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In this paper the laser-phase determination methods and transfer equations are presented to directly reconstruct

the detailed temporal structures of ultra-short extreme ultraviolet (xuv) pulses from the measured photoelectron energy

spectra (PES). Each transfer equation includes one of PID (proportional-integral-differential) terms of PES. The intensity

and instantaneous frequency of attosecond xuv can be retrieved from the integral term of PES. The intensity profiles

of narrow bandwidth atto- and femtosecond xuvs can be rebuilt from the proportional and differential terms of PES

respectively. The methods and equations may be used to improve time resolutions in measuring ultrashort pulses.
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1. Introduction

Since the successful experiment on the genera-

tion of 650- as (1as= 10−18 s) isolated extreme ul-

traviolet (xuv) pulses was reported,[1,2] direct and ac-

curate measurement of the temporal profile of ultra-

short xuv pulse is a popular topic when one probes

electronic dynamics in atoms, molecules and solids.[3]

Several methods were proposed to determine the pulse

duration.[4−12] The best time resolution estimated so

far is ∼ 100as or slightly less. Very recently, tech-

niques to generate, measure and use 250as xuv pulses

were reported.[13,14] However, most of these methods

were designed to get only the pulse duration by us-

ing a previous assumption of the pulse shape. Many

Chinese authors have studied the atomic ionization

in a strong laser field and the dynamic mechanism

of high-order harmonic generation (HHG).[15−18] On

the other hand, measuring temporal structure of fs

(1fs= 10−15 s) xuv or x-ray pulse is still a chal-

lenge. Two techniques to produce sub-picosecond

pulses of synchrotron radiation are the phonon Bragg

switchy[19,20] and the slicing of electron bunches in a

storage ring.[21] Another one is the laser synchrotron

x-ray source of 90◦ Thomson scattering.[22]

With the development of new-generation ultra-

short light sources and ultra-fast measurements, it is

very important to directly measure the frequency and

intensity temporal distributions of ultrashort xuv or

x-ray pulses with high time resolutions. In this paper,

a set of new methods are developed which apply the

PID (proportional integral differential) terms of pho-

toelectron energy spectrum (PES) to directly recon-

struct the temporal profiles of atto- and femtosecond

xuv pulses. By using a cross correlation between a low

frequency laser and a high frequency xuv, the excited

PES is measured at 0◦ or 180◦ with respect to the

linear laser polarization.[23−25]

This paper is organized as follows. Section 2 de-

scribes the methods of laser-phase determination and

transfer equations. Section 3 presents the calculations

and retrievals of the pulses. Section 4 summarizes the

paper.

2. Laser-phase determination

methods and transfer

equations

2.1.Basic equations

The large difference in angular frequencies be-

tween xuv ωX and laser ωL naturally divides the two-

colour ionization process into two steps: the electron
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is instantaneously ionized from a gas atom via absorp-

tion of an atto- or femtosecond xuv photon and next

it moves in the electric field of a femtosecond laser as

a classical particle,[26] as shown in Fig.1.

Fig.1. Electron movement in a laser field. D1, D2 and D3 are electron energy spectrometers at θ = 0◦, 90◦ and 180◦

respectively, which are perpendicular to the laser beam direction.

As the laser leaves the interaction volume, the

momentum or energy of the produced photoelectron

will experience a shift that depends on the laser in-

tensity and the carrier phase at the time of ionization.

With the assumptions of Up ≫ h̄ωL (where Up is the

electron quiver energy in the laser field, i.e. the pon-

deromotive energy) and h̄ωX ≫ Ip, classical mechan-

ics can be used.[27,28] The produced photoelectron has

an initial kinetic energy Wi = P 2
i /2me = h̄ωX − Wb,

where me is the electron mass, Wb and Pi are the

atomic ionization potential and the initial momen-

tum respectively, in an arbitrary direction. The laser

field is assumed to be EL(t) = Ea(t − t0) cosωLt =

E0F (t − t0) cosωLt, where E0 is the maximum am-

plitude of the electric field, Ea(t − t0). F (t − t0) is

the laser envelope peaked at the time t = t0(fs), and

Φ = ωLt0 is the laser carrier-envelope phase. In adia-

batic limit dEa/dt ≪ EaωL, the equation for electron

motion can be readily integrated. The final momen-

tum shift of an electron released at the instant t along

the laser polarization can be written as

∆P (t) = − e

∫ ∞

t

EL(t′)dt′,

≈− eEa(t − t0)

ωL
sin ωLt,

= − 2
√

meU0F (t − t0) sin ωLt, (1)

where e is the electron charge. The time-dependent

electron quiver energy,

Up(t − t0) = e2E2
a(t − t0)/4meω

2
L = U0F

2(t − t0),

where U0 is the maximum value at t = t0.

