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Non-Noether symmetries and conservative quantities of nonholonomic nonconservative dynamical systems are

investigated in this paper. Based on the relationships among motion, nonconservative forces, nonholonomic constrained

forces and Lagrangian, non-Noether symmetries and Lutzky conservative quantities are presented for nonholonomic

nonconservative dynamical systems. The relation between non-Noether symmetry and Noether symmetry is discussed

and it is further shown that non-Noether conservative quantities can be obtained by a complete set of Noether invariants.

Finally, an example is given to illustrate these results.
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1. Introduction

It is well known from the Noether theorem!!! that
the motion constant for a dynamical system is as-
sociated with a continuous transformation of coor-
dinates and time that keeps the action integral in-
variant. Transformation that can keep the equa-
tion of motion invariant is referred to as symme-
try. Lutzky gave non-Noether conservative quanti-
ties of Lie point symmetries and velocity-dependent
symmetries for Lagrangian systems, and pointed out
that a given symmetry, if keeping the action inte-
gral invariant, leads to Noether symmetry.2=4 Ci-
cogna and Gaeta made some remarks on the existence
and properties of Lie point symmetries in mechanics,
but they did not obtain conservative quantity corre-
sponding to these systems.®} Without using either La-
grangians or Hamiltonians, Hojman presented a theo-
rem to obtain directly conservative quantities with Lie

symmetries.[®) Mei made major progresses in Lie sym-

metries for constraint mechanical systems.[”8] Many
investigators have given important results.® 19 Re-
cently the authors have worked on the non-Noether
symmetries of the nonconservative dynamical systems
and the velocity-dependent symmetries of the non-
holonomic dynamical systems, and pointed out that
the non-Noether symmetries may lead to non-Noether
conservative quantities.[20:21] However, their investiga-
tions are limited to holonomic dynamical systems. In
this paper, the authors give a relation among the mo-
tion, nonholonomic constrained forces, non-potential
generalized forces and the Lagrangian for a nonholo-
nomic dynamical system. Then non-Noether symme-
tries are extended from Lagrangian systems to non-
holonomic nonconservative dynamical systems. A
formula is derived for the non-Noether conservative
quantities of nonholonomic nonconservative dynam-
ical systems. The authors further give a condition
under which Noether symmetries can be obtained

from non-Noether symmetries of nonholonomic dy-
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namical systems. Finally, the conservative quantities
of Noether symmetries are shown to form a complete
set of conservative quantities for nonholonomic dy-

namical systems.

2.The non-Noether symmetries
of nonholonomic nonconserva-
tive systems
Consider a dynamical system with Lagrangian

L (t,q,q), subject to non-potential generalized forces

Q, and g ideal nonlinear nonholonomic constraints in
the form

Its equations of motion are

G g = QA = Lemin=N=g),

(2)
where A, = A\gdfp/8¢® is called nonholonomic con-
strained force. From Egs.(1) and (2), one can obtain
all generalized accelerations of a nonholonomic system

as follows:
ijs = Q5 (ta q, q) . (3)

Introduce the infinitesimal transformations of

time and coordinates

t'=t+ebo(t,q), ¢ =d +e&(ta), (4)

where ¢ is a small parameter, and & and &, are in-
finitesimal generators.

Based on the invariance of differential equations
under the infinitesimal transformations, which will
lead to Lie symmetries, the invariance of dynamical
equation (3) and constraint equation (1) under the in-
finitesimal transformation (4) leads to the determining

equations

& — q.sgﬂ - 20‘350 =xm (as) ) (5)
and the constraint equations

X W (f5(t.q.9)) =0, (6)
where X (1) is the first extended operator of the X ()
given by

0 0 : )
(1) = —_— —_— —q°
X b0, +£saqs + (fs q fo) 95 (7)

If Egs.(3) and (1) remain invariant under the in-
finitesimal transformations (4) but the transforma-
tions (4) do not conserve the action integral of the sys-
tem, the invariance is called the non-Noether symme-
try of non-holonomic nonconservative dynamical sys-
tems.

Equations (5) and (6) can be regarded as a crite-
rion of non-Noether symmetries.

Criterion 1 The symmetries are non-Noether
symmetries of the holonomic nonconservative dynam-
ical system (3), which is associated with nonholonomic
nonconservative systems (1) and (2), if the infinitesi-
mal generators £, and & satisfy the determining equa-
tion (5) but do not conserve the action integral of the
system.

Criterion 2 The symmetries are non-Noether
symmetries corresponding to the nonholonomic non-
conservative dynamical systems governed by Egs.(1)
and (3), if the infinitesimal generators ¢, and &, sat-
isfy the determining equation (5) and constraint equa-
tion (6) but do not conserve the action integral of the
system.

