
ul m,n+1 — ul,m,n)

1
+ Zﬂsz (ul,m,n+1 - ul,m,n)4 :| - (22)

By taking the same procedure as the above, we obtain

9 8ZUQ ﬁ 62UO +/862u0 M 62UQ
“\"ox? T woaxey, "ov2 T w 0X,0Z,
nu 0% 0%y
il = 2
twav,az, Tz ) =0 (232)
.0u n 0%u n An  9%u
i—+a —
ot X}  w 90X,0Y,,
+ 5 0%*u )\,u 0%u np 0%u
8Y2 w 0X,07Z, w 0Y,0Z,
2,
8Z2 +x|ufu=0. (23b)
When
4K:0s .
= Mf [sin? k,a (cos kya — 1)
+ 2 (cos kya — 1)* (2 cos kya — 1)]
]wyﬁy [sin” kb (cos kb — 1)
+ 2 (cos kyb — 1)% (2 cos kyb —1)]
4K.0. .
Mcf [sin? k.c (cos k,c — 1)
+2(cos k.c —1)* (2cos ke — 1)),
Bz = By = B = Po, and k = , by the same

(0]

If the initial state of lattice is static, we can obtain

ug = 0 from Eq.(24a), and for Eq.(24b) we can assume

that its solution has the form of u = u (r)e 1(319),
Thus the solution is
6
u(r,s,g,t) =v/csech [—\/2[300 (r— vt)}
ag
—i8Mwv () tiwet—i(s+
o K2 (r—vt) ( 9). (25)
Y, + 7,
Substituting the transformation r = %, s =
! 5 9= ! 5 into the solution (25), we have
u (I, m,n,t) =+/esech{do[(m + n) ag
— (n+ p+20)t]}
% e—i(lao+51ma0+52na0—53t)’ (26)

where ¢ and v are integration parameters and

3
do = —+/20Boc,

ag
1 4Mwv
Sy =0y ==+ ——on
1 2 2+ Ka%’
5 + e it 20)
= W, v
3 0 Ka% nT—p

From the solution (26) we know that the solu-
tion of the nonlinear vibration of the 3D simple cubic
lattice has the same form as that of a 1D discrete
monatomic chain with quartic nonlinearity.!*!]

The solution (26) has the form shown in Figs.3(a)
and (b). The nonlinear vibration of the 3D simple cu-
bic lattice with the quartic nonlinearity has the 3D
envelop solitons, in the direction of k, =k, =k, =k
and k = £7/6ag in the Brillouin zone.
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Fig.3. (a) The 3D envelop solitons of a 3D simple cubic lattice; (b) The 3D envelop solitons

of a 3D simple cubic lattice.

2

Ka
ﬂ:’y:

Whenﬂm:ﬁy:ﬂz:ﬂma: SMw

9 (3coskag — 1), and — ==
w

2
Kajg

An A e
w w 6Mw

(coskag + 1),

Equations (23a) and (23b) can be transformed into the following forms:

9? 0?2 coskag + 1 0?

3(3coskay — 1) 0X,0Y,, + Y2

3(3coskay — 1) 0X,0Z,

(27a)

0? 9? coskag +1 9?

Ka? 0? coskag + 1
I (3coskag — 1) <8Xl2
coskag + 1 ? ?
+ Ug = 0
3(3coskayg — 1) 0Y,, 02, 0Z2
Ou  Ka? 0? coskag + 1
5 + SMw (3coskag — 1) <8Xl2

coskag +1 ? L ?
3(3coskag —1)0Y,, 02, 072

When k = :I:l, we have
ao

Kag (0° | &* 0%\ -
M \ox? " avz Tazz)" "

(28a)

Ou  Ka? < 0? 0? 92

2
7 =0.
"5t T 2Mw \oxZ Tovz * azg) ut xlulu
(28b)

Let r2 = X? + Y2 + Z2, Eqs.(23a) and (23b) can be

transformed into the following forms:

Ka% 8%y
] _ 29
M Or? ’ (292)
[ou g J KO g S P u= 0. (29b)
ot 4V 3M or2 OV 3m -

If the initial state of lattice is static, from Eq.(29a) we

3 (3coskay — 1) 0X,0Y,, + Y2

>u+x|u|2u:0.

3(3coskay — 1) 0X,0Z,

(27b)
can obtain ug = 0, Thus the solution is
12
u(r,t) =v/csech |:—\/2ﬂoc (r— vt)}
ag
i 72—;\/M r—ot)+iwpt
xe(“o K)( et )

where ¢, v and wq are integration parameters.

From the solution (30) we know that the solu-
tion of the nonlinear vibration of the 3D simple cubic
lattice has the same form as that of the 1D discrete
monatomic chain with quartic nonlinearity.!*!]

The solution (30) has the form shown in Figs.4(a)
and (b). The nonlinear vibration of the 3D simple cu-
bic lattice with the quartic nonlinearity has the 3D
vortices in the direction of k; = ky, = k. = k and

k = +m/ay in the Brillouin zone.
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Fig.4. (a) The 3D vortices of a 3D simple cubic lattice; (b) The 3D vortices of a 3D simple cubic lattice.