The final energy of a photoelectron is (Pi +

∆P )2/2me, which can be written as

Wf(t, θ) = Wi(t) + 2Up(t − t0) sin2 ωLt cos 2θ

+ {8Up(t − t0)[Wi(t) − 2Up(t − t0)

· sin2 ωLt sin2 θ]}1/2 sin ωLt cos θ, (2)

where Wi(t) is the initial kinetic energy of the photo-

electron at the birth time t, and θ is the angle between

the final momentum and the laser polarization. Par-

ticularly, W90◦(t), W0◦(t) and W180◦(t) are defined as

the birth-time-dependent final energies of the photo-

electrons observed at θ = 90◦, 0◦ and 180◦, respec-

tively. According to Eq.(2), they read

W90◦(t) = Wi(t) − 2U0F
2(t − t0) sin2 ωLt, (3)

W0◦(t) = Wi(t) + 2U0F
2(t − t0) sin2 ωLt

+
√

8U0Wi F (t − t0) sin ωLt, (4)

W180◦(t) = Wi(t) + 2U0F
2(t − t0) sin2 ωLt

−
√

8U0Wi F (t − t0) sin ωLt. (5)
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Fig.2. The laser-related functions: F (t − t0), F (t −

t0) cos ωLt, F (t − t0) sinωLt and −F (t − t0) sin ωLt.

XUV1 and XUV2 are the same xuv pulse located at

different temporal positions (t ≥ 0 and t ≤ 0) within

half a laser optical cycle.

According to Eq.(2), dWf(t, θ)/dθ = 0 at θ = 0◦

and 180◦. This means that the photoelectron spec-

trometer set at θ = 0◦ or 180◦ can work with a big

collection angle than that at θ = 90◦. When Wi(t) has

a narrow bandwidth ∆W , the differential, dW0◦(t),

can be written as

dW0◦(t) = [1 +
√

2U0/WiF (t − t0) sinωLt]dWi(t),

≈ dWi(t)

≈ ∆W (2U0 ≪ Wi, ∆W ≪ Wi). (6)

Equation (6) tells us that the spectral broadening of

the PES depends on the pulse bandwidth.

In the following subsections, we focus on deter-

mining the electron birth time t or the laser-related

carrier phase ωLt from PES for atto- and femtosecond

xuv measurements.

2.2. Laser-phase determination method

and transfer equation for attosecond

XUV pulse measurement

Usually, for an attosecond xuv pulse, e.g. one pro-

duced by HHG, its temporal structure includes both

frequency and intensity temporal distributions. The

laser-related functions, F (t− t0), F (t− t0) cosωLt, as

well as F (t − t0) sin ωLt and −F (t − t0) sin ωLt, are

shown in Fig. 2. XUV1 or XUV2 represents an at-

tosecond xuv pulse being cross-correlated to half a

laser optical cycle. For the photoelectrons moving at

θ = 0◦, WL
0◦ and WH

0◦ are defined as the final ener-

gies measured with low and high laser intensities, S1

and S2 (corresponding to low and high ponderomotive

energies UL
0 and UH

0 ) respectively. The birth time t

(or the laser-phase ωLt) and its initial kinetic energy

Wi(t) satisfy the following equations:

F (t − t0) sin ωLt =

√

WH
0◦ −

√

WL
0◦

√

2UH
0 −

√

2UL
0

, Wi(t) =

[

√

WH
0◦ −

√

2UH
0 ·

√

WH
0◦ −

√

WL
0◦

√

2UH
0 −

√

2UL
0

]2

. (7)

Similarly, for a photoelectron moving at θ = 180◦, WL
180◦ and WH

180◦ are defined as the final energies measured

with different laser intensities S1 and S2, its birth time and the initial energy satisfy the following equations:

F (t − t0) sin ωLt = −
√

WH
180◦ −

√

WL
180◦

√

2UH
0 −

√

2UL
0

, Wi(t) =

[

√

WH
180◦ −

√

2UH
0 ·

√

WH
180◦ −

√

WL
180◦

√

2UH
0 −

√

2UL
0

]2

. (8)

Equations (7) and (8) are the bases of the laser-phase

determination method for attosecond measurement.

