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This paper studies the critical behaviours and magnetic properties of three-dimensional bond and anisotropy

dilution Blume-Capel model (BCM) in the presence of an applied field within the effective field theory. The trajectory

of tricritical point, reentrant transitions and degenerate patterns of anisotropy are obtained both for the bond and

the anisotropy dilutions. The global phase diagrams demonstrate unusually reentrant phenomena. The temperature

dependences of magnetization curves undergo remarkable spin glass behaviour at low temperatures, and transform

from ferromagnetism to paramagnetism at high temperature in applied fields. Temperature dependence of magnetic

susceptibility curve is in qualitative agreement with experimental result.
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1. Introduction

The critical properties of the various spin or
pseudo-spin systems have attracted the attention of
The Ising
model has been one of the most extensively stud-

many workers during the past decades.

ied models in localized spin systems.!'~4 Though the
Ising model is simple but it produces many fruitful
results. Since 1966, the Blume-Capel model (BCM)
becomes important in the family of Ising models.”!
Its phase diagram presents a line of continuous tran-
sition and a line of first-order transition, separated by
a tricritical point (TCP). Meanwhile, the BCM is of
practical importance, the critical behaviour of *He-
4He mixtures can be described by BCM./. And from
the experimental aspects, some studies showed that
in the rare-earth fluorides KY3F1o with cubic struc-
ture, the magnetic moment displays nearly complete
Ising anisotropy along the local symmetry axis. When
substituting Dy*3, Er™3, or Yb*? for Y*2 in the com-
pound, a transition to the ferromagnetic state occurs

with the variation of uniaxial anisotropy.!”-8!

An important development of BCM is the intro-

duction of randomness. The critical behaviour of 3He-
4He mixtures in random media has been modelled
by BCM with random uniaxial anisotropy.l?) The dis-
ordered ferromagnet associated with BCM has been
studied by using various techniques, such as mean
field theory,['?) renormalization-group method,[*1—13!
pair approximation,'¥ cluster variation method,!®
effective field theory (EFT),16-18 self-consistent

[19] g [20-22]

theory,'*”! Monte Carlo simulation: a sequence

of generalized Husimi trees!?®/ and so on.

It is worthwhile to point out that, for two-
dimensional random BCM, the results obtained by
means of various techniques are not in complete
Some researches lead to the TCP sud-

den disappearance,[!1:13:14 while others give the TCP
[16,17,20]

agreement.
gradual depression. However, for the three-
dimensional case, the first-order phase transition is
converted to a second-order one above a threshold of
random concentration no matter how different tech-
niques are adopted.['22] Puha and Diep studied the
phase diagrams of three-dimensional bond dilution
BCM with random anisotropy by using Monte Carlo

simulations and gave some meaningful results.(??
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However, they did not give the global phase diagrams.
This is because an obstacle encountered in Monte
Carlo simulations on disordered systems is the pres-
ence of many metastable states at low temperatures,
which is separated by barriers that may diverge in the
thermodynamic limit, and make it very hard for the
system to equilibrate.

On the other hand, when there exists an ap-
plied field, BCM is treated by EFT[4 and mean field
theory.*®) In this work, we study critical behaviours
and magnetic properties of three-dimensional bond
and anisotropy dilution BCM in the presence of an
applied field within EFT. Our calculations show rich
phase transition messages at low temperatures and
distinct magnetic properties, which Monte Carlo sim-
ulations do not perform in the same case. The tra-
jectory of the TCP in the phase space is plotted as a
function of two different dilution factors. The result is
in qualitative agreement with the estimates from the
Monte Carlo simulations at high temperatures.[??l The
influence of two different dilution factors on critical be-
haviours is analysed. The temperature dependences of
magnetization curves have remarkable spin glass be-
haviour at low temperatures, and transform from fer-
romagnetism to paramagnetism at high temperature
in applied fields. Temperature dependence of mag-
netic susceptibility curve is in qualitative agreement
with experimental result. To our knowledge, certain
above-mentioned subjects are not studied yet.

