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Based on the Lii system, a new chaotic system is constructed, which can generate a Lorenz-like attractor, Chen-like

attractor, Lii-like attractor and new attractor when its parameters are chosen appropriately. The detailed dynamical

behaviours of this system are also investigated, including equilibria and stability, bifurcations, and Lyapunov exponent

spectrum. Moreover, a novel analogue circuit diagram is designed for the verification of various attractors.
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1. Introduction

The Lorenz system that can produce a well-known
Lorenz chaotic attractor!’ has served as a prototype
model for studying chaotic behaviour for quite a long
time. Recently, there has been increasing interest
in creating chaos particularly since Chen and Uetal?
found a new chaotic system, called the Chen system,
from an engineering feedback control approach, which
is not topologically equivalent to the original system.
In 2002, Lii and Chenl®! further constructed a new
chaotic system, called the Lii system hereafter, which
represents the transition between Lorenz system and
the Chen system. Thereafter a very rich family of the
so-called unified system or Lorenz system family was
introduced as a connection of the Lorenz, Chen and
Lii systems.[*® Over the last few years, there have
been carried out some studies of these typical chaotic
systems. [6—20]

In retrospect, Chen found a new system[? via
chaotification, and a linear feedback control term u =
—azx+ (c+ 1) was added to the second equation of the
Lorenz system. Very recently, a new chaotic system!”
is presented based on some chaotification analysis, and
a cross-product term is added to the first equation of
the Lorenz system. Inspired by the consideration of
chaotification, we constructed a new chaotic system

by adding a cross-product nonlinear term to the first
equation of Lii system.[®] It turns out that the new
system has five equilibria, therefore it is not topolog-
ically equivalent to the Lorenz system, or the Chen
system, or the Lii system, or the Lorenz system fam-
ily. Of particular interest is the fact that this chaotic
system can display a Lorenz-like attractor, Chen-like
attractor, Lii-like attractor and new attractor when
its parameters are chosen appropriately. The chaotic
behaviours of this new system are verified not only
by bifurcation analysis through computer simulations
but also by the implementation of an analogue elec-
tronic circuit. Several bifurcation routes to chaos from
periodic and chaotic evolutions are observed.

2. The new chaotic system

We add a cross-product term to the first equation
of the slightly modified Lii system, obtaining a new
system as follows:

i=a(-z+y+yz),
y=y-uzz, (1)
z = —bz+ xy,

where a and b are the positive real constant parame-
ters. It is noticed that each equation of system (1) has
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a single cross-product nonlinear term, different from
that of the Lorenz system, or the Chen or the Lii sys-
tem, or even Lorenz system family.

For system (1) with variable parameters a and b,
several simulations have been carried out. The find-
ings are summarized as follows.

When a = 2.4 is fixed while b is varied, one can
observe that the attractor of system (1) is similar to
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the Lorenz attractor for b = 0.78; when a = 2.4, and
b = 0.28, it becomes similar to the Lii attractor; and
when a = 2.4 and b = 0.12, a new attractor is ob-
tained. Furthermore, when a = 1.5, b = 0.2, system
(1) displays a chaotic attractor, seemingly similar to
the Chen attractor.
trajectories of these cases are shown in Figs.1(a)—(d).

The simulation results of z — 2
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Fig.1. Projection on the phase plane x-z for the chaotic attractors of system (1): (a) Lorenz-like attractor, with a
= 2.4 and b = 0.78; (b) Lii-like attractor, with a = 2.4 and b = 0.28; (¢) new attractor, with a = 2.4 and b = 0.12;
(d) Chen-like attractor, with a = 1.5 and b = 0.2; (e) periodic orbit, with a = 2.4 and b = 0.2; (f) periodic orbit,

with ¢ = 2.4 and b = 1.5.

Note that this new system (1) is not diffeomorphic
with any of Lorenz, Chen and Li systems, since their
eigenvalues at the corresponding equilibria are not the
same, nor in any sense equivalent. It is easy to see that

there is no nonsingular coordinate transformation that
can convert the new system to the others. Therefore,
all the four mentioned systems are topologically not
equivalent.
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3. Basic dynamical analysis

The fact that Lorenz-like, Chen-like and Lii-like
attractors can appear in system (1) shows that this
system shares some basic properties with the Lorenz,
Chen and Lii systems but it also possesses its own be-
haviours. Some basic dynamical behaviours of system
(1) are analysed below.