4. The 3D distorted solitons The 3D monatomic lattices are shown in Fig.1.

of the nonlinear vibration in Taking th.e interact.ion between the latti?e ar-ld its
nearest-neighbours into account, the Hamiltonian of
3D discrete monatomic lattices the system with a cubic and quartic anharmonic po-

. . ] ] centinl is siven b
with cubic and quartic nonlin- "™ ® &Y

earity |
Pl 1 1 1
) 2 3 4
H :lz ﬁ + §Kz (ul+17m,n - ul,m,n) + gasz (ul+17m,n - ul,m,n) + Zﬂsz (ul+1,m,n - ulﬂn,n) ]

ERLLS)

1 1 1
+ > [2Ky Uttt = Utmn)” + 50Ky (it = Ut n) 78K (st mn = ul,m,n)ﬂ

3
l,m,n
1 2 1 3 1 4
+ lz EKZ (ul,m,n+1 - ul,m,n) + gasz (ul,m,n+1 - ul,m,n) ZﬂzKr (ul+1,m,n - ul,m,n) . (31)

By taking the same procedure as the above, we obtain

Puy A 0%ug %uy  Ap 0%ug nu  0ug 0%
2 il s ar
@ (a ox? " w axov, T Pave T w ax0Z, T w oVnaZy azg)

8K 0 dlul”  8K,ayb du” 8K.a, d |ul”

- # coskya 8|;L(|l - % cos kyb 3‘;1 - ]Ma © cos k.c a‘;i =0, (32a)
ou %u  Anp  0%u %u A 0%u nuw 0%u 0%u 2
du Ay A Uz —0 32b
ot toaxz YL axov, T Pave T w ax02, T w ovaoz, T oz2 +xfulmu =0, (32b)

where
4Kfl/' T k"l/' .
X = w]\/(IX ctg <2a> (coskya — 1)sink,a

41K k,b 4K, o, k. .
+ —w?\;y ctg <%> (coskyb—1)sink,b + w]\; ctg ( 20> (cosk.c—1)sink.c

4K:l) T .
—ﬁ {sm2 kya (coskya — 1) + 2 (coskya — 1)2 (2coskya — 1)}

4K,
+ —ywﬂy {sin2 kyb(coskyb—1) + 2 (coskyb — 1)% (2 cos kyb— 1)}
4K.0. | .
+ 4K-0. |:Sll’12 k.c(cosk,c — 1) 42 (cos koc — 1)° (2 cos koc — 1)} ,
w

™
k = +——. By the same transformation, we have
Qo
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BUQ _ 32&0 2
T ag lu|”, (33a)
o Ka2 82 3K
28 4o TU (a0 + 360) [ul?u.  (33b)

Yot T 16Mw or2 | 2Mw
So the solution of Eq.(32) has the following form:

" :%ﬂaoth{ao [(m +n)ao — (n+ u+ 20) 1]}

+ vesech {§g [(m + n)ag — (n + p + 2v) ]}

—i(l § ) —33t
X e i(lag+d1mao+d2nao—3ds3 )’ (34)

where ¢ and v are integration parameters and §g =
1 AMwv

2

23 3 i = 6y = - 4 WV s

a (oo +3060) ¢, 61 2 2-1— Ka 3
4Mwv

w+ Ka2 (n+ p+ 2v).

From the solution (34) we know that the so-
lution of the nonlinear vibration of the 3D sim-
ple cubic lattice has the same form as that of a
1D discrete monatomic chain with cubic and quartic
nonlinearity.'!l The solution (34) has also the form
shown in Fig.2(a) and (b). The nonlinear vibration of
the 3D simple cubic lattice with the cubic and quartic
nonlinearity has the 3D distorted solitons in the di-
rection of k, = ky, =k, = k and k = £7/6a¢ in the

Brillouin zone.
5. Conclusion

The above results show that the nonlinear vibra-
tion of a 3D simple cubic lattice has the same be-
haviours as the nonlinear vibration of a 1D discrete
monatomic chain, and they are different from results
of 2D compared with the results in Ref.[11]. There
On the one hand,

in the aspect of structural symmetry, a 3D simple

are following two main reasons.

cubic lattice is the same as a 1D monatomic chain,
but different from 2D simple lattice . For example,

when taking the interaction between the lattice and

its nearest-neighbours into account, we assume that
lattice vibration is transported along the crystal di-
rection that is the same as the z-direction. In the -
direction and y-direction, the 3D simple cubic lattice
and 1D monatomic chain have the same symmetry,
but for the 2D simple lattice it is another story. On
the other hand, in the aspect of symmetric interaction,
the assumption is the same as the previous. In the z-
direction and y-direction, the 3D simple cubic lattice
and 1D monatomic chain have the same symmetric
interaction. In the case of the 2D simple lattice the
situation is different. The nonlinear vibration of lat-
tice correlates closely to the above two factors, so there
is 3D simple cubic lattice and 1D discrete monatomic
chain have the same behaviour, but for the 2D simple
lattice the situation is different.

From Figs.2(a) and (b) we know that the nonlin-
ear vibrations of the 3D simple cubic lattice with only
the cubic nonlinearity and with both the cubic non-
linearity and quartic nonlinearity have the same lo-
calized model—3D distorted solitons. From Figs.3(a),
3(b), 4(a) and 4(b) we know that the nonlinear vibra-
tion of 3D simple cubic lattice with only the quartic
nonlinearity has the 3D envelop solitons and the 3D
vortices which are different from the previous forms.
The main reason is that the quartic nonlinear poten-
tial is a symmetric potential. Its action is what a
symmetric localized model produces. The behaviour
in any place, but for the position of localized model
is the same as that without the potential action. The
cubic nonlinear potential is a distorted potential. Its
action is what a distorted model produces, and the po-
sitions of the localized model coincide with those with
the quartic potential. So the localized states with a
cubic and quartic potential are similar to those with
only the cubic potential. The difference only lies in

amplitude and frequency of the localized model.
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