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The late-time tail of massive Dirac fields in Kerr spacetime is investigated by using the black hole Green function.

It is shown that in the intermediate late times there are two kinds of new properties. The one is that the asymptotic

behaviour of the massive Dirac fields is dominated by a decaying tail without any oscillation, which is different from the

oscillatory decaying tails of the massive scalar field; the other is that the dumping exponent for the massive Dirac field

depends not only on the multiple number of the wave mode and the mass of the Dirac particle but also on the rotating

parameter of the black hole.
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1. Introduction

The subject that the late-time evolution of var-
ious field perturbations outside a black hole plays a
great role mainly involves two aspects of black hole
physics: the no-hair theorem and the mass inflation
scenario.[2] The external field of a Kerr black hole is
characterized solely by the black hole mass and angu-
lar momentum.!®4 In general, the evolution of field
perturbation around a black hole consists roughly of
three stages.’) The first one is an initial wave burst
coming directly from the source of perturbation. The
second one involves the damped oscillations called the
quasinormal modes.!8! And the last one is the propa-
gation of a wave in such a curved background at very
late times, named the power-law tail.["8! Physically,
these inverse power-law tails are associated with the
backscattering off the effective curvature potential at
asymptotically far regions.

Leaver!®) demonstrated that the late-time tail can
be associated mathematically with the existence of a
branch cut in the Green’s function for the wave prop-
agation problem. Therefore, the decay rate of the
various fields have been extensively studied.['=22 We
have studied the late-time tail behaviour of massive
Dirac fields in the Schwarzschild black holel'¥l and
Reissner-Nordstréom background,™ and found some
new properties. In this work, we will extend our study

to the late-time behaviour of the massive Dirac fields
in the Kerr spacetime. We find that the decay rate
of the massive Dirac perturbations is affected by the
rotating parameter a and the quantum numbers [ and
m.

The rest of this paper is organized as follows. In
Section 2 the decoupled massive Dirac equations in
the Kerr spacetime are presented by using Newman—
Penrose formalism. In Section 3 the black-hole Green
function is introduced and the late-time evolution of
the massive Dirac fields in the Kerr background is in-
vestigated. Section 4 is devoted to a summary.

2. Massive Dirac equations in the

Kerr spacetime

For the Kerr spacetime, the null tetrad!?® can be

taken as
2 2
w (EE 40,2,
A A
1
nt = ﬁ((r2+a2),—A,0,a),
mt = L iasing,0,1 L (1)
\/5/_) ) ) 7Sin9 )
with

A=7r*+a*>—-2Mr, p=r+iacosb, (2)
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where M and @ represent the mass and angular mo-  dial decoupled equation of the Dirac fields?* can be
mentum per unit mass of the Kerr black hole respec-  expressed as
tively. After tedious calculation, we find that the ra-

_.d dR 2ispA  dR 1
A s AlJrs_S i i s Ps = — 4=
dr < dr > + A — 2isur dr + PR =0, (s 2)7 3)
with
2 _ o _
PSZK 2isK (r M)+4iswr+ s—i—l
A 2
i 1/2)(r — M) — uK
+1N(S+ / )(T‘ ) — 1 _M2T2_)‘27 (4)
A — 2ispr

where 1 is the mass of the Dirac particle and A2 is the separation constant that can be taken as

2 1\° 52 mpa(2l 4+ 1) 9
A —(1—!—5) —2mwa<1+l(l+1))+ A0 +1) + O(a%), (5)

for the slow rotating black hole (neglecting the O(a?w?) and higher), and [ and m are the angular quantum

numbers.

2 4 2
Introducing a usual tortoise coordinate dr, = ! Za dr, Eq.(3) can have a solution in the form
Afs/Q . o
R, = AQ + 27"2 1/46715 arctan(T) v,. 6
Ve T ©
Then, we obtain a wave equation
2w dH A
- P HI+ ———5P| U, =0 7
a2 T T e | v
where
Ho— s da A dvr? +a®  sA ip ()
S22 4a?) dr (r24a2)3/2 dr (r? +a?) A — 2isur’

We use Eq.(7) to study the late-time evolution of the massive Dirac fields.

