
Vol 15 No 12, December 2006 c© 2006 Chin. Phys. Soc.

1009-1963/2006/15(12)/2883-07 Chinese Physics and IOP Publishing Ltd

Perfect synchronization of chaotic systems:

a controllability perspective∗
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This paper presents a synchronization method, motivated from the constructive controllability analysis, for two

identical chaotic systems. This technique is applied to achieve perfect synchronization for Lorenz systems and coupled

dynamo systems. It turns out that states of the drive system and the response system are synchronized within finite

time, and the reaching time is independent of initial conditions, which can be specified in advance. In addition to the

simultaneous synchronization, the response system is synchronized un-simultaneously to the drive system with different

reaching time for each state. The performance of the resulting system is analytically quantified in the face of initial

condition error, and with numerical experiments the proposed method is demonstrated to perform well.
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1. Introduction

Chaotic behaviour is sensitive to initial condi-

tions and different trajectories could be resulted due

to shifts in initial conditions. Recent years have wit-

nessed great progress in chaos synchronization and

many schemes have been developed with the use of the

drive-response configuration, introduced in Ref.[1].

The method can make two identical or non-identical

chaotic systems synchronizing whatever the initial

conditions are.

So far many works have been devoted to use

the method of active control, suggested in Ref.[2],

for chaotic synchronization. The idea behind it

is the fully-controlled-synchronization manner, which

applies control elements to each state variable to be

synchronized. This method has been applied success-

fully to nonlinear Bloch equations,[3] Chua circuits,[4]

and Lorenz systems.[2] Designs have been looking for

new ways from the Lyapunov approach.[5] Following

its success in exactly modelled chaotic systems, ex-

tensive works attempt to cope with parameter uncer-

tainties: see for instance, adaptive active control.[6−8].

In the published literature, there has been consider-

able interest in the Lyapunov syntheses.[9−11] How-

ever, the method of active control deserves further

study. In Ref.[12], this method was used as a tool for

sequential synchronization, assuring that control ele-

ments could apply with specified activating instances.

This is probably useful for the security enhancement

in secure communication.

The mainstream of research remains in asymp-

totic synchronization. Our recent work offers an al-

ternative, in Ref.[13], where the synchronizing error

between two chaotic systems was guaranteed to go

to zero exactly at a pre-specified instant and remains

at zero after the instant; we call it perfect synchro-

nization. The finite time convergence is due to the

introduction of initial rectified attractors (IRA). The

reaching time by the IRA-based method is indepen-

dent of initial conditions and is able to be given in

advance.

In this paper, the problem of perfect synchroniza-

tion is solved based on the constructive controllability

analysis. As will be shown, this work gives actually

an IRA-based design. From this observation, the pro-

posed method in this paper can be considered as an

extension of Ref.[13]. We shall verify that the chaotic

systems under consideration can be simultaneously or

un-simultaneously synchronized with ease, by setting

the reaching time instants to be the same or not. Both

Lorenz and coupled dynamo systems are taken for case

studies. In the face of initial condition error, we shall

also show that the proposed method can still perform
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well.

2. Matched nonlinearity and

asymptotic synchronization

The synchronization problem is solved, in this

section, on the basis of feedback linearization and

pole assignment techniques. Consider an uncontrolled

chaotic system described by

ẏ = Ay + F (y), (1)

where y ∈ Rn is the state vector. A ∈ Rn×n and F

indicates the nonlinearity, which are assumed to be

known. Let us introduce control matrix B and define

Bs = span{B}. F is said to satisfy the matching con-

ditions, if F ∈ Bs. For the matched nonlinearity, there

exists f ∈ Rr such that F = Bf , and the controlled

chaotic system can be written as

ẏ = Ay + B(f(y) + u). (2)

We regard Eq.(2) as the response system, while the

drive system is in the same form of Eq.(1), expressed

by

ẋ = Ax + Bf(x), (3)

Let us define the synchronizing error as e = x − y,

and, from Eqs.(2) and (3), the evolution of which is

governed by

ė = Ae + B(f(x) − f(y) − u). (4)

Consequently, we can choose

u = f(x) − f(y) − v (5)

to obtain the error system as

ė = Ae + Bv. (6)

Assumption 1 System (6) is completely con-

trollable.

