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Many classical encoding algorithms of vector quantization (VQ) of image compression that can obtain global

optimal solution have computational complexity O(N).

A pure quantum VQ encoding algorithm with probability of

success near 100% has been proposed, that performs operations 45v N times approximately. In this paper, a hybrid

quantum VQ encoding algorithm between the classical method and the quantum algorithm is presented. The number

of its operations is less than v/ N for most images, and it is more efficient than the pure quantum algorithm.
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1. Introduction

The two open research problem of vector quan-
tization (VQ) are to design a real-time encoding al-
gorithm and to design the codebook generation algo-
rithm that can generate an approximately local op-
timal solution (finding the global optimal solution
is a non-deterministic polynomial complete (NPC)
problem).m The property of local clustering is re-
vealed by Pang[! and it is used to design a fast code-
book generation algorithm, that is faster than the
renowned Linde, Buzo, and Gray (LBG) algorithm by
a factor of 4-13.12) But the other open problem, i.e.
fast encoding of VQ with global optimal solution, has
not been solved. The encoding is described as:[!

Let codebook C = {c[i]|0 <4 < N,c[i] € RF, k >
1}. For an arbitrary input vector z € R¥, we have to
find the index io such that distance d(z, c[ig]) is min-
imum, where RF is K-dimensional Euclidean space.
Vector c[i] is called the codevector.

Grover’s algorithm[® is a renowned quantum
search algorithm, and its accuracy of rotation is im-
proved recently.l¥! Long proposes a modified Grover
algorithm.[®! Long’s algorithm has 100% probability
of success even for the case that the size of database

N is very small. This property of Long’s algorithm
is suitable for quantum image compression because N
is not a giant number in image compression in gen-
eral. Some hybrid search algorithms have also been
proposed to improve efficiency of algorithms,®7 in
which more physical resources are used to commute
the efficiency.

Boyer, Brassard, Hgyer and Tap propose an it-
eration algorithm, named BBHT algorithm in this
paper, in which the Grover iteration is applied
repeatedly.l8) The BBHT algorithm (Boyer, Brassard,
Hgyer, Tap)[S] is designed specially to solve the search-
ing case that the number of solutions is unknown.

Quantum image compression is possible.?~11]

Pang et al present a quantum discrete cosine trans-
formation (QDCT) for image compression.[?) The
method of QDCT can be applied to other transfor-
mation such as Fourier transformation and classical
output will be brought. Latorre presents a nice and
maybe hopeful quantum image compression method.
Latorre’s algorithm requires that the quantization
method (scalar quantization or VQ) is incorporated
with it.
sical methods.

Otherwise, it is not competitive with clas-
[10] Pang et al present a pure quan-
tum VQ encoding algorithm with probability of suc-

cess near 100%, that performs operations 45v/ N times
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approximately.['1]

This paper presents a hybrid quantum VQ algo-
rithm between the classical method and the quantum
algorithm to solve the open problem of fast encoding
of VQ. The number of its operations is less than v/ N
and its probability of success is 100% approximately.

Notation x: input vector

Notation &g = min{d(c[i],c[j]) | i#j, 0<
i,7 < N};

Notation I: whole encoding space

S =A{x | d(zclig)) < %O} and

T = {z | d(z,clio]) < b}, where

6> %0

Notation 2(c[i]) = {c[j] |
20, clj] € C};

Notation infp = min{|2[c[i]] |

Notation

d(clil; i) <

0<i<N}.

All of the notations are diagrammatized in Fig.2.

Parameter §y can be calculated before encoding.
The classical data structure of 2(c[i]) can be con-
structed by using classical method before encoding
(see Fig.3).

2. Quantum VQ) inequality itera-
tion and quantum VQ encod-

ing

Pang et al present a quantum representation of
image to which database technique is applied,®! and
this quantum method is also used to represent data of
image in this paper.

Definition Oracle Og:
dla)idlefl) 0) 2
Oq4 is used to compute the distance d(z,c[i]) and
(Oq)~! is the inverse transformation of it.
Definition Oracle Os:
16)2) i) el elil)) 2> (—
i) eli])ld(z, cli]),
where function f(:) = 1 if d(«,
f@) =0.

Definition quantum VQ inequality iteration

17O[8)la)

cli]) < 9§, otherwise

Gincquality:
Gincquality = (2|§><§| - I)(UL)il(Od)il
XO{'OdUL,
1 N-1
where |£) = —= Y |¢) and the unitary operation Uy,
i=0

VN =

|0} D) cli)|d(z, c[a))),

and (Up)~! is LOAD operation that loads data into
registers from memory. (‘!