The key problem is how to determine the energies WL
0◦

and WH
0◦ (or WL

180◦ and WH
180◦) which correspond to

the same laser carrier phase.

The laser-assisted photo-ionization production

can be described by a cross-section, σ(h̄ωX), a photon-

energy function called as the excitation function. The

PES, n(W ), is defined as the number of photoelec-

trons per unit energy. For an initial intensity profile

f0(t) of the xuv pulse, as shown in Fig.3(a), the num-

ber of photoelectrons measured at energy W1 within a

small interval dW1 is proportional to the xuv photons

at the instant t = t1 within a small interval dt1,

gηρσ(h̄ωX)·f0(t1)dt1 = n(W1)dW1, (9)

where W1 is the photoelectron energy satisfying

h̄ωX = Wi(t1) + Wb, g is a constant geometric fac-

tor of the spectrometer, and ρ is the atomic density
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of the active gas, η is the electron detecting efficiency

at the energy W1. Usually, η is an approximate con-

stant for energies concerned. Moving gηρσ(h̄ωX) to

the right-hand side of Eq.(9), and integrating the left-

hand side from t1 = ts (the pulse starting time) to t

and the right-hand side from the corresponding spec-

tral position W1 = Wmin to W , we have
∫ t

ts

f0(t1)dt1 =

∫ W

Wmin

1

gηρσ(h̄ωX)
·n(W1)dW1. (10)

Clearly, the integral of the left side of Eq.(10) is re-

lated only to time t, but the corresponding spectral

position W is variable (if t 6= 0) when the laser in-

tensity changes (see points Y and Z in Fig.3(a)).

If the product gηρσ(h̄ωX) can be approximately set

to be a constant for xuv photon energies within the

bandwidth, another constant µ can be used instead of

1/gηρσ(h̄ωX), and Eq.(10) can be written as
∫ t

ts

f0(t1)dt1 = µ

∫ W

Wmin

n(W1)dW1≡µI(W ). (11)

Equation (11) can be used to determine the laser-

phase of a photoelectron from two energy-integrated

PES, I(W ), measured with two different laser inten-

sities S1 and S2.

Figure 3(a) schematically shows the temporal dis-

tributions, Wi(t), WL
0◦(t) and WH

0◦(t). The latter two

distributions are modulated from Wi(t) with different

laser intensities at θ = 0◦. Fig.3(b) plots their energy-

integrals I(W ) (where µ is approximately set to 1 for

simplicity). The photoelectrons generated at t1 (see

points Y and Z in Fig.3(a)) have the same phase and

the same spectral value of I(W ) but different energy

positions of the n(W ), e.g. WL
0◦ and WH

0◦ (see points Y

and Z in Fig.3(b)) (or WL
180◦ and WH

180◦). With these

energy values, both the birth time t and the initial

kinetic energy Wi(t) of a photoelectron can be calcu-

lated by using Eqs.(7) or (8). Consequently, the in-

stantaneous frequency is [Wi(t) + Wb]/2πh̄. With the

solutions of t, the energy-integrated spectrum I(W )

measured with high laser intensity S2 can be con-

verted to a temporal spectrum, I(t) = I(W ). Its time

derivative, f(t) = dI(t)/dt, can be used to retrieve

the initial intensity profile f0(t).

Fig.3. (a) The specified initial intensity and energy temporal profiles, f0(t) and Wi(t), starting at t = 0 for θ = 0◦

measurement, as well as the modulated energy functions, WL
0◦

(t) and WH
0◦

(t). (b) The calculated and normalized energy

spectra n(W ), and their energy-integrated spectra I(W ) with different laser intensities S1 and S2 for θ = 0◦ measurements.

