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The Casimir effect of Reissner–Nordström black hole∗
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The stress tensor of a massless scalar field satisfying a mixed boundary condition in a (1+1)-dimensional Reissner–

Nordström black hole background is calculated by using Wald’s axiom. We find that Dirichlet stress tensor and Neumann

stress tensor can be deduced by changing the coefficients of the stress tensor calculated under a mixed boundary

condition. The stress tensors satisfying Dirichlet and Neumann boundary conditions are discussed. In addition, we also

find that the stress tensor in conformal flat spacetime background differs from that in flat spacetime only by a constant.
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1. Introduction

The Casimir effect originates from the name of the

prominent Dutch physicist Casimir, who published a

paper about the attraction between two neutral metal-

lic plates in 1948.[1] This effect has been extensively

studied since then, and finite vacuum energies have

been computed for various fields that satisfy differ-

ent boundary conditions in flat spacetime as well as

in curved spacetime.[2] People have developed many

methods of evaluating the effect, such as Green’s func-

tion, the zeta function, dimensional regulation, and

so on. Until now we have had a typical method

of calculating the vacuum energy in a cavity in flat

spacetime.[3]

In recent years, Setare and co-workers have stud-

ied the Casimir effect for a massless scalar field

between two parallel plates in a two-dimensional

black hole background with different boundary

conditions.[4−7] Setare has discussed the stress ten-

sor of a massless scalar field on two one-dimensional

walls in a (1+1)-dimensional black hole background,

and found that the two different boundary conditions

have different contributions to the stress tensor. The

relationship between the Casimir effect and the cos-

mological constant in a two-dimensional Achucarro–

Ortiz black hole background is discussed in Ref.[6].

Gao has approximately calculated the stress tensor of

a massless Dirac field in a two-dimensional Reissner–

Nordström black hole background.[7]

The various properties of black hole and the field

in curved spacetime have been studied.[8−11] In this

paper, we discuss the Casimir effect with a mixed

boundary condition for a massless scalar field in a

Reissner–Nordström black hole background. In the

process of calculating renormalized stress tensor, a

general axiom, now is called Wald’s axiom, which was

instigated by Christensen[2,12] and pursued with great

success by Wald [13,14] in the 1970s, is adopted. The

axiom is as follows:

(1) The expectation values of the energy-

momentum tensor are covariantly conserved.

(2) Causality holds.

(3) For off-diagonal elements, the standard results

should be obtained.

(4) The standard results should be obtained in

Minkowski spacetime.

(5) The energy–momentum tensor contains no lo-

cal curvature tensor depending on derivatives of the

metric higher than second order.

The Casimir effect with a mixed boundary con-

dition for a massless scalar field in a Reissner–

Nordström black hole background is calculated, and

then the stress tensors with the Dirichlet boundary

and Neumann boundary conditions are discussed sep-

arately. Comparing the two cases, we find that the

tensor contributed by the boundary in curved space-
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time has the same form as that in flat spacetime, but

has a different conformal factor from that in flat space-

time. And the relationship between the Casimir stress

tensor in curved spacetime and that in flat spacetime

is also discussed.

2. Vacuum expectation values of

stress tensor

The line element of a Reissner–Nordström black

hole[15] is

ds2 = −

(

1 −
2m

r
+

Q2

r2

)

dt2 +

(

1 −
2m

r
+

Q2

r2

)−1

dr2 + r2
(

dθ2 + sin2 θdϕ2
)

, (1)

where m and Q are the mass and charge of the hole.

Now we reduce the dimension of spacetime to two dimensions

ds2 = −

(

1 −
2m

r
+

Q2

r2

)

dt2 +

(

1 −
2m

r
+

Q2

r2

)−1

dr2, (2)

and it can be written in the conformal form

ds2 = f (r)
(

−dt2 + dr∗2
)

, (3)

in which f (r) =

(

1 −
2m

r
+

Q2

r2

)

,
dr

dr∗
=

(

1 −
2m

r
+

Q2

r2

)

.