An algebraic test for controllability of system (6),

which can be applied, is given as follows.[14] System

(6) is completely controllable if and only if

rank Γc[A, B] = n. (7)

where Γc[A, B] = [B, AB, A2B, · · · , An−1B] is the

controllability matrix.

For the synchronization purpose, we appeal to the

pole assignment technique for choosing the feedback

gain K in the linear feedback control

v = −Ke . (8)

Let us define AK = A − BK. Applying Eq.(6), we

attain the following error system:

ė = AKe. (9)

The poles of the closed-loop system can be placed at

any desired locations and the asymptotic synchroniza-

tion can be achieved. It should be noted that, to

achieve the asymptotic synchronization, we need not

apply full control elements if B 6= I. We are fortu-

nate as the controllability of typical chaotic systems

we are interested is ensured and B 6= I. The design

is feasible. However, there are cases where the ma-

trix B has to be set as a unity matrix, for example,

the coupled dynamos system. In the case of B = I,

the controllability-based method becomes the active

control method.[2]

One may wonder about the controllability of sys-

tem (6) by utilizing the linear feedback. It is interest-

ing to note that if system {A, B} is not controllable,

then the resulting system {A−BK, B} is not control-

lable.

3. Perfect synchronization

In this section, from a controllability perspective,

we shall consider the problem of perfect synchroniza-

tion of two identical chaotic systems.

3.1. Simultaneous synchronization

We now present our design to the solution of the

perfect synchronization problem with the same reach-

ing time for all state variables. Our design consists of

two steps.

Step I Linear Feedback Design. For system (6),

the control component v in Eq.(5) is chosen as

v = −Ke + r, (10)

where r is the action to cause the finite-time conver-

gence to be achieved. Applying Eq.(10) and defining

AK = A−BK, we attain the following linear system:

ė = AKe + Br. (11)

Step II Initial Rectifying Action Design. From

linear control theory, system (11) is completely con-

trollable too under Assumption 1, and

rank Γc[AK , B] = n. (12)

Therefore, following Ref.[15], it is possible to achieve

perfect synchronization by choosing the action profile

of r as follows:
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r(t) =







−BTeAT

K(t1−t)W−1
c (t1, t0)e

AT

K(t1−t0)e(t0), t0 ≤ t ≤ t1,

0, t > t1,
(13)

where Wc(t1, t0) is the controllability Gramian

Wc(t1, t0) =

∫ t1

t0

eAK(t1−τ)BBTeAT

K(t1−τ)dτ, (14)

which is nonsingular as the system is controllable,

and can be calculated off-line as both AK and B are

known.

Initial rectifying action r(t) given by Eq.(13) sat-

isfies
∫ t

t0

e−AKτBr(τ)dτ = −e−AKt0e(t0).

By the definition,[13] the system (11) has an initial rec-

tified attractor. As is shown, this design gives actually

an IRA-based one.

Theorem 1 For the drive system (3) and the

response system (2), let the controller (5), together

with the linear feedback (10) and the initial rectifying

action (13), be applied. Then

i) the response system (2) can perfectly synchro-

nize the drive system (3) in the absence of initial con-

dition error, in particular,

e(t) =











eAK(t−t0)
[

I − eAK(t0−t1)

∫ t

t0

eAK(t1−τ)BBTeAT

K(t1−τ)dτW−1
c (t1, t0)e

AK(t1−t0)
]

e(t0), t ∈ [t0, t1],

0, t > t1;

(15)

ii) in the presence of bounded initial condition error, the designed controller guarantees the synchronizing

error to be bounded, and converge to zero as time approaches infinity.