In the absence of laser, the photoelectrons re-

leased at different times t1 and t2 (see points X and

X ′ in Fig.3(a)) have the same position on the en-

ergy spectrum (called phase-overlapping). With ap-

propriate laser intensities, both new point Y and

Z (modulated from the point X) have different en-

ergy positions without any phase-overlapping. In or-

der to avoid phase-overlapping and obtain a contin-

uously increasing line modulated from the momen-

tum profile Pi(t), it is required that, dP (t)/dt =

dPi(t)/dt + 2
√

meU0·d[F (t − t0) sin ωLt]/dt ≈
dPi(t)/dt + 2ωL

√
meU0 cosωLt > 0, i.e.,

√
U0 >

[−dPi(t)/dt]/[2ωL
√

me cosωLt]. U0 or laser peak in-

tensity, S, is mainly determined by the maximum

value of [−dPi(t)/dt]/ cosωLt along the down-slope of

Pi(t). This is also true for the energy profile Wi(t).
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Usually, the laser intensity cannot be increased to

very high levels because of measurement background.

An alternative is to perform a θ = 180◦ measurement

in which the xuv pulse is located at t ≤ 0 (denoted as

t′) and the PES is measured at θ = 180◦. Combining

the data of θ = 0◦ and 180◦ measurements will give

better retrievals of Wi(t) and f(t). In addition, setting

ts = 0 fs, i.e. the start time of the xuv pulse for θ = 0◦

measurement, or the end time of the pulse for θ = 180◦

measurement, results in losing some frequency and in-

tensity information near ts due to weak modulation

(where
√

WH
0◦ −

√

WL
0◦ or

√

WH
180◦ −

√

WL
180◦ has a

very small value). Therefore it is suggested that the

xuv pulse should be delayed (for θ = 0◦ measurement)

or advanced (for θ = 180◦ measurement) for a small

time.

2.3. Laser-phase determination method

and transfer equation for narrow

bandwidth attosecond XUV pulse

measurement

For a narrow bandwidth attosecond xuv pulse,

e.g. one produced by HHG and selected by a narrow

bandwidth filter, the intensity structure and the tem-

poral uncertainties at different times due to the band-

width are concerned. An equivalence of Eq.(4) can be

written as

sin ωLt =

√
W0◦ −

√
Wi√

2U0F (t − t0)

=

√
meε0c

e
· ωL√

S

· 1

F (t − t0)
· (

√

W0◦ −
√

Wi), (12)

where W0◦ is the photoelectron energy measured at

θ = 0◦. With an iterating calculation, which approx-

imately sets Wi to be the centre energy of xuv, the

birth time t or the laser-phase ωLt of a photoelectron

can be determined with W0◦ . The narrower the xuv

bandwidth is, the more accurate the phase determi-

nation is.

The shaded area in Fig.4(a) illustrates an attosec-

ond xuv pulse being correlated to the carrier field

within half a laser optical cycle (shown as a dotted

curve A′P ′B′ or a sinusoidal curve APB). W0◦(t) is

shown as a dash-dotted line in Fig.4(b). The high-

lighted curve APB in Fig.4(b) has the same phase

range as that in Fig.4(a). If the temporal structure

of this xuv pulse is f(t), then the photoelectrons will

populate along the energy axis from W1 to W2 (cor-

responding to the temporal range from a to b).

Fig.4. The laser-related functions: F (t − t0),

F (t − t0) cos ωLt and F (t − t0) sin ωLt. The shaded

Gaussian-like profile illustrates the intensity distribu-

tion of an incident xuv pulse. (b) The derivation

of transfer equation for narrow bandwidth attosecond

xuv measurement at θ = 0◦.

According to Eq.(4),

dW0◦(t)

dt
= 2U0[2F (t − t0)

dF (t − t0)

dt
sin2 ωLt

+ 2ωLF 2(t − t0) sin ωLt cosωLt]

+
√

8U0Wi

[dF (t − t0)

dt
sin ωLt

+ ωLF (t − t0) cosωLt
]

. (13)

Note that dF (t − t0)/dt ≈ 0 within half a laser opti-

cal cycle around t = 0 fs, and we can approximately

simplify Eq.(13) to

dW0◦(t)

dt
≈ ωL

√

8U0WiF (t − t0) cosωLt, (14)

when U0 ≪ 2Wi. With the same meanings of n(W )

and µ as those in Eq.(11), the temporal structure f(t)
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can be calculated as

f(t) =
dW0◦(t)

dt
· µn(W ), (15)

or a more simplified form when U0 ≪ 2Wi as

f(t) ≈ ωL

√

8U0Wi·F (t − t0) cosωLt · µn(W ). (16)

Eq.(15) (with a complete calculation of Eq.(13)

and Eq.(16) are transfer equations to calculate the

unknown temporal structure f(t) from a proportional

term of the measured PES, µn(W ).