Using Wald’s first axiom and considering the

anomalous trace in two dimensions[16] 〈T α
α 〉ren =

−R

24
, we can obtain the most general form of the

stress tensor in the Reissner–Nordström black hole

background[7]

〈T µ
ν 〉 =





〈T α
α 〉ren − f−1 (r) H (r) 0

0 f−1 (r) H (r)





+f−1 (r)





−β −α

α β



 , (4)

in which

H (r) = −
1

24π

(

m2

r4
−

2mQ2

r5
+

Q2

r6

)

+
1

24π







m2

(

m +
√

m2 − Q2
)4

−
2mQ2

(

m +
√

m2 − Q2
)5 +

Q4

(

m +
√

m2 − Q2
)6






, (5)

where α and β are two integral constants. We hope to

determine these two constants by imposing Wald’s ax-

iom and treating the Reissner–Nordström black hole

as a Casimir system. Two one-dimensional paral-

lel plates are placed at r1 and r2 (r1 < r2) in a

(1 + 1)-dimensional Reissner–Nordström black hole,

then we consider the massless scalar field to evalu-

ate the Casimir effect with a mixed boundary (Robin

boundary) condition. There are two plates that are lo-

cated at r = ri (i = 1, 2) satisfying the mixed bound-

ary condition[17]

(Ci + nµ·∇µ)ϕ (x) = 0, r = ri, i = 1, 2, (6)

where nµ is normal to these surface and nµnµ = −1,

and Ci are constants. We can obtain the Dirichlet

and Neumann boundary conditions by changing the

constants Ci.

The (1 + 1)-dimensional Reissner–Nordström

black hole spacetime is asymptotically flat, so the

integral constants are evaluated by requiring the

stress tensor given in Eq.(3) to coincide at infinity,

i.e. ri → ∞, with the standard Casimir stress tensor

in the (1 + 1)-Minkowski spacetime[17]
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〈T µ
ν 〉ren = −

J1 (B1,B2)

2π1/2a2Γ

(

3

2

)





1 0

0 −1



 , r1 < r < r2, (7)

where

J1 (B1,B2) = p.v.

∞
∫

0

tdt

(B1t − 1) (B2t − 1)

(B1t + 1) (B2t + 1)
e2t − 1

, (8)

Bi =
b̄i

āia
,

b̄i

āi
=

1

Ci
, i = 1, 2, a = (r2 − r1) . (9)

Comparing Eq.(4) with Eq.(7), the two integral constants can be obtained

α = 0, β = c −
1

384πm2
, (10)

where

c =
J1 (B1,B2)

2π1/2a2Γ

(

3

2

) . (11)

Now the stress tensor can be written as the sum of two terms, one is the contribution of the boundary, and

the other is the vacuum polarization in a gravitational background without boundary.

〈T µ
ν 〉 =





〈T α
α 〉ren − f−1 (r) H (r) 0

0 f−1 (r) H (r)



 + f−1 (r)









−

(

c −
1

384πm2

)

0

0

(

c −
1

384πm2

)









. (12)

As in four dimensions[18] the boundary part is

zero in the region x < x1 and x > x2 and only grav-

itational polarization part exists. Although the first

gravitational polarization term contributes to the to-

tal stress tensor, the force acting on the plates is de-

termined only by the second boundary part.

The vacuum boundary part pressure acting on the

plates is

ρb1,2
= ρb (r = r1,2) = −f−1 (r)

J1 (B1,B2)

2π1/2a2Γ

(

3

2

) .

(13)

When the value of J1 (B1,B2) changes, just as Ci

(i = 1, 2) changes, Eq.(13) corresponds to the attrac-

tive or repulsive force, and the force will disappear on

the plates while J1 (B1,B2) = 0. This result is valid for

all vacuum states, because the effective forces created

by the gravitational pressure or other vacuum states’

pressures are the same on both sides of the plates.

3. The Dirichlet and Neumann

boundary conditions

Equation (6) describes a mixed boundary condi-

tion, which is also called the Robin boundary condi-

tion. The Dirichlet and Neumann boundary condi-

tions are particular cases of the mixed boundary con-

dition. The first one corresponds to Ci → ∞ (i = 1, 2)

under the assumption of nµ·∇µ being bounded, while

the second one is obtained in the limit Ci = 0

(i = 1, 2). The Dirichlet boundary condition is a

conformal invariance, and the Neumann boundary

condition is a conformal invariance in the (1 + 1)-

dimensional spacetime[14] too.