Proof i) It follows immediately by applying Eq.(13) to Eq.(11).

ii) For the case where initial condition error exists, the initial rectifying action given in Eq.(13) can be

expressed as

r(t) =







−BTeAT

K(t1−t)W−1
c (t1, t0)e

AK(t1−t0)(e(t0) + ξ(t0)), t0 ≤ t ≤ t1,

0, t > t1,
(16)

where ξ(t0) indicates the initial condition error. Applying Eq.(16) we have, for t0 ≤ t ≤ t1,

e(t) = eAK(t−t0)
[

I − eAK(t0−t1)

∫ t

t0

eAK(t1−τ)BBTeAT

K(t1−τ)dτW−1
c (t1, t0)e

AK(t1−t0)
]

(e(t0) + ξ(t0)).

Since AK is designed to be stable, there exist constants M > 0 and α > 0 such that ‖eAKt‖ ≤ Me−αt and

‖eAT

Kt‖ ≤ Me−αt. We have

∥

∥

∥

∫ t

t0

eAK(t1−τ)BBTeAT

K(t1−τ)dτ
∥

∥

∥
≤

1

2α
M2‖BBT‖(1 − e−2α(t1−t0)), t0 ≤ t ≤ t1.

Therefore, there exists constant M1 > 0 such that

‖e(t)‖ ≤ M1Me−α(t−t0)(‖e(t0)‖ + ‖ξ(t0)‖), t0 ≤ t ≤ t1. (17)

Since r(t) = 0, t > t1, then e(t) = eAk(t−t1)e(t1).

Furthermore,

‖e(t)‖ ≤ Me−α(t−t1)‖e(t1)‖), t > t1. (18)

The boundedness and asymptotic convergence of e(t)

can be concluded by combining Eqs.(17) and (18).

Uncertainties in the dynamics Eq.(3) could mean

that we fail to achieve the perfect synchronization. In
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this case, our work has to conduct a re-design to incor-

porate adaptive and robust controls for dealing with

structured and unstructured uncertainties. In this pa-

per, we focus on design issues based on the construc-

tive controllability analysis. However, for simplicity,

the re-design is not carried out.

One may wish that the time profile of the syn-

chronizing error is smooth. Namely, its derivative is

continuous for t = t0 and t = t1. The continuity is

obviously guaranteed for t0 < t < t1. Unfortunately,

for the current design, the smooth merging for both

time instants t = t0 and t = t1 cannot be ensured and

there is no room to improve it. In particular, smooth

merging requires that

ė(t0) = AKe(t0) + B(f(x(t0)) − f(y(t0))), (19)

ė(t1) = 0. (20)

Condition (19) implies that u(t0) = 0. However, the

proposed design leads to

u(t0) = f(x(t0)) − f(y(t0)) − r(t0),

r(t1) = −BTW−1
c (t1, t0)e

AK(t1−t0)e(t0).

The smooth merge for both instants t = t0 and t = t1

cannot be ensured since it is impossible for the present

design to have

r(t0) = f(x(t0)) − f(y(t0)),

e(t0) = 0,

as x(t0) 6= y(t0).

Although the chaotic systems under consideration

are sensitive to initial conditions, from Theorem 1, it is

demonstrated that the synchronizing error converges

to zero asymptotically as time goes in the presence

of initial condition error. Moreover, due to the intro-

duction of initial rectifying action, performance im-

provement is attained in comparison with the conven-

tional asymptotic synchronization. We shall present

numerical results for illustration, by taking the Lorenz

system as an example. However, synchronization for

the unified chaotic system,[16,17] follows similar con-

trol design. An active control design can be found in

Ref.[18]. Let us consider two identical Lorenz systems

with

A =









−σ σ 0

r −1 0

0 0 −b









,

B =









0 0

1 0

0 1









, f(x) =









0

−x1x3

x1x2









, (21)

and σ, r, b > 0 are three system parameters taken as

in the original study,[19] i.e. σ = 10, r = 28 and

b = 8/3. It is easy to check that rank [B, AB, A2B] =

3. The controllability of the system {A, B} makes

it possible for us to conduct the proposed design.

The eigenvalues of matrix A are {λi, i = 1, 2, 3} =

{−22.8277, 11.8277,−2.6667} and matrix A is unsta-

ble due to the existence of one positive eigenvalue.