The temporal uncertainty or error-bar length ∆t

of the retrieved f(t) due to the xuv bandwidth ∆W

is

∆t =
∆W

|dW0◦(t)/dt| , (17)

where dW0◦(t)/dt is calculated by using Eq.(13).

2.4. Transfer equations for narrow band-

width femtosecond XUV pulse mea-

surement

Different from an attosecond pulse, a femtosecond

xuv pulse will be correlated to both laser carrier and

its envelope. Since the duration τ of a femtosecond

xuv pulse created by any way is much longer than the

laser optical cycle T (τ ≫ T ), the carrier-envelope

phase Φ is unimportant and it can be set to 0 for a

femtosecond or sub-picosecond laser. W90◦(t) is an

oscillating curve which is plotted in Fig.5(a). The re-

versed bell-shaped curve, W (t), is an envelope of the

minimum values of W90◦(t),

W (t) = Wi − 2Up(t). (18)

In order to derive transfer equations, an approxi-

mately straight line is used instead of a continuously

increasing/decreasing curve segment of W90◦(t) =

Wi − 2Up(t) sin2(ωLt). As shown in Fig.5(a), the xuv

temporal structure f(t) has an intensity distribution

from a to b. a > 0 ensures that the xuv pulse is

correlated to the falling side of the laser pulse. Sim-

ilar to the attosecond measurements, the number of

electrons collected at energy W within a small en-

ergy interval dW is an integral of f(t′) with a factor

gηρσ(h̄ωX)·dW/2U0F
2(t′) over time t′ from a to t,

n(W )dW =

∫ t

a

gηρσ(h̄ωX)· dW

2U0F 2(t′)
· f(t′)dt′. (19)

σ(h̄ωX) can be approximately set to be a constant for

a narrow bandwidth femtosecond xuv or soft x-ray.

The time t in Eq.(19) can be calculated from Eq.(18).

Using a constant µ instead of 1/gηρσ(h̄ωX), we can

simplify Eq.(19) to

n(W ) =
1

µ

∫ t

a

f(t′)

2U0F 2(t′)
dt′. (20)

Combining Eqs.(20) and (18) we have

dn(W )

dW
=

dn(W )

dt
· 1

dW (t)/dt

= − 1

µ
· f(t)

8U2
0 F 3(t)dF (t)/dt

. (21)

Thus f(t) can be calculated from the energy-

differential term of PES, dn(W )/dW , as follows:

W = Wi − 2U0F
2(t),

f(t) = −4µU2
0F 2(t) · dF 2(t)

dt
· dn(W )

dW
. (22)

Two equations in Eq.(22) are transfer equations for

θ = 90◦ femtosecond measurement. The time t cor-

responding to the spectral position W can be solved

from the first equation of Eq.(22), while the intensity

profile f(t) can be calculated from the second equa-

tion.

Note that n(W ) at θ = 0◦ is almost the same

as that at θ = 180◦, and that it spans almost sym-

metrically below and above Wi (because the second

term of Eq.(4) is much less than the third term when

U0 ≪ 2Wi), we can express the number of photoelec-

trons collected at energy W within an interval dW

n(W )dW =
1

2

∫ t

a

gηρσ(h̄ωX)

· dW

2
√

8U0WiF (t′)
· f(t′)dt′. (23)

Similar to the derivation of Eq.(22), f(t) can be cal-

culated from the differential spectrum dn(W )/dW

(when W > Wi) measured at θ = 0◦ or 180◦ as follows:

W = Wi + 2U0F
2(t) +

√

8U0Wi · F (t),

f(t) = 4µU0[2Wi +
√

8U0Wi·F (t)]

· dF 2(t)

dt
· dn(W )

dW
. (24)
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Fig.5. (a) The derivation of PES n(W ) at θ = 90◦.

(b) The shapes of Up(t)/U0, Sp(t)/S0 and dW (t)/dt

at θ = 90◦ and 0◦. The shaded areas refer to feasible

measurement ranges.

For θ = 90◦ measurement, Up(t)/U0 describes

the evolution of the photoelectron maximum energy

down-shift, which is shown as a dash-dot-dotted line

in Fig.5(b). For θ = 0◦ measurement,

Sp(t) ≡W (t) − Wi

= 2U0F
2(t) +

√

8U0Wi · F (t) (25)

is defined as the maximum photoelectron energy up-

shift, shown as a dash-dotted line in Fig.5(b), where

W (t) is the envelope of W0◦(t). S0 = 2U0 +
√

8U0Wi

is the maximum value of Sp(t) at t = 0.