3.1. Symmetry and dissipativity

It is easy to see that system (1) has a natural
symmetry under the following transformation:

(xvyu Z) - (—.’II, Y, 2)7

i.e. reflection about the z-axis.
Consider a volume in a certain domain Dy of the
state space. For system (1), one has
or 0y 0z

VV =—+ = =— b—1). 2

ox + dy + 0z (a+ ) )
This means that the dynamical system (1) with a set
of parameters satisfying

a+b—1>0 (3)

is guaranteed to be dissipative, so the volume of any
attractor of the system must be zero. The orbit flows

into a certain bounded region as ¢t — oo.

3.2. Equilibria and bifurcation

If b > 0, the dynamical system (1) has five equi-
libria:

So(o, 0, O), Sl(\/l;,pl\/g,pl), SQ(—\/E, —pl\/l_),pl)

83(\/57 p2\/55p2)5 ‘94(_\/1_)3 _pQ\/EaPQ)a

where p; = —0.5—1—\/5/2 >0 and ps = —0.5—\/5/2 <
0. If b < 0, then this system has a unique real equilib-
rium, Sp(0,0,0). It is noticed that nonzero equilibria
S1 and So, S3 and Sy are symmetrical about the z-
axis.

By considering a Jacobian matrix for one of these
equilibria and calculating their eigenvalues, we can in-
vestigate the stability of each equilibrium based on the
roots of the characteristic equation of the system.

Linearizing the system (1) about the equilibrium
So yields the characteristic equation

T =X+ (a+b—1)A—(a—ab+b)A—ab= 0, (4)

and gives the corresponding eigenvalues as follows:

Al = —a, )\2 = 1, and )\3 = —b. (5)

Consider the expressions (5), one can easily find
A1 <0, A2 > 0, and A3 < 0, implying that the equi-
librium Sy is unstable, and always has a saddle point
in three-dimensional space.

Next, linearizing the system about the equilibria
S1 and S gives the same characteristic equation as
follows:

FO) = N +(a+b—1)A2+prabA+(4—2p; )ab = 0. (6)

Note that the coefficients of the characteristic polyno-
mial (6) are all positive. Therefore, f()) are positive
for all A > 0. Consequently, an instability (R(A) > 0)
appears only if there are two complex conjugate ze-
ros of f. Let the two complex zeros be A\; = iw and
Aoy = —iw for some real w. The sum of the three zeros
of the characteristic polynomial (6) is

Mt d+A3=—(a+b-1). (7)

Hence, A3 = —(a + b — 1), on the margin of stability,
where ;o = Fiw. On this margin, one has

f(As) = —prab(a+b—1) + (4 — 2p1)ab = 0,

that is,
pila+b—1)=(4—2p1).
Therefore,
by = 2, (8)
b1

The parameter b, is the Hopf bifurcation value for
both S and Ss. When b > by, S; and Sy are both
stable sinks. At b = by, however, they change to two
two-dimensional unstable saddles. When 0 < b < by,
S1 and Sy are both unstable saddle-foci.

For equilibria S3 and Sy, they also have the same
characteristic equation:

FO) = A3+ (a+b—1)A\* +paabA+(4—2p2)ab = 0, (9)

where py < 0.

Theorem Hopf bifurcation does not appear at
equilibria S5 and Sy of the system (1).

Proof For equilibria S3 and S; they have the
same characteristic equation (9). If Hopf bifurcation
appears at equilibrium S3 or Sy, then it may be as-
sumed that two zeros are A = %iw for some real w, and
the sum of the three zeros of the cubic polynomial f
satisfies

A+ Ao+ A3 = —(a+b— 1).
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Hence,
A3 =—(a+b—-1).

However,
f(As) = —p2(a+b—1)ab+ (4 — 2p2)ab = 0,
that is,
(a+b—1)=(4—2ps)/p2 <0,

which is in contradiction with the condition (a + b —
1) > 0. Therefore, Hopf bifurcation does not appear
at S3 and S;. The proof of the theorem ends here.
In fact, there always exist one negative real eigen-
value and a pair of complex conjugate eigenvalues with
positive real parts for equilibria S3 and S4 over the

entire spectrum of the system parameters: that is, S3
and Sy are both always unstable saddle-foci.

4. Transition between various at-

tractors

This section is devoted to investigating the tran-
sition between the Lorenz-like, Chen-like, and Lii-like
attractors by manipulating the new chaotic system
(1).

When the parameter a = 2.4 is fixed while param-
eter b is varied, the spectrum of Lyapunov exponents
and the corresponding bifurcation diagram of state x
with respect to b are obtained as shown in Fig.2.
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Fig.2. (a) Spectrum of Lyapunov exponents of system (1), where LE stands for Lyapunov exponent. (b) Bifurcation

diagram of z. a = 2.4, b € [0, 3.5].