We fail to apply the initial rectifying action directly

to Eq.(6), by setting v = r. The proposed two-step de-

sign is then applied and the resulting closed-loop poles

are {λK,i, i = 1, 2, 3} = {−1.5,−1,−2}, Appealing to

the pole-placement technique we attain the feedback

gain

K =





35.2 −8 0

0 0 −1.1667



 .

The simulation for the synchronization without

using initial rectifying action is first carried out for

comparison. The control input is calculated accord-

ing to Eqs.(5) and (10) where we set r = 0. The

initial time t0 = 3 is chosen. Initial conditions of

the drive system and the response system are set to

x(0) = [6, 1, 7]T and y(0) = [8, 5, 9]T respectively. The

simulation result is shown in Fig.1, from which the er-

ror states converge to zero as time increases and the

asymptotic synchronization is achieved.

Fig.1. Simultaneous synchronization without IRA: e1

(solid line), e2 (dot-dash line), and e3 (dash line). The

control u is activated at t ≥ 3.

With the selection of the rectifying duration

[t0, t1] = [3, 4], the rectifying action given in Eq.(13)
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is then introduced in order to achieve the perfect syn-

chronization. The initial conditions of the drive sys-

tem and the response system keep the same. The nu-

merical simulation is delineated in Fig.2. It is verified

from the figure that the error states are simultane-

ously forced to be zero at t1 = 4 and remain zero after

the instant.

Fig.2. Simultaneous synchronization with IRA: e1

(solid line), e2 (dot-dashed line), and e3 (dashed line).

The initial condition of the response system is set as

y(0) = [8, 5, 9]T. The rectifying action r is applied

over the interval.[3,4]

Fig.3. Synchronization performance in the presence

of initial condition error: e1 (solid line), e2 (dot-

dashed line), and e3 (dashed line). Initial condition

error e(t0) is assumed to be ξ = [0.5, 0.5, 0.5]T. The

rectifying action r is applied over the interval.[3,4]

To examine the robustness with respect to ini-

tial condition error, let the initial condition of the

drive system remain the same and the initial condi-

tion of the response system be reset to [8, 5, 9]T + ξ,

with ξ = [0.5, 0.5, 0.5]T indicating the initial condi-

tion error. Figure 3 shows the synchronizing result,

which clearly depicts better performance achieved in

comparison with Fig.1. We stress that the pole assign-

ment by state feedback in our design plays a crucial

role in enhancing the robustness to initial condition

error.

3.2.Un-simultaneous synchronization

The synchronization problem is solved for the

case B = I. What we shall characterize for this

case is the synchronizing performance achieved un-

simultaneously. The uncontrolled coupled dynamos

system[20] is taken as the drive system, which is de-

scribed by

ẋ = Ax + f(x), (22)

where x = [x1, x2, x3]
T is the state of the drive system,

and

A =









−µ α 0

−α −µ 0

0 0 0









, f(x) =









x2x3

x1x3

1 − x1x2









, (23)

where α, µ > 0 are two system parameters. The sys-

tem exhibits chaotic behaviour as α = 2 and µ = 1.

The response system is the coupled dynamo system

with the added control input,

ẏ = Ay + f(y) + u, (24)

where y = [y1, y2, y3]
T is the state of the response sys-

tem and u = [u1, u2, u3]
T is the control input.

For easy presentation of our control design, let us

define error states ei = xi−yi, i = 1, 2, 3 and the error

system be particularly rewritten as

ė1 = −µe1 + αe2 + x2x3 − y2y3 − u1,

ė2 = −αe1 − µe2 + x1x3 − y1y3 − u2,

ė3 = −x1x2 + y1y2 − u3. (25)

Based on feedback linearization, we adopt the input u

in the form of

u1 = x2x3 − y2y3 − v1,

u2 = x1x3 − y1y3 − v2,

u3 = −x1x2 + y1y2 − v3, (26)

and use the linear feedback control with initial recti-

fying action given by

v1 = (λ1 + µ)e1 − αe2 + r1,

v2 = αe1 + (λ2 + µ)e2 + r2,

v3 = λ3e3 + r3. (27)
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It follows by substituting Eqs.(26) and (27) into