The curves of dW (t)/dt calculated from the right-

hand sides of the first equations of Eqs.(22) and (24)

are shown in Fig.5(b). The plots show that dW (t)/dt

reach maximum absolute values at times tM and tM ′

for θ = 90◦ measurement, and at tN and tN ′ for

θ = 0◦ measurement, respectively. The best linear-

ity between dW and dt occurs around tM , tM ′ or tN ,

tN ′ . Therefore, the measurement should be performed

within the shaded areas in Fig.5(b), i.e. the xuv pulse

should be temporally located around or even centred

at tM (tM ′) or tN (tN ′).

The temporal uncertainty or error-bar length of

the retrieved f(t) at time t due to the xuv bandwidth

∆W is

∆t =
∆W

|dW (t)/dt| , (26)

where

dW (t)/dt = −4U0F (t)·dF (t)/dt (27)

for θ = 90◦ measurement and

dW (t)/dt = [4U0F (t) +
√

8U0Wi]·dF (t)/dt (28)

for θ = 0◦ measurement.

3. Numerical calculation

To illustrate this, Krypton is used as an active

material. Its ionization potential Wb of 4p elec-

tron is 14 eV. A Gaussian-like shape of F (t − t0) =

exp[−4ln2·(t−t0)
2/τ2] is implemented for the laser en-

velope. For simplicity, the factors µ in transfer equa-

tions are set to be 1.

3.1. Frequency and intensity temporal

profiles of an attosecond XUV pulse

We consider an attosecond xuv pulse which has

a wide energy distribution from 89 to 101.3 eV. The

photoelectron initial kinetic energy Wi(t) will range

from 75 to 87.3 eV. Wi(t) = 74.8 + 115.8t− 145.6t2 −
1029.5t3+2329.8t4−1226.5t5 (eV) and f0(t) = −0.63+

4.33exp[−2(t − 0.25)2/0.262] are assumed as the ini-

tial photoelectron kinetic energy and the xuv inten-

sity temporal profiles respectively, shown as solid lines

in Figs.6(a) and (c). Wi(t) is a simple function for

0 < t < 0.5 fs with only one peak at t = 0.20 fs. f0(t)

has a Gaussian-like shape centred at t = 0.25 fs, and

its duration is 0.26 fs (FWHM), but it has a wider

time span from 0 to 0.5 fs. Its area is normalized to 1.

The excited Kr 4p photoelectrons are modulated by

a dressing laser with a wavelength of λ = 750 nm, a

duration of τ = 7 fs (FWHM) and a carrier-envelope
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phase of Φ = −30◦.

Fig.6. (a) The initial (solid line) and retrieved Wi(t)

(filled circles for θ = 0◦ measurement and open cir-

cles for θ = 180◦ measurement). (b) The energy-

integrated spectra I(t) (filled circles for θ = 0◦ mea-

surement and open circles for θ = 180◦ measure-

ment). The solid line I′(t) is fitted from the com-

bined data of filled circles and open circles. (c) The

initial f0(t) (solid line) and the retrieved f(t) (filled

circles for θ = 0◦ measurement and open circles for

θ = 180◦ measurement). The dotted line was cal-

culated from I′(t) in (b), its Gaussian fit f(t) =

−0.69 + 4.38exp[−2(t − 0.25)2/0.262] is almost the

same as f0(t) = −0.63+4.33exp[−2(t− 0.25)2/0.262].

n(W ) at θ = 0◦ are calculated by using Eq.(4)

with 1 eV energy bins at two laser intensities: S1 =

1 × 1014 W/cm2 and S2 = 2 × 1014 W/cm2. In this

case, WH
0◦(t) is raised high enough to have almost no

phase-overlapping. n(W ) is shown in Fig.3(b). The

spectra I(W ) energy-integrated from n(W ) are also

shown in Fig.3(b). Although F (t− t0) and sinωLt are

two concurrent functions in two equations of Eqs.(7),

t and Wi(t) can be numerically determined by an it-

erating calculation. Wi(t), I(t) and the retrieved f(t)

are shown as filled circles in Fig.6(a), (b) and (c) re-

spectively.