This paper is organized as follows. In Section
2 we outline the formulae and give some technical
points. The detailed numerical results and discussions

are given in Section 3. A brief summary is given in
Section 4.

2. Formulae

The Hamiltonian for the spin-1 nearest-neighbour
interaction bond and anisotropy dilution BCM in the
presence of applied field can be defined as

H==Y " JijS7S; = > Di(S;)*+HY S, (1)
(i5) i i

where the spins SZ can assume 0 or &1 states at each
site. The first summation runs only over all pairs of
The second and third
Jij is the
exchange interaction between the nearest-neighbour

the nearest neighbour sites.
summations involve all sites of lattice.

sites and we let J;; > 0. D; represents an anisotropy
parameter, which is assumed to be negative. We con-
sider only the case of uniaxial anisotropy (z) axis the
same for all the ions. H is a uniform applied field and
parallel to the anisotropy (z) axis. J;; and D; can sat-
isfy independent dilution distributions respectively.

=)+ 1 =p)o(Jij),  (2)
P(D;) = t6(D; — D) + (1 — t)0(D;), (3)

where p. < p < 1.0 and 0 < ¢t < 1.0. Let p de-
note the bond dilution concentration and ¢ indicate
the anisotropy dilution concentration. The p. is the
percolation threshold of bond dilution. We can per-
form the averaged magnetization m and quadrupolar
moment g within the EFT.

m = [q{cosh(Ji;V))x + m(sinh(J;; V)): + 1 = " F()]a=o, (4)
q = [g{cosh(J;; V), +m(sinh(J;;V)): + 1 — ¢]” G(z)]z=0, (5)
|
where z is lattice coordination number, V = ~ is  Lhe f (x, Di) and g(z, D;) are defined as follows:

x
a differential operator. The (---), denotes the bond

dilution average for Eq.(2). The functions F(z) and

G(z) are written as:

P(D;)f(x, D;)dD;, (6)

/
G(z) = / P(Dy)g(x, D;)AD;. (7)

B 2sinh(G(x + H)) (8)
~ 2cosh(B(z + H)) + e #Di’
2cosh(B(z + H))

9(z, Di) = 2cosh(B(x + H)) + e AD:’ ©)

where = 1/kpT. If we combine Eqgs.(4),(5), the self-
consistent equation with respect to averaged magne-

f(vai)

tization m is given by

m:a0+a1m+agm2+a3m3—|—a4m4+a5m5+---.

(10)
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The susceptibility can be obtained as phase transition is given by
aom
Xm = (3_H> (11)
T =1 and a3z <0. (13)

Although we obtain the self-consistent equation,

#

0) from the paramagnetic state (m = 0) for H # 0.

it is difficult to separate the ferromagnetic state (m

In this case, we cannot give an expression of phase
transition equation. However, when H = 0, Eq.(10)

is reduced to a simple form,
m=aym+ azm> +asm® + . (12)

Since m is small enough near the second-order
phase transition line, the expression of second-order

On the critical transition line, there may exist a
line of continuous transition and a line of first-order
transition, separated by a TCP. When a3z > 0, the
phase transition is first-order. Therefore, ag < 0 must
1 and
a3 = 0 determines the TCP on the phase transition

be satisfied. Hence the point at which a; =

line. The coeflicients a; and as are in the following

form

a; = z(sinh (JUV»r [QO<COSh( v)>r +1- qO]Z_l F(‘T)leO, (14)
az = 2z(z —1)q(sinh(J;; V), [(cosh(Ji;V))r — 1] [go(cosh(Ji; V))e + 1 — qo]* > F(2)]2=0
+Z(13—)!(2)<smh3(J V) [go{cosh(J;;V))y +1 — qo]z_3 F(z)|z=0, (15)
where o and ¢; satisfy the solutions of
g0 = [go{cosh(J;;V))r + 1 = qo|*G(z)|2=o0, (16)
25U [(sinh (5 V)] [go{cosh(J;; V))e + 1 — go] " G (2)]ao
q1 = (17)

Up to now, we have generalized the expressions
for bond and anisotropy dilution BCM in the pres-
ence of an applied field. One does not expect to obtain
results as precise as those from Monte Carlo simula-
tions. Nevertheless, the EFT procedure can compen-
sate for the defect of Monte Carlo simulations at low
temperatures. The order of phase transition is de-
scribed by the present procedure. Here we consider a
simple cubic lattice as the three-dimensional version
mainly because the three-dimensional system has ex-

perimentally the most relevant dimension.