The contribution of Neumann boundary condition

to the stress tensor can be given by letting Ci = 0

(i = 1, 2) and using the gamma function

〈T (b)µ
ν 〉NBC = f−1 (r)





−
π

24a2
0

0
π

24a2



 , (14)
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and if we let Ci → ∞ (i = 1, 2) and consider

lim
Bi→0

∞
∫

0

tdt

(B1t − 1) (B2t − 1)

(B1t + 1) (B2t + 1)
e2t − 1

=
π2

24
, (15)

we can obtain the stress tensor with the Dirichlet

boundary condition

〈T (b)µ
ν 〉DBC = f−1 (r)





−
π

24a2
0

0
π

24a2



 . (16)

This stress tensor is the same as that when we

consider the same boundary condition for a mass-

less Dirac field.[7] Comparing Eq.(14) with Eq.(16),

we can have the same result when we consider the

stress tensors with the Dirichlet boundary and Neu-

mann boundary conditions, this result is the same as

that in a flat spacetime background.[19] So there is the

same vacuum boundary part pressure on the plates

for the Dirichlet boundary condition and Neumann

boundary condition

ρb1,2
= ρb (r = r1,2) = 〈T

(b)t
t 〉NBC = 〈T

(b)t
t 〉DBC = −f−1 (r)

π

24a2
. (17)

The Casimir force on the unit area of the plates

is equal to this vacuum pressure, so there is the same

force for Dirichlet boundary and Neumann boundary.

The standard Casimir stress tensor of scalar field

satisfying the Dirichlet boundary condition on one-

dimensional wall is[20]

Tµν =
−π2

24a2
δµν . (18)

Comparing the second term on the right-hand side of

Eq.(4) with the term on the right-hand side of Eq.(18),

we can find that the contribution of Dirichlet bound-

ary condition to the stress tensor is

〈T (b)µ
ν 〉DBC = f−1 (r)





−
π

24a2
0

0
π

24a2



 . (19)

This stress tensor is the same as that described by

Eq.(16) with Ci → ∞. So we have the same result

when we use Wald’s axiom or just change the coeffi-

cients of the mixed boundary condition.

Considering Wald’s fourth axiom that is intro-

duced in Section 2, and comparing the relationships

between the second term on the right-hand side of

Eq.(12) and the term on the right-hand side of Eq.(7),

and between the term on the right-hand side of

Eq.(19) (or Eq.(16)) and the term on the right-hand

side of Eq.(18), we can find that the stress tensor of

massless scalar field satisfying different boundary con-

ditions in the curved (1+1)-dimensional spacetime can

be written as:

〈T µ
(b)ν〉 = Ω

−1 (r) 〈T µ
ν 〉ren, (20)

where Ω (r) is the conformal factor, and 〈T µ
ν 〉ren is the

Casimir stress tensor with the mixed boundary condi-

tion. Equations (14) and (16) can also be written in

this form. The Casimir stress tensor in the conformal

flat spacetime background differs from that in the flat

spacetime only by a constant.

4. Conclusions

The Casimir effect is one of the least intuitive

consequences of quantum field theory. It is caused by

fluctuations of vacuum energy in the quantum field

theory when they are modified by the introduction of

boundaries. The particular features of the resultant

force depend on the nature of field and boundary con-

dition imposed in some cases. This effect occurs in

different fields of physics, including quantum electro-

dynamics, theory of hadrons, dark energy, entropy of

black hole, and cosmology.

In this paper, we explicitly calculate the regu-

larized stress tensor of a massless scalar field satisfy-

ing the mixed boundary condition on one-dimensional

walls in a Reissner–Nordström black hole background,

just according to the general properties of the renor-

malized stress tensor. The regularized stress tensor

is also discussed when the field satisfies the Neumann

boundary condition and the Dirichlet boundary condi-

tion. In all these boundary conditions, the pressures

on the plates are obtained. We find that the stress

tensor with Neumann boundary condition is the same

as that with Dirichlet boundary condition, and there

should be the same force on the plates under these

two boundary conditions. As a result, we find the

Casimir effect under different boundary conditions can

be studied if we know the renormalized stress tensor in
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Minkowski spacetime. In addition, the Casimir stress

tensor in conformal flat spacetime background differs

from that in flat spacetime only by a constant.
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