The operation Uy, is defined as |6)|x)])|0)|0) L,
[0)|z)]%)|c[é])|0) in this paper.

2.1. Sub-procedure 1: the quantum VQ
for z € S

Algorithm: Sub-procedure 1

0
Stepl Let § = 2,
Step2 Generate the initial state

W0 > —= 5 (182) 8 0) 0)).
VN i=o
{ng} times:

Step3 Perform operation ¢t =
|¢t Z (Gincquality)t|¢0>-

Step4 Observe the third register: let ig be the
outcome. Compute dy = d(z, c[ip]) classi-
cally. If dy < 0, the result is ig, otherwise

go to Sub-procedure 2.

If there exists a vector c[ig] € C and d(z, c[ig]) <

0
30, clip] is the closest codevector of x € X and it
is the unique closest codevector.l'! And the iteration

Ginequality acts only on N — dimensional subspace.[g’ll]

Therefore, by Grover’s algorithm, sub-procedure 1
ng} times ap-
proximately. That is, sub-procedure 1 has time com-

plexity [g VN ] .

performs the operation Ginequality

2.2. Sub-procedure 2: the quantum VQ
forze(T'—S)orxe(l—-T)

Algorithm: Sub-procedure 2
Stepl Initialize m =1 and A = g

Step2 We choose an experiential value § such
that the set T can cover the whole encod-
ing space I approximately.

Step3 Choose j uniformly at random among the
nonnegative integers not bigger than m.

Step4 Generate the initial state

|Yo) = \/— Z (10)|)12)[0)10))-

Step5 Apply j iterations of the iteration
Ginequality starting from the state



No. 12

A hybrid quantum encoding algorithm of vector quantization for ... 3041

|!p0> : !pj > (Ginequality)j|w0>'

Step6 Observe the third register: let i be the

outcome.

Step7 Perform classical
d(z, c[h]). If yo < 8, classically fully search
the corresponding neighbourhood 2(c[h])

computing yo =

to obtain the closest codevector c[ig]; The
result is 79 and exit.

Step8 Otherwise, set m to min{\m, N} and
go to step 3.

Step9 Encoding for I — T If yg > 5, or iy does
not exist, apply classical method to

encode.

We have conclusion that the closest codevector
clio] of vector z € T — S is included in the neighbour-
hood 2(c[h]) of step 7 (see Fig.1). The reason is that
d(z, clj]) > d(c[j], c[h])—d(c[h], z) > b for an arbitrary
clj] ¢ L2(c[n]).

The hybrid idea of sub-procedure 2 is that apply-
ing the iteration Ginequality Tepeatedly to find a neigh-
bourhood §2(c[h]) which comprises very few elements,
then fully searching the neighbourhood classically to
find the solution.

In addition, the set I — T comprises very few vec-
tors statistically and classical method is applied to
encode vector z € I — T

Figure 1 illustrates the hybrid idea of sub-
procedure 2.

Input:
x
others

Quantum Computation: Apply Output: h  —
theiteration Gipequality repeatedly [P (d(z, c[h]) < &)

clio] € 2(c[h])
2. Very very few elements
in 2(c[h])

Classically fully search neighborhood '
2(c[h]) (big points) to get Solution.//

1. The golbal optimal solution

(el

- SNy

/6c[h]
NI

R S ey

Fig.1. The illustration of hybrid idea of sub-procedure 2: 1. Embed the iteration Gipequality in

BBHT algorithm and apply the iteration repeatedly. This quantum method will find a neighbourhood
2(c[h]). 2. The global optimal solution c[ig] € 2(c[h]), and there are very few elements in 2(c[h]).
Therefore, we can classically search £2(c[h]) to obtain solution.

The iteration Ginequality is embedded in the
BBHT algorithm in sub-procedure 2. The case of
no solution is handled by BBHT algorithm.[®] The
iteration Ginequality acts only on N— dimensional
subspace.[”1! Thus, the number of performing the
iteration Ginequality in sub-procedure 2 is less than

N
2 - when inf, < N.
4\ infg

The four statistical properties of image for VQ are
listed below (see Fig.2):

1. Almost feature vectors x concentrate on them-
selves centroids generally. That is, almost vectors
x € I are included in set S. The solution is unique for
r€eS.

2. The set T — S comprises the points of near
edges of image in practice. The solution is included

in a small neighbourhood 2(c[h]) for input vector
xeT -S.

