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In this paper, we propose a physical scheme to concentrate non-maximally entangled atomic pure states by using

atomic collision in a far-off-resonant cavity. The most distinctive advantage of our scheme is that the non-maximally

entangled atoms may be far from or near each other and their degree of entanglement can be maximally amplified. The

photon-number-dependent parts in the effective Hamiltonian are cancelled with the assistance of a strong classical field,

thus the scheme is insensitive to both the cavity decay and the thermal field.
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1. Introduction

Entanglement is recognized nowadays as a key in-
gredient for a fundamental test of quantum mechanics
and as a basic resource of quantum information pro-
cessing, such as quantum cloning,[!! quantum dense
coding and quantum teleportation.>=% To fulfil per-
fect quantum information processing, the quantum
channel must be maximally entangled usually. But
no one operation is perfect, and no one transmission
channel is free of noise. In the real processing of stor-
age and transmission of quantum entangled states,
the maximally entangled states usually collapse into
non-maximally entangled ones or even mixed states
because of the unavoidable noise. Then, to realize
the faithful quantum information processing, we must
convert the non-maximally entangled states into maxi-
mally entangled ones. There are many theoretical and
experimental schemes that can achieve this conver-
sion, several entanglement purification schemes have

been proposed.[6—14]

For the non-maximally entangled pure states, the
conversion process is usually termed as entanglement
concentration or distillation,”) and the process deal-
ing with the mixed states is usually named as en-
tanglement purification.l! Entanglement distillation
(concentration) is to concentrate a smaller number
of maximally entangled states from a large number

of non-maximally entangled states by local operation
and classical communication (LOCC),[”) while the en-
tanglement purification can only increase the entan-
glement of the mixed states by LOCC.I® For the
whole entangled system, the entanglement has not

increased.[1%]

Bennett et al have presented the first entangle-
ment concentration scheme where the entanglement
of the whole system is transferred to the smaller num-

ber of entangled pairs.”]

Bose et al proposed an-
other physical scheme to concentrate maximally en-
tangled polarization states of photons using entangle-
ment swapping.['¥ Experimental entanglement distil-
lation schemes have also been proposed for the non-
maximally entangled polarization states of photons.
These are mostly the distillation schemes for entan-
gled polarization states of photons,!'%13] and we find
few concentration scheme for atomic states. In ex-
periments, atoms are the optimal carriers of quan-
tum information for the quantum computer, so the
study on atomic states is of practical significance.
Cao et al proposed a scheme to concentrate the non-
maximally entangled atomic pure states via cavity
quantum electrodynamics(QED).['®! They used an ef-

[17] which is insensi-

fective scheme proposed by Zheng,
tive to the thermal field just when the cavity is initially

in vacuum state.

In this paper, we present a feasible entanglement
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distillation scheme to concentrate maximally entan- Greenberger—Horne—Zeilinger (GHZ) class states,
gled states from non-maximally entangled pure states  which play an important role in quantum communi-
via cavity QED. In this case the entangled atoms  cation, so our discussion concerning these states is of
need not to be distributed, thus the scheme can eas-  practical significance.

ily amplify the entanglement maximally. So it may
be used as an entanglement relay station. In the case .
of quantum communication, the entangled atoms are 2. The model and the effective
distributed among distant users, then our scheme can Hamiltonian

concentrate their entanglements by using an auxiliary

atom. The scheme is insensitive to both cavity decay Consider N identical two-level atoms interacting

and thermal field, which is important experimentally. with a single-mode cavity field and driven by a clas-
sical field. In the rotating-wave approximation, the

We use this scheme to concentrate multi-atom  Hamiltonian is(h = 1):(18:19]

N N
H = wy Z S, +weata+ Z [g(aJ“S; + aS;-r) + 0 (S’;re_i“’t + S;ei“’t) ] , (1)
|
where S;-r = lej)gil, S; = lgj){ejl, S.; =  atom-cavity coupling strength, and {2 is the Rabi fre-
1 ’ . . . e
5(|€j><€j| — |g)g;]), with |e;) and |g)(j = quency of the classical field, wy is the atomic transition

1,2,..., N) being the excited and ground states of the frequency, w, is the cavity frequency and w is the fre-

jth atom, a™ and a are the creation and annihilation quency of the classical field. Assume that wo = w,

operators for the cavity mode respectively: g is the then the interaction Hamiltonian, in the interaction

picture, 1S

N
=3 {g(efiétafrsj— +etast) + 0(SF + Sj_)}, (2)

j=1
where 0 = wg — w,. With a large detuning § > ¢/2 and a strong driving field (202 > 4,g) limit, the effective

Hamiltonian can be described as follows:[20]

N

N
> leidesl +lgi) o) + D (S8 + 5S¢ +He)|  j#k, (3)
Jj=1 7,k=1

N | =

where A = g2/26. The distinct feature of this effective  is independent of the cavity field state, so the latter
Hamiltonian is that it is independent of the photon  can be in a thermal state.

