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By analogue with the methods and processes in continuous mechanics, a Lagrangian formulation and a Hamiltonian

formulation of discrete mechanics are obtained. The dynamical equations including Euler-Lagrange equations and

Hamilton’s canonical equations of the discrete nonconservative holonomic systems are derived on a discrete variational

principle. Some illustrative examples are also given.
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1. Introduction

There are various circumstances in mechanics
where it is convenient or necessary to replace a contin-
uous time (temporal evolution) parameter with a dis-
crete parameter. Computer simulation of waves is an
example where the configuration of a system at time
t+h is calculated from a knowledge of its configuration
at times t and t—h. At some unimaginably small scale,
time is really discrete. For example, in modern theo-
ries such as string theory and quantum gravity theory,
the Planck time of 10~*3 seconds sets a scale at which
conventional notions of space and time break down.
There have been various attempts to construct classi-
cal and quantum mechanical theories of discrete time
systems based on this notion. Cadzow[! has derived
the Euler-Lagrange equations of discrete conservative
systems by using a variational principle. Marsden and
West[2! have given a review of discrete variational prin-
ciple and integration algorithms for conservative sys-
tems. Logan[! has discussed the first integrals of dis-
crete conservative systems. Ikeda and Maedal?! have
described the symmetries of the discrete natural me-
chanical systems. Jaroszkiewicz!®®l has discussed the

principles in discrete classic and quantum mechanics.

In this paper, we mimic the methods and pro-

cesses in continuous mechanics to obtain a Lagrangian

formulation and a Hamiltonian formulation of discrete
mechanics based on a discrete variational principle.
The main topics are the discrete variational principle,
Euler-Lagrange equations and canonical equations of
the discrete nonconservative holonomic systems. In
Section 2, we begin by introducing the discrete vari-
ants, discrete Lagrangian, discrete action, and then
obtain the discrete variational principle from the con-
tinuous one. In Section 3, we apply the obtained
principle to the discrete action to derive the Euler—
Lagrange equations of nonconservative holonomic sys-
tems. By introducing discrete Legendre transforma-
tions, we can transform the Lagrangian formulation
into the Hamiltonian formulation.

2.The discrete variational prin-
ciple of nonconservative holo-

nomic systems

Consider a nonconservative holonomic system
We work in R™ or

in generalized coordinates and will use vector notion

with Lagrangian being L(q%, ¢%).

for simplicity, so ¢' = (¢*,¢?,...,¢™). In the continuous
case, the Hamilton’s principle of the nonconservative

holonomic system is written in the form!”

123
/ (6L + Qléq")dt = 0, (1)

to
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= Q;I + Q;v dq'

are the generalized conservative forces and Q} are the

From Eq.(1) the
Euler—Lagrange equations can be derived

oL dJOL

dqi  dt 9g’

where L = T — V,Q; and Q) = —

generalized nonconservative forces.

= Q. (2)

In the following, we will see how to make an ana-
logue with the above process for the discrete system.
In our version of discrete mechanics we postulate that
the dynamical variables ¢‘(t) are observed or sampled
, N, such

that the intervals are all equal to some fundamental

at a finite number of times ¢,k = 0,1,---

interval h. For convenience we write ¢} = ¢(t;) and
assume h = 1.

Now, consider‘ two positions q}c and g 41 rather
than a position gpand velocity ¢;. These positions
should be thought of as being two points on a curve
at time h apart (h = 1).

We now introduce a discrete Lagrangian L (qk,
q. +1), which we think of as approximating the action
integral along the curve segment between gi and ¢}, i1

Specifically, consider a very simple approximation to
te
the integral / Ldt given by using the rectangle rule
t

(the length h (Ojf the interval by the value of the inte-
grand with the velocity vector replaced by q,i+1 — q,’c)
Next consider a discrete curve of points (g )N_,
and calculate the discrete action in this sequence by
summing the discrete Lagrangian on each adjacent
pair. We obtain the discrete action sum!®!
N-1
Jg = Z La k(s @hog1)- (3)
k=0
Using the rectangle rule, the principle (1) can be
written in the form[®—'"
N-1
8Ja+ Y Qixdai = 0. (4)
k=0
Formula (4) is called the variational principle of
the discrete nonconservative holonomic systems.
Remark The variational principle (4) is not a
stable action principle because generally the left-hand
side of Eq.(4) cannot be written as the variation of a
function, but here we still can used it to derive the

equations of motion of the systems.

3. Dynamical equations of
discrete nonconservative holo-

nomic systems

3.1. The discrete Euler—-Lagrange equations

Proposition 1  For the discrete nonconserva-
tive holonomic systems, the discrete Euler—Lagrange

equations can be written as follows:

Ld,kfl(qli;fla ap) + (%7 Qk+1)

0
— Ly
dq

dq;, i
(k=1,..,N —1), (5)

+ Q:ﬁ,k = 07

where Lgx—1 = Lar-1(q},_1,q.)-
Proof We compute the variation of the action
sum with the boundary points ¢} and ¢ fixed, and

obtain

N—
§J, =6 Z

qka Qk+1)

—1

1o
= [8 = La 1 (q}, Gy 1)04},
k=0 L9
15)
+ g Ld (T Ty 1)0G) 44
9t
N-1
[ ~Lgp1 (1,95
k=1
+ Ldk B q }&f’ 6
od (4h» @ioi1) |00 (6)

where we have used a discrete integration by part and
the fact that dg = dgi = 0 . Using Eqgs.(4) and (6)
yields the discrete Euler-Lagrange equations (5).