3. Results and discussions

All the results that will be presented in this sec-
tion come numerically from solutions of Eqs.(10)—(17).
Firstly, the Curie temperatures versus negative
uniaxial anisotropy with concentrations of bond di-
1.0, 0.8, and 0.5 for H
picted in Figs.1(a)—(c) respectively, when the values

lution p 0 are de-

of anisotropy dilution concentration ¢ are changed.

{1 — 2 [{cosh(JiV))r — 1] [qo(cosh(J;; V)): + 1 — go]* " G(x)|x:0} '

From Fig.1(a), it is clear that, with increasing the
anisotropy dilution concentration t, the TCP is de-
pressed monotonically and disappears at a critical con-
centration ¢J. The TCP exists only in the ranges of
1.0 > t > t] = 0.784 and —3.0 < D/J < —2.38I.
The first-order transition disappears only for a finite
amount of disorder. This result is in qualitative agree-
ment with the estimates from the Monte Carlo sim-
ulations at high temperatures, like Fig.4 in Ref.[22].
For —2.81 < D/J < 0, the system is of second-order
transition.['8! On the other hand, we see apparently
the second-order reentrant transitions in an appropri-
ate range of ¢t < tJ. Moreover, a special type of reen-
trant transition line which is called zigzag one can
be observed (see curve labelled ¢ = 0.746 in Fig.1(a)).
The reentrant or zigzag transition comes from the frus-
tration effect and non-uniform convergence of a large
uniaxial anisotropy. Certainly, the reentrant phenom-
ena have been found for three-dimensional systems in

[27] Meanwhile, there exist four dif-

some other models.
ferent values of the uniaxial anisotropy in the range

of t > t > t; = 0.72937 when Curie temperature
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goes to zero. They represent four degenerate patterns
In this
case, all spin states are frozen in a certain range of
This comes from the fact that the
uniaxial anisotropy is parallel to the z axis. The phe-

of the uniaxial anisotropy at ground state.
concentration t.

nomenon does not occur when the uniaxial anisotropy
is perpendicular to the z axis.*®! For all ¢ < ¢;, the
second-order transition line extends to D — —oo and
the critical temperature is finite. This is because the
negative infinite anisotropy acting on the given sites
tends to force them to be in the states S = £1. Thus,
the clusters of spin S = +1 states are formed and are
able to sustain the order for all ¢ < ¢;. Fig.1(b) shows
that the anisotropy dilution concentration scope which
affects the TCP becomes large. The TCP exists in
the ranges of 1.0 > t > t5 = 0.734 at p = 0.8.
Obviously, the connectivity of the exchange interac-
tions between all sites is weakened due to the bond

dilution. Thus, the uniaxial anisotropy correlation

between sites will decline so that we expect the de-
pression of the TCP. Secondly, the bond dilution can
strongly depress ordered phase. The role of bond di-
lution will force some sites from S = 4+1 or S = —1
state to S = 0 once more. The system must pos-
sess a large critical concentration to = 0.6617 to form
the clusters of S = =£1 states. By comparing with
Figs.1(a), (b), we find some different plots in Fig.1(c).
Firstly, there are five values of uniaxial anisotropy in
the region t3 = 0.679 > t > t3 = 0.45873 when the
Curie temperature goes to zero. This is to say that
the degenerate patterns appear at ground state. Sec-
ondly, we pay attention to the fact that the TCP is
depressed greatly. From our calculations, there is TCP
in the range 1.0 > p > p = 0.2954 for ¢ = 1.0. Here,
we give its critical value p?. The trajectory of TCP
is in qualitative agreement with the result of Monte
Carlo simulations at high temperatures, like Fig.7 in
Ref.[22].