3. Late-time tail of the massive Dirac fields

The time evolution of massive Dirac fields in Kerr spacetime is given by
LDS (T*v t) = /[GS (T*v Ti; t)at Lps (Tiv O) + 8tGS (T*v Ti; t) ws (Tia O)]dTi (9)

For t > 0, the black hole (retarded) Green’s function G(r.,r};t) is determined by

0? 0? n dH, Jie —2ima  2s(r— M) 4srA in Al 0
Ir,2  ot?  dry y 0? 0? ot A+ 2isur 0% | Ot
n m2a® + 2is(r — M)ma  A(p?r? + X2 — (s +1/2))

o* o*

Aidp(r— M)(s+1/2) + pma b )
- 94 A— 2IS‘LL’I” GS (r*” T,s t) - 6(t)6(’f‘* ’f‘*), (10)
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with ¢ = V2 + a2,

The causality condition gives us the initial con-
dition Gg(r,7,;t) = 0 for t < 0.
Gs(ry, ;1) through the Fourier transform

We calculate

oco—+tic
1 . )
Galrarlit) = o / Gy, w)e tdw, (11)
i

—oo+tic

42 dH,
{ + —H?+

d_rf dr, (rP+a

%PS} GS(T*,T;;W) =0(ry —10).

and the corresponding inversion formula is given by

o0

GS(T*aTi§W) :/GS(TMT;?t)eiwtdtv
o=

(12)

where c is a positive constant. The Fourier transform
is analytic in the upper half w-plane and it satisfies
the equation

(13)

We define auxiliary functions ¥ (ry,w) and Wio(r,,w) that are (linearly independent) solutions to Eq.(7).

Using the solutions ¥y and ipﬂ, the black hole Green function can be constructed as

- 1

G (a5 w) = —

:I:(T aTaaw) Wi(w)
where Wi(w) = Wi (Wiy, Uip) = Uilin, —

Uio Wiy, is the Wronskian.
When both the observer and the initial data are
situated far away from the black hole (r > M), we

fpil(riuw) fpi?(r%mw)a Ty > T‘i?

A
(AM? — a®)p® + 2amw + N\? + (QisM + —) w
1

Uy (10, ) Uan (7, ), 74 <775

(14)

expand the wave equation (7) for the massive Dirac
fields as a power series in M/r. Neglecting terms of
order O((w/r)?) and higher, we obtain

d2 9 o  AMw? — 2M p?
dTQ_i_w _/’L + , ',"2 5_07 (15)
A . .
where { = |/ ——— ¥;. Taking the transformation
r“ +a
z = 2v/p? — w3r = 2w,
€= e #2124,
2 1 2 2 2y, 2 A :
b* = Z—i—/\ + (AM* — a®)u” + 2amw + | — + 2isM | w,
I
M 2
k="t oMo, (16)
w
Eq.(15) becomes the confluent hypergeometric equation!?’!
d*¢ do 1
— 4+ (1+20—2)——|=4+b—Fk | &=0. 17
zd22+(+ z)dz <2+ ) (17)
The two basic solutions requisite for building the Green’s function can be expressed as
~ 1
Uy = Ae” " (2wr)/? 0 M <5 +b—k,1+2b, 2w7’> , (18)

- 1
Wy = Be™ ™" (2wr)/2 U (5 +b—k,1+2b, 2wr) :
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where A and B are normalization constants. The
functions M (k,b,z) and U(k,b, z) represent the two
standard solutions to the confluent hypergeometric
equation.l?®! U (/;,IN), z) is a many-valued function, so

there is a cut in W,. Making use of Eq.(11), we find
that the branch cut that contributes to the Green’s
function can be expressed as

B - . - -
1 Uy (rl, we™) Uy (ry,we™) W (rl,w) W (re,w) | _,
GC . I't _ = *9 E 9 _ * ) m;td
(reoriit) = 57 / W (weir) W(w) ¢
—p
-
= — [ F(w)e “dw. (20)
2m
—p
We can obtain the following relations by the use of Eqs.(13.1.32), (13.1.33), and (13.1.34) in Ref.[25]:
~ 1
Uy (2c7) = Ae™ ™" (2er) 2 TP M (5 +b—k,1+4 20, 2wr> , (21)
~ I'(—2b 1
Uy (2wor) = B#G_WT(QWT)%"H)M (— +b—k,1+ 20, 2wr>
r 1 b—k 2
2
I'(2b 1
+Bl(—)e—wr(2wr)%—bM (5 bk, 1—2b, 2wr> . (22)
I'i-+b—-k%
(2+0%)
Using Eq.(13.1.22) in Ref.[25], we have
. I'(2b
W(wei™) = —W () = AB——CY) 4 (23)
r L +b—-k
2
Then, we find that F(w) is given by
1 b /%er —w(ret+rl) 1 1
Flw)= 2 T 2; {M <5 +h— k,1+2b,2m;> M (5 —b—k,1— 2b,2wr*)
X ) (=261 (% - k)
—M(§+b+k,1+2b,2wr’*>M<§—b+k,1—2b,2w7’*>]+ 1
renr (5 - k)
—w(r*-i—r;) 4 2 AL TR 1 1
x 2 (Aerryr) = 1 S b— k142020 ) M (= +b—k,1+2b, 207,
4bw 2 2
: 1 1
+ e(1+20)im pp (5 +b+Fk,1+2b, 2wr;> M (5 +b+k, 14 2b, 2wr*>} . (24)