With above size of energy bins and laser intensi-

ties, the normalized spectra n(W ) and I(W ) are also

calculated according to Eq.(5) for θ = 180◦ measure-

ment. The retrieved Wi(t), I(t) and f(t) are shown as

open circles in Fig.6.

The combination of all data calculated for both

θ = 0◦ and 180◦ measurements (filled and open cir-

cles) gives better reconstructions of Wi(t) and f(t).

In Fig.6(b), the solid line I ′(t) is fitted from the com-

bined data, its time derivative, f(t) = dI ′(t)/dt, is

shown as a dotted line in Fig.6(c). Its Gaussian fit,

f(t) = −0.69+4.38exp[−2(t−0.25)2/0.262], is almost

the same as f0(t), i.e. the above calculation success-

fully reconstructs the initial intensity temporal profile

f0(t).

3.2. Intensity temporal structure of a

narrow bandwidth attosecond XUV

Assume that a h̄ωX = 90 eV (centre) and ∆W =

5 eV bandwidth attosecond xuv is a train of four

pulses (f0(t)), as shown in Fig.7(a). Each pulse has

a Gaussian intensity profile with a duration time of

150 as in FWHM. The pulses are separated by 300 as.

The pulse with a higher peak is centred at t = 0 fs.

The initial energy Wi(t) of the photo-ionized Kr 4p

electron is 76 eV. The energy spectrum n(W ) modu-

lated by a τ = 7 fs, Φ = −30◦ and S = 4×1013W/cm2

laser is calculated according to Eq.(4) for θ = 0◦ mea-

surement with 1 eV size of energy bins. The time t

is calculated according to Eq.(12) for each energy po-

sition W = W0◦ of the spectrum n(W ). The derived

temporal structure f(t) is then calculated by using

Eqs.(15) and (16) respectively.

In Fig.7(b), the solid line f(t) is retrieved from

the calculated n(W ) by using Eq.(15) with 1 eV size

of energy bins. The error-bars are the temporal un-

certainties at different times due to ∆W = 5 eV xuv

bandwidth. The plot shows that the intensity tem-

poral structure is successfully reconstructed. Around

t = 0 fs, the reconstruction has a higher time res-

olution than that at time point far from t = 0 fs.

In Fig.7(c), the solid line, f(t), is similar to that in
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Fig.7(b), but it is retrieved with 2 eV size of energy

bins. The dotted line is retrieved by using Eq.(16).

For a time range of about a quarter of laser optical

cycle around t = 0 fs, the results calculated by using

Eqs.(15) and (16) are almost the same at current laser

intensity.

Fig.7. (a) The incident xuv. Its intensity tempo-

ral structure f0(t) contains four pulses, each of 150 as

(FWHM) duration, and separated by 300 as. (b) The

retrieved temporal structure f(t) calculated by using

Eq.(15) with 1 eV size of energy bins. The error-bar

lengths at different times are the temporal uncertain-

ties calculated by using Eq.(17) with ∆W = 5 eV

xuv bandwidth. (c) The retrieved temporal structures

f(t) calculated with 2 eV size of energy bins by using

Eqs.(15) (solid line) and (16) (dotted line) respectively.

3.3. Intensity temporal structure of

a narrow bandwidth femtosecond

XUV

For θ = 90◦ femtosecond measurement, the en-

ergy spectra n(W ) and dn(W )/dW are calculated

according to Eq. (3). They are excited by a 600 fs

train of Wi = 90 eV (centre) xuv pulses, each of 15 fs

(FWHM) duration, and separated by 30 fs. The pho-

toelectrons are modulated by a τ = 100 fs (FWHM),

λ = 750 nm and S = 4 × 1013 W/cm2 laser. The

size of energy bins is 0.2 eV. Fig.8(a) shows the initial

intensity structure f0(t) of the incident xuv, and the

derived f(t) with different laser wavelengths (532, 750

and 1064 nm) and sizes of energy bins (0.2, 0.2 and

0.6 eV) respectively. The bottom arrow points to tM

where a higher peak pulse is centred. Among the first

three pulses of the incident xuv, only the first pulse

centred at tM is correctly retrieved for different laser

wavelengths. The dotted lines in Fig.8(a) are shifted

from f0(t). They are denoted as k + f0(t − td) − Ad,

where k = 1, 2 and 3 correspond to the laser wave-

lengths of 532, 750 and 1064 nm respectively. td is

the time shift and Ad is the amplitude shift.