kpT/J

1.2 1

0.4 4

0471 04597 0.45876
0.470 /0.4596

-D/J

Fig.1. Uniaxial anisotropy dependence of Curie temperature on the simple cubic lattice for different bond concen-

tration p = 1.0 (a); 0.8 (b); 0.5(c) is presented. The numbers on the curves are the values of anisotropy dilution

concentration t.
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Figures 2(a) and (b) illustrate the behaviours of
the phase transition as function of bond dilution con-
centration with ¢ = 0.8 and 0.7 for H = 0 respectively,
when the value of uniaxial anisotropy is changed.
Comparing Figs.2(a) and (b), we find that the second-
order transition lines exhibit the reentrant phenom-
ena in certain range of a large uniaxial anisotropy,
while reentrant phenomena do not occur at all for
small ones. However, we find easily that the reen-
trant phenomena are depressed strongly. Therefore
we infer that a large anisotropy dilution concentration
can destroy reentrant transition. On the other hand,
the ordered phase scopes at low temperatures are en-
larged with increasing anisotropy dilution concentra-
tion. This comes from degradation of the uniaxial

anisotropy effect due to large dilution concentration.

0

04 03 0.2

0 T T T T T

1.0 09 08 07 06 05
p

Fig.2. Bond dilution concentration dependence of Curie temperature on the simple cubic lattice for different

We plot the Curie temperature dependence of the
uniaxial anisotropy with a fixed anisotropy dilution
concentration ¢t = 0.75 in Fig.3, while bond concen-
tration is changed. The phase transition for pure
bond status or small bond concentration is the second-
order phase transition and the TCP does not exist.
When the bond concentration is appropriate, the sys-
tem shows the TCP. Then the TCP is depressed once
more when bond concentration further increases. In
this case, the appearance of the TCP is that the bond
dilution debases the role of anisotropy between all
sites, while a large bond dilution can generate a pow-
erful depression for the TCP again. The trajectories
of the TCP dependence of the two different dilution
factors have a complex relation. This result displays
the overlap correlations between two dilution factors.

0 T T f T T T t
1.0 09 08 07 06 05 04 03 02

p

anisotropy dilution concentration (a) 0.8 and (b) 0.7 is presented. The numbers on the curves are the values

of uniaxial anisotropy D/J.

4.0

3.5

3.0

2.57

2.01

kpT/J

1.5

1.0

0.57
0.3

0.35

0 T T
0 05 10 15

2l.0 215 3'.0 315 4.0
—-D/J

Fig.3. Uniaxial anisotropy dependence of Curie temper-

ature on the simple cubic lattice for a fixed random

anisotropy concentration ¢t = 0.75 is presented. The num-

bers on the curves are the values of bond dilution concen-

tration p.

The magnetic property is another important
problem. Figure 4 expresses the temperature depen-
dence of the magnetization with D/J = —3.5 and
p = 1.0 for H = 0, while the value of anisotropy
dilution concentration is changed. Obviously, they
express spontaneous magnetizations. The curves in-
crease firstly and then decrease rapidly to zero. Actu-
ally, the results reflect the reentrant phenomena cor-
responding to Fig.1(a) and the existence of spin glass
states at low temperatures. When there exists an ap-
plied field, the temperature dependence of the mag-
netizations for D/J = —4.2 and t = 0.73 at pure
bond status is shown in Fig.5. The numbers on the
curves are the values of applied field. The magnetiza-
tion curves have a complex change from H/J = 0.1 to
0.4. In fact, they give some important phase transi-
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tion messages although the phase diagram is not given
in the presence of an applied field. There are the four
following conclusions. (1) The degenerate patterns of
the uniaxial anisotropy at ground state disappear in
applied fields. (2) The complex variation of the mag-
netization curves represents the existence of reentrant
phase transition. In fact, the magnetizations have re-
markable spin glass behaviours at low temperatures.
(3) A long tail line does not touch the (temperature)
axis. This means that the magnetization curves trans-
form from ferromagnetism to paramagnetism at high
temperature. (4) When H/J = 0.5, the magnetiza-
tion goes to saturation. The temperature dependence
of the magnetization shows monotonous regressive re-

lation due to the existence of a large applied field.