If we define the discrete velocities in the form
Uk = Qg1 — Qo (7)

then the discrete Lagrangian Lgj and formulas (3)

and (4) can be respectively rewritten as
Ld,k = Ld,k(qliavli)a (8)
N—1

Jg = Z Ld,k(qlicav;'c% (9)

k=0
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gives
N-1 N-1 N-1
i i oL . 0L
d Z Lax(qy,vi) + Z Q;,k‘st =0. (10) ( 3 dl.’k dq;, + 5 di’ké ,Z)
k=0 k=0 =0 9k Uk
N-1 N-1 N-1
Proposition 2 For the discrete nonconservative _ aLdjk 5‘11@ + Z aLd',k qu9+1 _ 8Ld,k 5‘12
holonomic systems with Lagrangian shown in Eq.(8), k=0 g}, k=0 9qj, e g,
. B . . N1
jche discrete Euler—Lagrange equations can be written B OLax  OLgpr OLas y b
in the form = g + v - v k- (12)
k=1

OLay  OLak—1  OLak
81}?c 8v,i_1 8qi

= Qi (11)

where Lgx—1 = Lak—1(q},v},_ ;).

Proof Computing the variation of the action sum

The Euler-Lagrange equations (11) can be de-
rived from formulas (10) and (12).
discrete integration by part and the fact that dgi =
5qi = 0.

We have used a

Example 1 Consider a nonconservative holonomic system with the Lagrangian

o 1 _
Las(qh, qhir) = (@b — ab)? + (6ey — a2 + ul(ah)? + (¢2)?] V2,

2
. ) 1 (13)
Lap1(gh100) = 5@ —ap 1) + (6 — ai )" + pllap 1)* + (@ 1)°] 712,
. 1
Law(qy,v) = 5[(1}%)2 + (V)] + pl(ah)? + (60?713,
(14)
Lak-1(qp,vp—1) = 5[(”1%71)2 + (i )+ ul(ah)? + (g7) Y3, [(g1)* + (g7)?] #0
The nonconservative forces are given by
Qi = —c1(@hy1 — k), Qa2 = —C2(qhy1 — 4i)- (15)
We have 5
a_qiLdykfl(quc—lquic) = (4% — G—1);
o o
8_qiLd’k(q27¢k+1) = _(‘Ili+1 - q,ﬁ) - qui[(ﬂbiy + (%%)2]_3/27
d o (16)
a—%%Ld,k—l(qiquz) = (4 — G-1),
o o
a2 Lk (ko Gioyr) = —(gi1 —a7) — ml(ar)® + (g0)°] %2,
k
OLak _ 1 OLak-1 _ 4
31),1C k 31},&71 k=1
0L _
aql = _iu‘qli[(qllc)Z + (qi)Z] 3/27
k
17
OLg _ 2 OLg k1 2 (17)
o ke i, k=1
OLg _
| o = Rl + (@)
k

Substituting Eqgs.(15) and (16) into Eq.(5) or substituting Eqgs.(15) and (17) into Eq.(11) we obtain the

same equations of motion as follows

(qli-&-l = 2g; + qr_y) = —ngil(ap)® + (%%)2]73/2 + Cl(Qllg+1 —qi);

(18)

(GR41 — 207 + qi_1) = —nail(ah)? + (@) >/ + calqfyy — af)-
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3.2. The discrete Legendre transformation and
discrete canonical equations

Now we introduce the Legendre transformation
La(qk,vi) = piwvi — Ha k(i ph), (19)

where Hg j, is called the discrete Hamiltonian and we
assume det(0?L,y/0v}0v,) # 0.
From Eq.(19), we can obtain

. 8Ld7k

Pik = 6’[]]2 .

(20)

Proposition 3 Under the Legendre transforma-
tion (19), the discrete Euler-Lagrange equations (11)

can be transformed into the discrete canonical equa-

tions
; ; _ OHay
Qo1 =9 = 5,7
Pi,k (21)
OHik |
Pik =Pik-1= =55 + Qi
ay

Proof Computing the variation of the Hamilto-

where we have used Eq.(20).

Since Hg j are functions of q; and p; , we have

N-1

OHy, .. OHgy

0Hg ) = E < = dq;, + : 5pi,k>- (23)
=0 9q, pik

Using Eqs.(11) and (20), from Egs.(22) and (23)
we can obtain the canonical equations (21).

Example 2 Consider the same system as that
shown in Example 1. From Egs.(14) and (20) we can

obtain

8Ld7k 1

v BLd,k 9
1~ Yk
vy,

= V1.
2 k
8’Uk

Pk = P2,k = (24)

Then the discrete Hamiltonian of the system is given
by
Hax =pixvi — Lax(qi, vi)

= @R+ PR — ml(ah)? + (g1)7] 2 (29)

Substituting Eq.(25) into Eq.(21) we obtain the dis-
crete canonical equations of motion of the system

1 1 _
9i+1 — 4 = P1,k,

2 2
9ry1 — 9 = P2,k

Pk — P1e—1 = —Hap[(q)* + (‘113)2]_3/2 (26)

- (‘Ili-u - qllc)a

P2 — P21 = —ugi[(qi)? + (q3)?] 3/

—ca(Giq — q7)-

nian gives
N-1
SHap=» <pi,k5v;€ + vL0Pi K
k=0
_ aLd’k5 i 8Ld’k&)i
dq;, k ov;, b
1
; OLgk . ;
= Z <v,266pi7k -3 —0qy, | (22)
k=0 .
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