Fig.8. (a) θ = 90◦ measurements. The incident xuv

intensity f0(t) (heavy solid line) and the retrieved f(t)

(filled circles) are shown. The dotted lines denoted as

k + f0(t − td) − Ad (k = 1, 2, 3) are shifted from f0(t)

for different laser wavelengths. (b) Similar to (a) for

θ = 0◦ measurements.

With the same laser and xuv as in Fig.8(a), the

energy spectrum n(W ) and dn(W )/dW are calcu-

lated according to Eq.(4) at θ = 0◦. The size of

energy bins is 1.5 eV. Fig.8(b) shows the intensity

temporal structure f0(t) of the incident xuv and the

retrieved f(t) with different laser wavelengths (532,

750 and 1064 nm) and sizes of energy bins (1.3, 1.5

and 3.0 eV) respectively. The bottom arrow points

to tN where a higher peak pulse is centred. Among

the first four pulses of the incident xuv, the second

pulse centred at tN for all three laser wavelengths are
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successfully retrieved. For θ = 0◦ measurement, since

the dynamic range of the photoelectron energy is much

greater than that for θ = 90◦ measurement, the size of

energy bins can be set to be a bigger one. In this case,

obvious temporal and amplitude shifts of the retrieved

f(t) from the initial f0(t) are observed for different

laser wavelengths. They are td = 5.0, 5.0 and 6.8 fs

for laser wavelengths 532, 750, 1064 nm, respectively.

Ad = −0.30 for all three different wavelengths. This is

an interesting phenomenon of the transfer equations

for θ = 0◦ measurement that needs further research.

Figure 9 shows the calculated temporal uncer-

tainty ∆t of the retrieved f(t) corresponding to ∆W =

1 eV xuv bandwidth for θ = 0◦, λ = 750 nm, S =

4×1013 W/cm2 and τ = 100 to 500 fs (FWHM) lasers.

The shaded areas illustrate the temporal ranges of fea-

sible measurements for τ = 100 and 400 fs (FWHM)

lasers. The bottom arrow pointing to tN denotes the

minimum value of the function ∆t(t). The bottom ar-

row pointing to tR denotes a recommended maximum

value of the feasible measurement using a τ = 100 fs

laser, which is just the same as the tN of the measure-

ment using a τ = 200 fs laser.

Fig.9. The temporal uncertainty ∆t of the retrieved

f(t) calculated using Eq.(26) with ∆W = 1 eV xuv

bandwidth (BW).

4. Conclusion

For an attosecond xuv measurement, the pulse

intensity and the instantaneous frequency can be re-

trieved from the energy-integral term of the PES by

using a laser-phase determination method and a trans-

fer equation. Two PES measurements are suggested

with different laser intensities at θ = 0◦ or 180◦. The

appropriate laser intensities to be used depend on the

temporal frequency profile of the incident xuv. The

method has a temporal measurement range from a

quarter to about half of the dressing laser optical cy-

cle.

For a narrow bandwidth attosecond xuv measure-

ment, the detailed temporal structure can be recon-

structed from a proportional term of the PES. The

method is a combination of using a laser-phase deter-

mination method and a transfer equation. The at-

tosecond xuv should be located around or centred at

t = 0 fs to obtain high time resolutions. The measure-

ment range is about half of the dressing laser optical

cycle. The temporal uncertainties at different times

can be calculated with the value of the xuv bandwidth.

For a narrow bandwidth femtosecond xuv mea-

surement, the following is a general procedure of mea-

surement and calculation. Firstly, temporally locate

the femtosecond xuv around tM (θ = 90◦ measure-

ment) or tN (θ = 0◦ measurement). Secondly, mea-

sure PES with a high energy resolution spectrome-

ter. Thirdly, calculate the PES with an appropriate

size of energy bins, and derive the unknown temporal

structure from an energy-differential term of the PES

by using two transfer equations. These steps should

be repeated to obtain higher time resolutions of the

pulse retrieval. The θ = 0◦ measurement has higher

time resolutions and a broader temporal measurement

range than those of θ = 90◦ measurement, which de-

pend on the intensity, wavelength and the duration of

the dressing laser.

With presented laser-phase determination meth-

ods and transfer equations, the laser can be used as

atto- and femtosecond rulers in ultrashort xuv or x-ray

measurements.
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