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This paper reports that an impulsive control theory for synchronization of nonlinear Rössler chaotic systems is

developed. A new framework for impulsive synchronization between such chaotic systems is presented, which makes

the synchronization error system a linear impulsive control system. Therefore, it is easy to derive the impulsive syn-

chronization law. The proposed impulsive control scheme is illustrated by nonlinear Rössler chaotic systems and the

simulation results demonstrate the effectiveness of the method.
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1. Introduction

In recent years, control theory for chaos synchro-

nization has attracted increasing attention. A chaotic

system has complex dynamical behaviours that pos-

sess some special features, such as being extremely

sensitive to tiny variations of initial conditions, having

bounded trajectories in the phase space with a positive

leading Lyapunov exponent, and so on. Chaos control

and synchronization have been flurried research activ-

ities over a decade.[1−15]

Synchronization is an interesting topic and chaos

synchronization that has attracted increasing atten-

tion in the areas of control theory and secure com-

munication. Many control methods have been in-

troduced for chaos synchronization, including impul-

sive control. However, there are very few results

in impulsive control for the synchronization of gen-

eral chaotic systems. Because impulsive control al-

lows the stabilization and synchronization of chaotic

systems using only small control impulses, it has

been widely used to stabilize and synchronize chaotic

systems,[5−7,16−19] even though the chaotic behaviour

may follow unpredictable patterns. Recently, several

impulsive synchronization schemes have been reported

in the literature.[6,7,17] Yang et al
[17] achieved the syn-

chronization of two identical chaotic systems, i.e. the

Chua circuit, using the state variable at the fixed in-

stant time as the impulsive signal. The authors in-

vestigated the impulsive synchronization criteria for

chaotic systems via a unidirectional linear error feed-

back approach in Ref.[6]. The stabilization and syn-

chronization of Lorenz systems via impulsive signal are

studied in Ref. [7]. However, for many-dimensional

chaotic systems described by the ODE or DDE (ordi-

nary or delayed differential equations), the less conser-

vative synchronization criteria such as, e.g., Theorem

2 in Ref. [5], are generally difficult to be verified.

In this article, based on impulsive control the-

ory and nonlinear technique, we propose a new im-

pulsive control scheme for the synchronization of non-

linear Rössler systems including chaotic systems. A

sufficient condition is derived for the proposed con-

trol scheme. This scheme leads to a linear impul-

sive error system. Therefore, it allows us to obtain

the synchronization conditions easily. The proposed

impulsive synchronization scheme is illustrated by a

nonlinear Rössler chaotic system and the simulation

results demonstrate the effectiveness of the proposed

method.

2. Impulsive synchronization

scheme

Consider the following chaotic system:

ẋ = Ax + bf(x) + µ , (1)
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where x ∈ Rn denotes the state of the system, µ ∈ Rn

the external output and f : Rn → Rn presents a con-

tinuous and nonlinear function. A ∈ Rn×n and b ∈ Rn

are constant.

Remark 1 Several chaotic or hyperchaotic sys-

tems satisfy Eq.(1). For example, Rossler’s system,[3]

the MCK circuit,[4] the Duffing system and Chua’s

circuit all belong to the class defined by Eq.(1).

To synchronize the system Eq.(1), let s(x) =

f(x) + kx ∈ R be the transmitted signal, where

k = [k1, k2, · · · , kn] ∈ R1×n is the coupling strength.

Construct the nonlinear coupled system:

ẏ = Ay + bf(y) + µ + b[s(x) − s(y)]

= Ay + b[f(x) + k(x − y)] + µ . (2)

Moreover, at the discrete time instants, τi, i =

1, 2, · · · , the state variable of Eq.(1) is transmitted to

the response system Eq.(2) and leads to a ‘jump’ of

the state of the response system. In this case, the

model of response system is rewritten as

ẏ = Ay + b[f(x) + k(x − y)] + µ, t 6= τi

∆y = y(t+) − y(t−) = B(y − x),

t = τi, i = 1, 2, · · · , (3)

where B ∈ Rn×n is impulse strength. τi, i = 1, 2, · · · ,

are constants satisfying

t0 < τ1 < τ2 < · · · < τi < τi+1 < · · · , lim
i→∞

τi → ∞.