When b € [0,0.139], system (1) is a chaotic system
(corresponding to a new attractor shown in Fig.1(c))
with a single positive Lyapunov exponent; while for
b € (0.139,0.248], the maximum Lyapunov expo-
nent LE; equals zero, implying that the system has
a periodic orbit shown in Fig.1(e). In the interval
0.248 < b < 1.07, there exists a tiny periodic win-
dow for b € [0.348,0.363], and the window divides the
interval into two chaotic regions C; = (0.248,0.348]
and Cy = (0.363,1.07], corresponding to a Li-like
attractor and a Lorenz-like attractor (Figs.1(b) and
(a)), respectively. As b increases further in the re-
gion b € [1.073,3.072] the system follows a period-2
window (Fig.1(f)) and then arrives at the Hopf bi-
furcation point by, = 3.072 shown in Fig.2(b). When
b > by, the maximum Lyapunov exponent becomes
negative and the bifurcation of z changes into a line,
both of which imply that the orbit of the system con-
verges to an equilibrium as shown in Figs.2.(a) and

2(b).
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Fig.3. Bifurcation diagram of z, b = 0.2, a € [1.2,3.0].

Starting with the periodic window (b €
[0.139,0.248)]), if b = 0.2 is fixed but a is varied, the
periodic obit shown in Fig.1(e) can also evolve into
the attractor shown in Fig.1(d), which is similar to
the Chen attractor. It is very interesting to point out
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that the Chen-like attractor, Lii-like attractor and the
new attractor can be derived from the same periodic
obit. The corresponding bifurcation diagram of x with
respect to variable parameter a is shown in Fig.3.

5. Circuit design for chaotic sys-

tem

In this section, an electronic circuit is designed

to realize the new chaotic system (1). The designed

R 10kQ R,

circuitry realizing Eq.(1) is shown in Fig.4. It consists
of three channels to conduct the integration of the
three state variables x, y and z, respectively. Opera-
tional amplifiers and the associated circuitry perform
the operations of addition, subtraction, and integra-
tion. Analogue multipliers are employed to perform
the required multiplication operations. The voltage
supplies of all active devices are of +14V.

R, 10k G 100nF R 10kQ R 45kQ

[

R 30kQ R, 10kQ

C, 100nF R, 10kQ R, 10kQ

Fig.4. Circuit diagram for realizing the new chaotic system.

The observations made in the experimental setup
are shown in Figs.5(a)—(d). The adjusting of param-
eters a and b in system (1) can be implemented by
adjusting the linear resistors R4 and Ry3 in Fig.4, re-
spectively. When Ry = 13kQ (corresponding to a =
2.4) is fixed while Ry is varied, various attractors can
be obtained. If Ry3 = 120k, it is corresponding to b
= 0.78, the Lorenz-like attractor as shown in Fig.5(a)

can be observed from the circuit; if Ry3 = 320k(2, it
corresponds to b = 0.28, the circuit can generate the
Lii-like attractor as shown in fig.5(b); and when Ri3
= 900k(?2, corresponding to b = 0.12, a new attractor
appear as shown in Fig.4(c). Furthermore, when R3
= 500k (corresponding to b = 0.2) is fixed while Ry
varies from R4 = 13kS) to 8 k{2, the Chen-like attrac-
tor can be obtained as shown in Fig.5(d).
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Fig.5. Projections on the x—z plane for the chaotic attractor of the system (1) measured in the experimental setup:
(a) Lorenz-like attractor; (b) Lii-like attractor; (c) new attractor; (d) Chen-like attractor; (e) and (f) periodic orbits.

By comparing the results of Fig.l1 and Fig.5,
we can find good qualitative agreement between the
numerical simulation and the experimental measure-
ment. On the other hand, this design is simple, and
is easier to achieve the new chaotic system than the
implementation of Chen’s attractor in Ref.[21] and a
Lii’s attractor in Ref.[6].

6. Conclusions

In this paper we have introduced a novel three-
dimensional continuous autonomous system, in which

each equation has a single cross-product nonlinear

term. Some basic dynamical behaviours of the sys-
tem are further explored by investigating its Lyapunov
exponent spectrum and bifurcation diagrams. Fur-
thermore, this new system has also been physically
realized by using an analogue electronic circuit. Com-
pared with the Lii system, the system has some ap-
parent differences such as having five equilibria and
more complex bifurcation behaviours.

The analysis of the new system reveals an appli-
cation for digital chaotic communication to map dif-
ferent symbols onto different attractors that are pro-
duced from the proposed system with different param-
eter values. More detailed dynamical analysis about
this new chaotic system will be reported later.
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