0-71 H/J=0

D/J=-35
p=1.0

m

ksT/J
Fig.4. Temperature dependence of the magnetization for

a given D/J = —3.5 in the absence of an applied field is
presented. The numbers on the curves are the values of
anisotropy dilution concentration t¢.

0 T T T T
0 1 2 3 4 5 6 7

ksT/J
Fig.5. Temperature dependence of the magnetization for
a given D/J = —4.2 and ¢t = 0.73 is presented. The num-
bers on the curves are the values of applied field H/J.

The initial magnetization curves versus an applied
field for a given kgT/J = 0.5, p = 0.5 and t = 1.0 are

depicted in Fig.6.

1.0
0.9
t=1.0
0.8 5. p=0.5
J=05
£ 0.71
0.6
0.5
0.4 T T T T 1
0 1 2 3 4 5

H/J
Fig.6. Applied field dependence of the magnetization for a
given kgT'/J = 0.5, p = 0.5 and ¢ = 1.0 is presented. The
numbers on the curves are the values of uniaxial anisotropy
D/J.

The numbers on the curves are the values of uni-
axial anisotropy. Here, the initial magnetization
curves extend quickly to saturation for small values of
anisotropy and go slowly to saturation for large values
of anisotropy with increasing applied field. This shows
that the existence of uniaxial anisotropy hampers the
magnetization process and that the saturation magne-
tization needs a high-applied field under a large nega-
tive uniaxial anisotropy condition. In Fig.7, we study
the susceptibility corresponding to above-mentioned

initial magnetization curves.

2.5
2.0
154-45(_5 ||-5.5|—-6 ||-6.5]-7
g
=
1.0- t=1.0
p=05
kgT/J =05
0.5+

0 1 2 3
H/J
Fig.7. Applied field dependence of the susceptibility for a
given kgT/J = 0.5, p = 0.5 and ¢ = 1.0 is presented. The
numbers on the curves are the values of uniaxial anisotropy
D/J.

The peak of the susceptibility curve takes place a shift
toward large applied field direction with increasing
uniaxial anisotropy. There exists only the susceptibil-

ity curve in large range of negative uniaxial anisotropy
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under the condition of present parameters. This is be-
cause initial magnetization goes rapidly to saturation
in m-H space for small uniaxial anisotropy. In order
to compare with experimental result, the temperature
dependence of the inverse susceptibility for a given
D/J = —=2.0, p = 0.5 and ¢t = 1.0 is presented in
Fig.8.

30+
25
t =10
204 p=0.5
~ 1 D/J =20

0 T T T T T T T T T 1
0 2 4 6 8 10
kg/T/J
Fig.8. Temperature dependence of the inverse suscepti-
bility for a given D/J = —2.0, p = 0.5 and ¢t = 1.0 is
presented. The numbers on the curves are the values of

applied field H/J.

We see clearly that theoretical result is in good quali-
tative agreement with experimental result for H/J =
1.0 and is qualitatively consistent with the experimen-
tal result for H/J = 1.0 at high temperatures, like
Fig.5 in Ref.[8].
low temperatures.

There is a subtle difference at very
In summary, in this work, we have shown
many rich phase transition messages at low temper-
atures, which are not performed by Monte Carlo
simulations.??) The reentrant phenomenon and the
trajectory of the TCP have been discussed. The
critical anisotropy and bond dilution concentration is
given when the TCP just disappears. The degenerate
patterns of uniaxial anisotropy at ground state appear
with increasing bond concentration. The temperature
dependence of the magnetization has spin glass be-
haviour at low temperatures and transforms from fer-
romagnetism to paramagnetism at high temperatures
in applied fields. The temperature dependence of the
inverse susceptibility curve is in qualitative agreement
with experimental result.[) We hope that the results
obtained here may be helpful in further research.
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