Let the synchronization error e = x − y. It follows

from Eqs.(1) and (3) that the error system is

ė = (A − bk)e, t 6= τi,

∆e = Be, t = τi, . (4)

which is a linear impulsive system.

Remark 2 From the analysis above, it follows

that a necessary and sufficient condition for synchro-

nizing chaos is that the origin of Eq.(4) is asymptoti-

cally stable. It is obvious that the origin is one of the

equilibriums of Eq.(4). Also, the origin is the unique

equilibrium of Eq.(4) because ∆e = Be(B 6= 0) im-

plies e(τ+
i ) 6= e(τi) unless e(τ+

i ) = e(τi) = 0.

For the asymptotical stability of Eq.(4) at the ori-

gin, we obtain the following results.

Theorem 1 Suppose that

0 < α = inf
i∈N

(τi+1 − τi)

≤ sup
i∈N

(τi+1 − τi) = β < ∞, (5)

and

‖(I + B)exp((A − bk)(τi − τi−1))‖ < 1, i ∈ N. (6)

Then the origin of Eq.(4) is globally asymptotically

stable.

Proof Let e(t) = e(t, e0) = e(t, t0, e0) be the so-

lution of Eq.(4) with the initial condition e(t0) = e0.

then

e(t, e0) = e0exp((A − bk)(t − τi))

×

i
∏

j=1

(I + B)exp((A − bk)(τj − τj−1)). (7)

Where τ0 = t0, t ∈ (τi, τi+1), and the notation I de-

notes the identity matrix.

From Eq.(7), we have

‖e(t, e0)‖ ≤ ‖e0‖‖exp((A − bk)(t − τi))‖

×

i
∏

j=1

‖(I + B)exp((A − bk)(τj − τj−1))‖. (8)

Notice that condition Eq.(5) implies

‖exp((A − bk)(t − τi))‖ < ∞.

Then, it follows from Eq.(6) that

lim
t→∞

‖e(t, e0)‖ = lim
i→∞

‖e(t, e0)‖ = 0,

for any e0 ∈ Rn, which completes the proof.

From Theorem 1 and Remark 2 the following

corollary is immediately obtained.

Corollary 1 Suppose that there exist synchro-

nization gain k and B such that Eqs.(5) and (6) hold.

Then, Eqs.(1) and (3) are globally synchronous.

3. Synchronizing Rössler systems

In this section, in order to show the effectiveness

of the proposed impulsive control scheme, the nonlin-

ear Rössler systems[3] via nonlinear feedback approach

are considered. A dimensionless form a Rössler sys-

tems is given by[3]

ẋ = −y − z,

ẏ = x + α′y,

ż = z(x − β′) + α′, (9)

where α′, β′ ∈ R+.

Let f(x) = x × z, µ = α′, then Eq.(9) can be

rewritten as

ẋ = Ax + bf(x) + µ, (10)
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where

x =









x1

x2

x3









, A =









0 −1 −1

1 α′ 0

0 0 −β′









, b =









0

0

1









.

According to Eq.(3), we construct the corresponding

response system as follows:

ẏ = Ay + b[f(x) + k(x − y)] + µ, t 6= τi,

∆y = y(t+) − y(t−) = B(y − x),

t = τi, i = 1, 2, · · · ,

thus, we have

ė = (A − bk)e, t 6= τi, ∆e = Be, t = τi. (12)

From Theorem 1, the following asymptotical stability

condition for Eq.(12) is immediately obtained.

Corollary 2 Let the impulses be equidistant and

separated by interval δ. Suppose that there exist con-

stants α, β ∈ R such that k = α× [ 1 1 1 ], B = β × I

and

‖exp(A − bk)‖|1 + β|δ < 1, (13)

then the origin of Eq.(12) is globally asymptotically

stable.