3. The set I —T comprises special points such as
very detail points or points at edges maybe.
b e
< 99%,

4. Let |S| : |T =S| : I -T| =
Statistically, we have (see Fig.2) 80% <
1% < b S 19%, ¢ S 1%.

a
a

Therefore, the time complexity of the whole quan-
tum encoding algorithm is less than v N statistically.

The phenomenon should be noticed, that the
above properties are not powerful for classical meth-
ods to solve the open problem of the fast encoding of
VQ, by contrast, it is powerful for quantum methods.

Figure 2 shows these statistical properties of im-
age.
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y/255 | (c[n]):
comprises
very very few

centroids

Many points
reS

Few points
of near edges
zeT-S : ‘
_Centroid N
Very few .
detail points
rel-T
‘ / 255
N
L % Pl

Fig.2. The illustration of the properties of image that is applied to design the hybrid algorithm: (Image
Lena with size 256 x 256 is divided into 2 x 1 image blocks to form vectors.[') 1. Almost feature vectors
x concentrate on themselves centroids generally. And the solution is unique for z € S. 2. The set T — S
comprises the points of near edges of image and it includes few points in practice. And the solution is
included in a small set 2(c[h]) for x € T — S. 3. The set I — T comprises special points such as very detail
points or points at edges maybe. 4. Statistically, |S| > |T'— S| > |I — T|. The above four statistical
properties of image for VQ are applied to accelerate the quantum algorithm: 1. Sub-procedure 1 acts on
the set S with time complexity [%\/ﬁ] approximately. 2. Sub-procedure 2 acts on the set T' — S with

9 N
time complexity less than 2V it approximately. 3. Classical full search algorithm acts on I — T. The
infp

phenomenon should be noticed, that these properties are not powerful for classical methods to solve the

open problem of the fast encoding of VQ, by contrast, it is powerful for quantum methods.

The hybrid algorithm is not only an image com-
pression method, but also it can be applied to image
recognition. %

3. The cost physical resource for

accessorial data structure

The main accessorial resource is cost to save the
classical data structure of all neighbourhoods 2(c[i]).
And the data structure can be constructed by using
adjacency list techniquel'3l before encoding. Adja-
cency list technique is a basic technique, and it is ap-
plied on image compression usually.l!) The adjacency
list to save all £2(c[i]) can be constructed by the fol-
lowing method:[*?l

First, allocate a single list to save all neighbours of
each codevector (c[i]), where (c[i]) € C (i.e., centroid
in Fig.2) and i =0,1,...,(N —1).

Second, all of the addresses of all single lists are
saved in an array.

The structure of the adjacency list is diagramma-
tized in Fig.3.

neighbors

(o[ Ho [ e
index I‘POi;‘ter}—»’ bo ‘ * ‘—| by | * |ﬂ’gm(c[0])|—1 n

ol 20 | || =1 | % [ HAeeoi- | A

Fig.3. The illustration of the adjacency list to save all neigh-
bourhoods £2(c[z]).

of (c[i]).

O(Nlogy N) and it is very good. It is very easy to realize

pointer
x

index 0

N_1 ‘poi:ter

Each single list saves all neighbours
The space complexity of the adjacency list is

the adjacency list with a modern electronic computer. There-
fore, it is a better tradeoff that costs O(N log, N) classical
bits to decrease the running time by a factor of 45 of the pure
quantum algorithm in Ref.[11].

It is easy to estimate the space complexity of the
adjacency list.'3 The total number of the classical
bits required to save the adjacency list is approxi-

mately NE_:Ol(|(Z(c[z])| +1)(logy N + 4 x 8) (bits).

In general, |£2(c[é])| is very small (see Fig.2).

Therefore, the space complexity is O(N logy N)
bits approximately and it is very good.

It is very easy to realize the adjacency list with
a modern electronic computer.['3] Therefore, it is a
better tradeoff that costs O(N log, N) classical bits
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to permute the running time by a factor of 45 of the
pure quantum algorithm presented in Ref.[11].

4. Conclusion

VQ has high compression ratio and simple struc-
ture. However, the performance comes at the cost
of increased computational complexity. Fast encod-
ing of VQ is an open problem and is one of the two
key techniques of VQ. Many classical encoding algo-
rithms of VQ that can obtain global optimal solution
have computational complexity O(N). In this paper,
a hybrid quantum VQ encoding algorithm between
classical method and quantum algorithm is presented.
The number of its operations is less than v/N for most
images. It is a good tradeoff that costs O(N logy N)
classical bits to decrease the running time by a factor
of 45 of the pure quantum algorithm in Ref.[11].
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