We focus our attention on the intermediate
asymptotic behaviour of the massive Dirac fields.
When the late-time behaviours of G€ at the time

scale M <« r < t < ———, which leads to k < 1,
(Mp)?

following Hod and Prian,['419] the effective contribu-
tion to the integral in Eq.(11) is limited to the range
w = O

term e~

w/t). This is due to the rapidly oscillating

iwt wwhich leads to a mutual cancellation be-

tween the positive and the negative parts of the inte-
grand. There are both the field’s parameter ;1 and the
space-time parameter M in the factor k, which origi-
nates from the 1/r term and describes that the effect
of backscattering off the spacetime curvature from the
asymptotically far regions is negligible.

For the case k < 1, noting that M (k,b,z) ~ 1 as

z — 0, we obtain
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1

b panr <% - b)

(2a0) 1+ () B H

142b; 2b
_ T l4e iT w (r*r/*)%er. (25)
sin(wb) 21202 I'(b)?
After tedious calculation, we have
. 1 n 1 1+e(1+2b)i7r (T‘ T,/)%-ﬁ-b ) ob it
GO (ry,7i5t) = = x - T dw. 26
(ertit) = | s — e (26)
—n
|

As the above integral cannot be worked out an-  perturbation decays for mA > 0, but the larger the pa-
alytically, we use numerical integral to give three fig-  rameter a is, the more quickly it decays for mA < 0.

ures to describe how the decay rate is affected by the  Figure 3 shows that when parameter m ranges from

. . 3 3
rotating parameters a and m. Figures 1 and 2 show = o —Z the decay rate increases for the A > 0 case,
that the larger the parameter a is, the more slowly the  fHut it decreases for A < 0.

N
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Fig.1. In|GC (r4,7};t)| versus t for different a and m with p = 0.01 and A > 0. For m > 0, the larger the parameter a is,
the more slowly the perturbation decays. But for m < 0, the larger the parameter a is, the more quickly the perturbation

decays.
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Fig.2. In|GC(r.,7.;t)| versus t for different a and m with u = 0.01 and A < 0. When m > 0, the rotating parameter a
speeds the decay up; and m < 0, slows it down.
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Fig.3. In|GC (4, 7%;1)| versus t for different m and X, with g = 0.01 and a = 0.05. The top two figures are for the A > 0

3 3
case, which show that the decay rate increases when parameter m ranges from B to -5 The bottom two for A < 0, which

3 3
show that it decreases as m ranges from 3 to 5

4. Summary

The intermediate late-time behaviour of massive
Dirac fields in the background of a rotating black hole
is studied using the black hole Green’s function. We
use numerical method to study how the decay rate
is affected by the rotation of the black hole and the
results are presented by graphs, as the integrand in
Eq.(26) depends on w and the decay rate cannot be
worked out analytically. From the graphs we find that
the asymptotic behaviour of the massive Dirac fields
is dominated by a decaying tail without any oscilla-

tion, which is different from the oscillatory decaying
tails of the massive scalar field. The difference in the
late time tail between the massive Dirac and massive
scalar fields is caused by the factor Aw/pu in the param-
eter b. We also find that the larger the parameter a is,
the more slowly the perturbation decays for mA > 0;
but the larger the parameter a is, the more quickly it
decays for mA < 0. In addition, we also note that the

3
decay rate increases as parameter m ranges from 3 to
3 .
—— for the A > 0 case, but it decreases as m ranges

3 3
from 3 to —3 for A < 0.
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