To derive non-Noether conserved quantities, two
relationships for nonholonomic nonconservative dy-
Firstly, the n-

dimensional nonholonomic nonconservative dynamical

namical systems are needed.

system (2) is written in the form

2L , oL 9L &L

F+Q . +A,. (8)

And we have

da, My, [ 0°L 0 0°L o 9’L
¢~ D |og0g  otogroq  ogk og-oq
0%L 0 ,
- = A 9
8qk8(js + 8@3 (Qk + k):|7 ( )
in which
2
D = det [W} = detTija (10)

where M, is the cofactor of the matrix element

T = 0?L/8¢*9¢°, as, Q" A, and L are related as

day, O (M, d

— A — (InD) =0. (11

o — o (M2 @+ 40)) + 5 mD) 0. (11

Secondly, if £, and &, satisfy Eq.(5), it follows that[!
X0 (9) = XD () +éod (12)

is satisfied for all functions ¢ (¢, g, ).

The main result can be proved.
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Theorem 1 The nonholonomical nonconserva-
tive dynamical system (3) possesses a conservative

quantity in the form

P =2 (‘955 —q 850) — Néo+ X (InD)

aq® aq®
@+ 40))

-/ {X(l) (82 “)k
8(33 <M’“ Q) + Ak)> ]dt, (13)

If infinitesimal transformation generators &y and &,
satisfy Eqgs.(5) and (6).

Proof Move the terms on the right-hand side
of Eq.(5) to the left side and represent the resulting
terms on the left-hand side by II,, which has the par-

tial derivative

81.78 :i |:2 <8€s _q-sa£O> _N£0:|

oq¢® dt dq* aq*
da dag ;
_ (1 s _ s
X <8q > 34" &o. (14)

We now should show that it implies Il; = 0. If £ and
&s satisfy Eq.(5), one can obtain from Egs.(11) and
(12)

%X(U (In D)
O 0 ([ My,
- x (G- 2 (M @ )

Tl (R @ a0) a9

which allows Eq.(14) to be rewritten in the form

or, d {2 (ags 9o

= ~Né+ XD (nD
a¢° dt |” \ ags qagS) S+ X (In )]

o (i)

o (M @ ). (16)

Substituting Eq.(13) into Eq.(16) yields

om, _d Hass 96

= _ N¢ (1)
O¢s  dt 0q* qaqs> Néo + X (lnD)]

= x (o (M @ an) )

: 0 [ My,
—&o—— A 17
foaqs < (Q + k)) (17)
oIl .
Furthermore, one assumes Dar = 0, then it follows
q

form Eq.(13) that @ is a conservative quantity. This

is the main result in the present paper. It should be

noted that, in order to obtain this conservative quan-
tity, it is necessary to postulate that the equation of
motion is derived from a Lagrangian, but the action

integral invariance is not essential.

Theorem 1 can be regarded as a criterion for
obtaining non-Noether conservative quantities asso-
ciated with nonholonomic nonconservative dynamical
systems, where Eq.(6) is a constraint condition of the
nonconservative and constrained forces, and Eq.(13)
gives non-Noether conservative quantity of the non-
holonomic nonconservative dynamical systems. Fu
and Chenl'”l considered holonomic nonconservative
dynamical systems, which can be regarded as a par-

ticular case.
3.The Noether symmetries de-
rived from a non-Noether sym-

metry

Equation (13) gives non-Noether conservative

quantities. However, it may reduce to Noether con-

servative quantities under the following condition.

Theorem 2 If the non-Noether symmetries pos-

sess non-Noether conservative quantity of the form

o= [0 (3 ()

—508% (M’“ (Qk—i-/lk)) ]dt

8 S : A /
_W[ 1; (fl—qlfo> (Ql+Al):|a (18)

and the symmetry group preserves the action inte-
gral invariant, the non-Noether symmetry leads to a
Noether symmetry and possesses the Noether conser-

vative quantity

1o}
I =¢&L+ (& — ¢°&o) 855 = const (19)

for a gauge function Gy.

Using the means in Ref.[9], one can verify Theo-

rem 2.

Thus it is demonstrated that a conservative quan-
tity can be associated with any symmetry of a non-
holonomic nonconservative dynamical system. For a
holonomic nonconservative dynamical system, there

are no constrained forces; the results here reduce to
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those given by

= 92 Mys (: By
¢——W{7<§I—QEO)QI}

S (e ()

. 0 [ Mys
o (M) o (20)

The present study may lead to the non-Noether sym-
metries of the Lagrangian systems when both the non-
potential generalized force and the constrained forces
of the systems vanish. The conservative quantity as-

sociated with a Lagrangian systems is?!

_ 855 .3850
o=z <3qs o

> — Né&+XB (D), (21)

Further-

more, if the symmetry keeps action integral invariant

which is the same as the result in Ref.[3].

and @ vanishes, Noether symmetry is obtained, and
the system possesses a classical Noether conservative
quantity (19).