In the following simulations, Eq.(9) is chaotic if

α′ = 0.2, β′ = 5.7. The trajectories of driving system

are shown in Fig.1, which is the nonlinear Rössler’s

chaotic systems. We choose τi−τi−1 ≡ δ(i = 1, 2, · · ·).

Moreover, let k = α × [ 1 1 1 ] and B = β × I, where

I denotes the identity matrix. Note that the sta-

ble region of chaos synchronization is determined by

Eq.(13).

Fig.1. The nonlinear Rössler’s system is chaotic.

The initial conditions for driving and driven sys-

tems are given by

(x1(0), x2(0), x3(0)) = (0.25, 0.2, 0.2)

and

(x̃1(0), x̃2(0), x̃3(0)) = (−0.05,−0.05,−0.2)

respectively. Figures 2 shows the stable regions of syn-

chronization for the special parameters. The entire

region below the curve corresponding to given param-

eter is the predicted stable region. Figure 2 shows the

curve of impulse time interval δ with respect to con-

trol parameter β. Figures 3–5 show the time response

curves of synchronization error systems. Figures 3, 4

and 5 show the stable results within the stable region

for α = −4, β = −0.9, δ = 0.01, for α = −3, β = −0.5,

δ = 0.001 and for α = −2, β = −0.5, δ = 0.0001 re-

spectively. Figure 6 shows the unstable results outside

the stable region for α = −2, β = −2.5, δ = 0.01.

Fig.2. Estimate of the boundaries of stable region

with the given α′s.

Fig.3. Time response of the synchronization error

system with α = −4, β = −0.9, δ = 0.01.
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Fig.4. Time response of the synchronization error

system with α = −3, β = −0.5, δ = 0.001.

Fig.5. Time response of the synchronization error

system with α = −2, β = −0.5, δ = 0.0001.

Fig.6. Time response of the synchronization error

with α = −2, β = −2.5, δ = 0.01.

4. Conclusions

In this paper, a synchronization scheme has been

proposed based on the nonlinear feedback approach.

According to the derived synchronization conditions,

we investigated the synchronization behaviour of the

Rössler system and estimated the stable regions of

synchronization for the given parameters. In compar-

ison with the schemes reported in the literature, e.g.

Ref.[3], our method does not require complex math-

ematical analysis. The effectiveness of the suggested

method has been shown by computer simulation.

References

[1] Zou Y L and Chen G R 2005 Chin. Phys. 14 697

[2] Lu J G 2006 Chin. Phys. 15 83

[3] Rossler O E 1979 Phys. Lett. A 71 155

[4] ldayr D A 2002 Int. J. Bifur. Chaos 4 48

[5] Sun J T, Zhang Y P, Qiao F and Wu Q D 2004 Chaos,

Solitons Fractals 19 1049

[6] Sun J T, Zhang Y P and Wu Q D 2003 IEEE Trans

Automat Control 48 829

[7] Sun J T and Zhang Y P 2003 Phys. Lett. A 14 306

[8] Zhang H, Ma X K, Yang Y and Xu C D 2005 Chin. Phys.

14 86

[9] Zhang S H and Shen K 2003 Chin. Phys. 13 149

[10] Grassi G and Mascolo S 1997 IEEE Trans. CAS 44 1143

[11] Liu F, Ren Y, Shan X M and Qiu Z L 2001 Chin. Phys.

10 606

[12] Lu J G and Xi Y G 2005 Chin. Phys. 2 274

[13] Feng X Q and Shen K 2005 Chin. Phys. 8 1526

[14] Liu F, Ren Y, Shan X M and Qiu Z L 2001 Acta Phys.

Sin. 50 2318 (in Chinese)

[15] Hua C C and Guan X P 2004 Chin. Phys. 13 1391

[16] Yang T 2001 Impulsive Control Theory (Berlin: Springer)

[17] Yang T 2001 Impulsive Systems and Control: Theory and

Application (Huntington, NY: Nova Science)

[18] Yang T 1999 IEEE Trans. Automat. Control 44 1081

[19] Yang T and Leon O. Chua’s 1997 IEEE Trans. CAS 44

976