number of the cavity field. Without the strong classi-

cal field, the Stark shift terms are Eroi)ortlonal to the 3. The concentration of GHZ
photon number, and the terms S;S,” + H.c do not

exist. According to Ref.[21], Hy = QZJ (84 +5-), class state

and it is easy to prove [Hy Heg] = 0, so the evolution

operator of the system is given by We first consider the two-atom concentration

) ) case. By solving Schrodinger equation, we can ob-
U(t) = e Hotg—iHest (4) . . . o .
‘ tain the evolution of different initial states during the

We note that the atomic state evolution operator U(t)  interaction:
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l91)lg2) — e[ cos()

—isin(At) [ cos Ntler) — isin 2t|gy)
len)lga) — e~ cos(t)

—isin(\t)[ cos 2t|gy) — isin 2¢[e;)
lg)lez) — e[ cos(At)

—isin(At) [ cos Ntler) — isin 2t|gy)
len)ea) — e[ cos(At)

—isin(At)

Next, we will consider the detailed concentration pro-
cedures. Suppose that the non-maximally entangled
state is in the form

[¥)12 = ale)ile)z + blg)1]g)2, (6)

where |a|? 4+ |b]> = 1. If the atoms in this entangled

—

ale)1le)s + blg)ilg)2 >

S8l

1
2

S

b
where 6 = arctg||—|
a

longs to Alice, atom 2 belongs to Bob, to obtain the

la|

— arctgw. Then, if atom 1 be-
maximally entangled state of the atoms in the state
described by Egs.(6), an auxiliary atom initially in
ground state |g), and the cavity, as expressed before,
have to be introduced into the location of Alice or

cos 2t|g1) — isin 2t|eq)| X
cos tle1) —isin 2t|g1)| X
cos 2t|g1) — isin 2t|eq)| X

cos 2t|e1) —isin 2t|g1)| X

cos 2t|g1) — isin 2t|e1)

(lex)le2) +¢1g1)lg2)),

[ cos Qt|g2) —isin Qt|€2>_
| x [cos Ntlea) — isin Qt|gz>- - ;
[ cos 2t|ga) — isin Qt|€2>_
| x [cos Nt]es) —isin .Qt|gz>-
[ cos Qtles) —isin Qt|gz>_

| x [cos Nt|g2) — isin \Qt|€2>_

cos 2t|ea) — isin £2t|ga)

(5)

X | cos £2t|ga) — isin 2t|es) | |.

state are stored together, to obtain the maximally en-
tangled state of these atoms, we just need to send the
two atoms simultaneously into the cavity. After an
interaction time At = At; = 7/4 and modulating the
classical field 2¢; = kw, with k& being an integer, the
state of the system can be written as

(lex)le2) —ilg1)lg2)) + %(I91>|gz> —ilex)le2))

(a = ib)lex)lez) + (b= ia)]g1)g2)]

Bob. Without loss of generality, here we assume that
they are all in Alice’s location, and the auxiliary atom
is identical with the two entangled atoms.

Alice will send atom 1 and the auxiliary atom si-
multaneously to the cavity in different directions. Af-
ter an interaction time ¢, the evolution of the system
is given by

(ale)1le)2 +blg)1lg)2)|9a) — e_i’\t{a|eg) [cos At(cos 2t|e1) — isin 2t|g1))(cos 2t|g,) — isin 2tleq))

—isin \t(cos 2¢|g1) — isin 2¢[e1))(cos 2¢|eq) — isin Qt|ga>)}

+b|g2) [cos At(cos 2t|g1) — isin £2t|eq))(cos £2t|ga) — isin 2t|e,))

—isin At(cos 2t|e1) — isin 2t|g1))(cos 2t|e,) — isin Qt|ga))] }
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Choosing At = Aty = arctgm and 2ty = km, after o0 g — 3 Z(S’;r +S;7). The evolution operator

the two atoms escape from the cavity, Alice can de- =1

tect atom 1, if it is in ground state, while atom 2 and of the system is given by

the auxiliary atom will be in a maximally entangled U(t) = o—iHerrt — o —2i(2S.4AS2)t (13)

state:

1

ﬁ(|6>2|e>a+i|g>2|g>a)7 (9)

where we have discarded the common phase factor. If
The

After a rotation

atom 1 is in an exited state, the process fails.

1
successful probability is Psyee = >
of the auxiliary atom, the state described above will

become:
1

ﬁ(|e>2|e>a + [9)219)a)-

In the following, we will discuss the concentration of

(10)

multi-atom GHZ class states:

[)12.. v = alerea...en) +blgi1ga. .. gn), (11)

where |a|? + |b|?> = 1. The effective Hamiltonian Heg
can also be rewritten as

Heg = 2)S2, (12)
|
“ N/2
il Z Cr(—
V2 M=—N/2
N/2

M——N/2

17r/4|6162 > 171'/4(

\/5

= 3\

+
&

1

= e im/4 Ha—l—ib(—l)_N/2 leres ...