Eq.(25) that, for i = 1, 2, 3,

ėi = λiei + ri. (28)

We would like the reaching time to be respec-

tively adjustable for each error state and the conver-

gence rate to be able to be improved by simply setting

shorter reaching time. To this end, the rectifying ac-

tions ri, i = 1, 2, 3, are chosen as

ri(t) =
2λie

λi(t1,i−t)

eλi(t0,i−t1,i) − eλi(t1,i−t0,i)
ei(t0,i),

i = 1, 2, 3, (29)

where the duration ∆i = t1,i − t0,i is the interval of

time during which the rectifying action acts, and t1,i

is the reaching time of ith error state.

Theorem 2 For the coupled dynamo system

(22) and the response system (24), let the controller

(26), together with (27) and (29), be applied. If

λi, i = 1, 2, 3, are chosen to be negative, then sys-

tem (24) can perfectly synchronize system (22) un-

simultaneously, and for i = 1, 2, 3,

ei(t) =











[

1 −
eλi(t0,i−t) − eλi(t−t0,i)

eλi(t0,i−t1,i) − eλi(t1,i−t0,i)

]

eλi(t−t0,i)ei(t0,i), t0,i ≤ t ≤ t1,i,

0, t > t1,i.

(30)

Proof It follows immediately by applying the

initial rectifying action Eq.(29) to the error system

Eq.(28).

When introducing biri as the second term on the

right-hand side of Eq.(28), we have ėi = λiei + biri. If

the initial rectifying action is chosen as

ri(t) =
2λi

bi

eλi(t1,i−t)

eλi(t0,i−t1,i) − eλi(t1,i−t0,i)
ei(t0,i),

then the resultant trajectory will be the same as that

when we choose bi = 1. Also show that it is not nec-

essary to introduce bi(6= 1) in Eq.(28).

Applying Eqs.(26), (27) and (29), we choose

the following values in the numerical test: x(0) =

[1,−1, 3]T, y(0) = [3, 1, 4]T, λi = −0.5, i = 1, 2, 3.

And the following setting for rectifying durations

are adopted: {t0,1, t1,1} = {10, 11}; {t0,2, t1,2} =

{11.5, 12.5}; {t0,3, t1,3} = {13, 14}. The simulation re-

sult is shown in Fig.4, where un-simultaneous synchro-

nization is observed within the specified durations.

Like the IRA-based approach,[13] an impulsive ac-

tion might be involved in the initial rectifying action

given by Eq.(29). It is easy to see that the following

ζ-function:

ζ(t) =























0, t < 0,

2λeλ(∆−t)

eλ∆ − e−λ∆
, 0 ≤ t ≤ ∆,

0, t > ∆,

(31)

will approach Dirac delta function as ∆ tends to zero.

From Eq.(29), such an impulsive action will be in-

cluded as t1 tends to t0. The impulsive action is not

realizable from a practical point of view. Thus, we do

not suggest to use very short duration.

Fig.4. Un-simultaneous synchronization with

IRA: e1 (solid line), e2 (dot-dash line), and e3

(dash line). The rectifying durations are respec-

tively set as {t0,1, t1,1} = {10, 11}; {t0,2, t1,2} =

{11.5, 12.5}; {t0,3, t1,2} = {13, 14}.

4. Conclusion

In this paper, we have addressed the problem of

perfect synchronization of chaotic systems, and our

approach to the solution of this problem employs

the constructive controllability analysis. It has been

shown that states of the drive system and the response
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system are able to be synchronized within finite time.

Major features of the proposed method lie in that the

reaching time is independent of the initial conditions,

and can be pre-specified. The perfect synchronization

of the undertaken chaotic systems can be guaranteed

in simultaneous or un-simultaneous ways, which has

been testified via computer simulations for Lorenz sys-

tems and coupled dynamos systems, and the resulting

systems in the face of initial condition error could per-

form well also.
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