It should be pointed out that the conservative
quantity (13) may be expressible in terms of the
In Ref.[22] the

Noether invariants form a complete set of conservative

Noether invariants of the system.

quantities for a holonomic system. It is conjectured
that for systems whose Noether invariants do not span
a complete set of independent invariants, it might be
possible to find additional non-Noether invariants of

the conservative quantities (13).
4. An example

Consider a dynamical system with Lagrangian

L=3((@")" + () +(d)?) (22)

subject to a nonholonomic constraint
f=¢-4¢¢" =0 (23)

Substituting Eqgs.(22) and (23) into Eq.(3), one

can obtain the equations of motion of the system as

follows:
212

4oL oL _  add (24)
dtoq  dq! 1+ (¢?)?
d 8L OL
aop op (29)
d 8L oL 142

-1 (26)

dtog® 9 1+ (¢®)?

From Eqs.(24)—(26), one can obtain all generalized ac-

celerations of the nonholonomic system

21,12
1 q9°9°q
- = 27
q 1 T (q2)2 1, ( )
d2 = 0 - 052, (28)
-1 .2
-3 qq
==  — qq. 29
T =

The determining equations of the non-Noether sym-
metry of Eqs.(27)—(29) under the infinitesimal trans-
formations £, = &, (t,q) and & = & (¢, q) are
2:2 -1
& — &+ %50
i*¢* (1-(*)?*) (é
+@?” v

- (fz - (1250) %,

_ y q242
=-¢& - qlfo) W

(30)

& — ¢%60 =0, (31)

R
~ (6 )
+(6-6) i
Equations (30)~(32) result in
0k o  O&k .5

0, O&k 4
ot Tag? "ot Tag?
(kZO,l,"',n), (33)

&

2 2
:88;’“ + 2555@1 +2
%), .4
atogs !
2
323221 a2
9%,
0q20q2

82516 .2
atog2
62€k .1 .2
82£k .3 .9
0q30q>
a2fk 312
AT (%)

€

+2 +2

&k

2 +1\2
+ 9q104 (@)

(4)* (34)

Equations (30)—(32) have solutions as follows:

2
c1q + C2,

52:05

€o

&1 = cs,

and
63 = C4q2 + C5t + cg.- (35)
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where ¢y, co, c3, ¢4, 5, and cg are arbitrary constants.
Then the generator (35) is of non-Noether symmetry
of the holonomic system (27)—(29), which is associated
with the nonholonomic system (22) and (23). Substi-
tuting Eq.(23) into Eq.(6) yields

X0 (¢° - ¢?¢)
=— &4 — (61— d"6)d” + (& — d°¢) = 0. (36)

Substituting Eq.(35) into Eq.(36) gives

So=c2, & =c3, &=0, and & =cg.  (37)

The generator (36) is of non-Noether symmetry asso-
ciated with the nonholonomic system (27)-(29) and
(23).

Inserting Eq.(35) into Eq.(13) leads to the conser-
vative quantity of non-Noether symmetry associated
with Egs.(27)—(29) as follows:

— 314 + XY (In D)

-/ [Xm (‘1 5252)2 i 523;)2)

: a*q? a*q'
- £O<_ 1+ (¢2)2 1+ (q2)2)]dt

= —2¢14® — 3¢1¢* = const. (38)

Equation (38) indicates that the momentum is conser-
vative in the direction of g2 corresponding to Eqs.(27)—
(29).

Substituting Egs.(37) into Eq.(13) leads to the
conservative quantity of non-Noether symmetry asso-
ciated with the nonholonomic system (27)-(29) and

(23)

863 . 862 00 . 862
d=2(— —¢'—)+2( == —¢*—
<3q1 I 3q1)+ <3q2 T 9¢?

806 _3862

2 — — —=
- <3q3 rE

- (- - )

—& < -7 52((222)2 -7 5252)2” dt = 0.(39)

Therefore, the non-Noether symmetry (37) is trivial.
However, Eq.(18) can be applied to obtain the fol-
lowing relation by non-Noether symmetry given by

Eq.(37)

s [ (L)

: ¢’ 7*q'
- &J(_ 1+ (¢?)? 1+ (q2)2>]dt
2 . .
- % [A/gcs (fl — @fo) (Q; + Al)] = 0. (40)

Then Noether symmetry is derived from the non-
Noether symmetry (37), and the symmetry satisfies
the Noether equation
22 :1
. qq :

+(cg—c24®) ——=— = —Gn.
)+ (cs 2Q)1+(q2)2 N

(41)

Nevertheless one cannot find the gauge function G

¢’

(et 1 Sy

from Eq.(41), and thus cannot obtain the Noether con-

servative quantity corresponding to the symmetry.
5. Conclusions

The present investigation is a generalization of
the results in Refs.[2, 20] to nonholonomic systems. A
condition under which exists the non-Noether symme-
try with a conservative quantity is established for non-
holonomic nonconservative dynamical systems. A cri-
terion is also presented for deriving a classical Noether
symmetry from the non-Noether symmetry. For sys-
tems without nonholonomic constraints, the results
here reduce to those in Ref.[20]. For holonomic sys-
tems with potential generalized force only, the results

here reduce to those in Ref.[2].
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