V2

1
ﬁ|6162... ZgN),

€N> + ei¢|9192 ..

where ¢ is a phase factor. On the other hand, in
the case when N is odd, with A&t = Aty = 7/4, and
Nty = (2k 4 3/4)w, we also can obtain the maximally
entangled state of the atoms in the state described
by Egs.(11) for different ¢. Finally, when these N

Z Cu |: 171'/4+ei7r/4(_

Using the representation of the operator S,, the
atomic states |ejes...en) and |g1g2 ... gn) can be ex-
pressed as |[N/2, N/2) and |N/2,—N/2), respectively.
On the other hand, such states can be expanded in

terms of the eigenstates of S,:[21:22

N/2
> cul-
M=—N/2
N/2
> CuIN/2, M),

M=—N/2

IN/2,N/2) = DN/2=M|N/2, M),

IN/2,—N/2) = (14)

First, if the entangled atoms in the state described by
Eqgs.(11) are stored or used in the same location, to
obtain the maximally entangled state of these atoms,
we just need to simultaneously send these atoms into
the cavity. If N is even, M is any integer, by choosing
At = M3 = m/4 and modulating the classical field as
2t3 = km, the state of the system will become

N/2-M [ 7177/44_6“’/4(—1)]\4} IN/2, M),

DM V72, M),

)N/2|9192 . -9N>

b
17r/4 4+ = 17r/4 1 —N/2 e1es...e
l9192 - .. gn) \/5 (—1) leres N)

eny + {ia(—l)N/2 + b} lg192 - - .gN>}

atoms are distributed among distant users including
Alice, without loss of generality, suppose that Alice
has accessed atom 1 and an auxiliary atom prepared
in ground state. After Alice has sent her two atoms
to the cavity, the state of the system will become
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(alerea...en) +blgiga...gn))|ga) — e M |:CL|:|62 ...EeN) Cos )\t[cos tley) —isin Qt|gl>}
x [ cos Nt|ga) — isin Qt|ea>_ —isin )\t[cos 2t|g1) — isin Qt|el>}
x [ cos Ntley) — isin Qt|ga>_} + b“gg ... gN) [cos Y
x [ cos t|g1) — isin .Qt|el>- [cos 2t|gq) —isin Qt|ea>} —1isin At
x [ cos Ntley) —isin Qt|gl>_ [cos Ntleq) —isin Qt|ga>”] . (16)

b
With Mt = At5 = arctgH and 2t5 = km, after the two
a
atoms escape from the cavity, Alice can detect atom 1,
if the atom 1 is in ground state, the atoms 2,3,..., N
and the auxiliary atom will be in a maximally entan-
gled state:

%(|€a62...6]\[>+i|gagg...gN>), (17)

where we have discarded the common phase factor. If
atom 1 is in an exited state, the process fails. The

successful probability is also Psyee = 3 The whole

process is shown in Fig.1.

Fig.1. Schematic diagram of the concentration process for

N-atom non-maximally entangled states. The atoms lo-
cated in the solid line denotes the initial entangled ones,
and the atoms located in the dashed line denotes the con-
centrated ones. D denotes a detector.

After a rotation of the auxiliary atom, the state will

We find that we only need to carry out local op-
eration at one location, and need only one auxiliary
atom and a cavity as an auxiliary system for the N-
atom case, since the auxiliary atom and the atom held
by Alice who does the whole concentration process are
identical. So in the end, atom 1 in the originally non-
maximally entangled state is replaced by the auxiliary
atom, and this is feasible. The auxiliary atom and the
atoms 2,3,...,N will be maximally entangled, but
they never interact with each other in the whole con-
centration process. The scheme we used is a simple
one.

4. Conclusions

We have proposed a scheme to concentrate multi-
atom non-maximally GHZ class states. Different from
the previous ones, first, the current scheme uses the
far-off-resonant interaction model, with the assistance
of a strong classical field, so that the photon-number-
dependent parts in the effective Hamiltonian are can-
celled. This allows the cavity in a thermal state,
therefore it is more feasible in experiment. Second,
in the process of storing the entangled atomic states
or quantum dense coding or quantum logic gate, etc.,
the entangled atoms need not be distributed, thus we
can easily amplify the entanglement maximally. In
the case of quantum communication, in which the en-
tangled atoms are distributed among distant users,
our scheme can concentrate them by using an auxil-
iary atom. Third, we obtain the maximally entangled
states not at the cost of other entanglement sources.

become
L (leaca-..en) +] Do)
\/§ a€2...EN 9a92---9N))-
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