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Many new forms of Boussinesqg-type equations have been developed to extend the range of applicability of the
classical Boussinesq equations to deeper water in the study of the surface waves. One approach was used by Nwogu
(1993. J. Wtrw. Port Coastal and Oc. Eng. 119, 618-638) to improve the linear dispersion characteristics of the
classical Boussinesq equations by using the velocity at an arbitrary level as the velocity variable in derived equations
and obtain a new form of Boussinesqg-type equations, in which the dispersion property can be optimized by choosing
the velocity variable at an adequate level. In this paper, a set of Boussinesq-type equations describing the motions of
the interfacial waves propagating alone the interface between two homogeneous incompressible and inviscid fluids of
different densities with a free surface and a variable water depth were derived using a method similar to that used by
Nwogu (1993. J. Wtrw. Port Coastal and Oc. Eng. 119, 618-638) for surface waves. The equations were expressed in
terms of the displacements of free surface and density-interface, and the velocity vectors at arbitrary vertical locations
in the upper layer and the lower layer (or depth-averaged velocity vector across each layer) of a two-layer fluid. As
expected, the equations derived in the present work include as special cases those obtained by Nwogu (1993, J. Wtrw.
Port Coastal and Oc. Eng. 119, 618-638) and Peregrine (1967, J. Fluid Mech. 27, 815-827) for surface waves when the

density of the upper fluid is taken as zero.
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1. Introduction

Interfacial internal waves in a density-stratified
fluid have received a great deal of attention due to
their practical importance. For example, Stokes!!] es-
tablished the theory of the interfacial wave for two-
layer fluid. Lamb!? described the nature of small-

Bl experimen-

amplitude interfacial waves. Keulegan
tally observed internal waves at the interface of a
two-layer fluid and theoretically derived the first-order
solution of the wave speed and profile using Boussi-

(4]

nesq’s approximation. Long® extended Keulegan’s

theory to the second order, and discussed the limit

of the wave amplitude. Thorpel®!

used an expansion
technique, analogous to that used by Stokes to study
surface waves, to investigate the effects of finite am-
6] ap-

plied Stokes’ expansion technique to internal waves at

plitude on internal waves. Tsuji and Nagata

the interface between two fluid layers of infinite thick-
To de-
scribe interfacial waves for both the flat top-layer sur-

ness, and obtained the fifth-order solution.

face and the free-surface boundary conditions, integral
equation techniques have been utilized by Grimshaw

and Pullin!” for large-amplitude periodic waves in ex-
treme form, Turner and Vanden-Broeck!®! for solitary
waves by the use of the complex velocity potential ap-
proach, and Evans and Ford!®! for solitary waves by

allo1] derived

the use of Green’s theorem. Umeyam
the second-order and third-order Stokes solutions for
internal waves at the interface between two fluids of
slightly different densities, and the theoretical solu-
tions were also tested by Umeyamal'®!!l in a 6m-
long laboratory wave tank with a horizontal flap-type
wavemaker. Recently, the second-order solutions for
random interfacial waves at a constant depth, the two-
layer fluid with a rigid lid were derived by Song[*? us-
ing an expansion technique, analogous to that used by

s3] for random surface waves, and the

Longuet-Higgin
influences of the uniform background currents and the
free-surface boundary condition on the solutions were
also studied by Song!* and Song and Sun.!'S] The
second-order Stokes solutions and the second-order
random solutions for multi-layer fluid were presented
by Chen et al.l'6'71 The wave equations describing
interfacial internal waves in a two-layer or multi-layer

fluid are nonlinear wave equations and there are many
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methods for solving nonlinear wave equations. For ex-
ample, perturbation method,['°=17 the homogeneous
balance principle,['3=2% expansion method about the
Jacobi elliptic function,?!] various tanh method,??

(23] and so on.

the general projective Riccati method

Since the weak dispersion is the most critical lim-
itation for many applications of the classical Boussi-
nesq equations (Boussinesq?¥; Peregrine®®)) in the
modelling of surface wave evolutions, many new forms
of Boussinesg-type equations have been developed
by improving their linear dispersion characteristics.
Witting[?6! presented a new set of equations valid for
a single horizontal dimension. Madsen et all?":28] in-
troduced an additional third-order term into the mo-
mentum equation to improve the dispersion accuracy
of the equation. Nwogul?”! used the velocity at an
arbitrary level as the velocity variable in the derived
equations and obtained a new form of Boussinesq-type
equations, whose dispersion property could be opti-
mized by choosing the velocity variable at an adequate
level. Schaffer and Madsen®) added third-order terms
to the momentum equation and also to the continuity
equation so that the frequency dispersion of the equa-
tions can be further improved. In the present study,
a set of Boussinesq-type equations describing the dis-
placements of free surface and density-interface, and
the velocity vectors at arbitrary vertical locations in
the upper layer and the lower layer (or depth-averaged
velocity vector across each layer) of the two-layer fluid
were derived using a method similar to that used to
study surface waves by Nwogu.[??) The equations de-
rived here have important potential applications in
the understanding of the generation and evolution be-
haviours of interfacial internal waves, the interactions
between the surface waves and internal waves, and
the interactions between the internal waves and the
topography of ocean bottom.

2. Basic equations and boundary

conditions

Consider the interfacial waves propagating along
the interface between two homogeneous incompress-
ible and inviscid fluids of different densities as shown
in Fig.1. A Cartesian coordinate system is employed
such that the horizontal coordinate axes z and y are
fixed along the undisturbed upper boundary, and the
vertical axis z is positive upward, p; and ps are the
densities of the upper and the lower layers, respec-
tively; (i(z,y,t) is the vertical displacement of free
surface, t is the time, (2(x,y,t) is the distance of the
interface measured from the undisturbed free surface,
H; is the distance between the undisturbed free sur-
face and the undisturbed interface, and D(z,y) de-
notes the mean water depth.

]
P1 CQ(CC,t) H1
| A
G
D(x)

Fig.1. Schematic plot of the two-layer system.

Assuming that the fluid in each layer is irrota-
tional, the governing equations for the fluid motion
are the continuity equations, Euler’s equations and
the irrotationality equations as follows:

V'Ui‘i‘%’ﬁi—ov i=12 W
8(;?4—( i V)UZ—F'(Ui%’L: *—%Vpi, i=1,2, 2)
8;:—1-111 V’wi-i-wi% _%%Zi_’ —hE “
%":—Vwi—o, %—1: %— . i=1,2, (4)
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where ¢ is the gravitational acceleration, u; = density interface and the bottom are
(us,v;) (¢ = 1,2) are the horizontal velocity vectors in ac
the upper and lower layers, w; is the vertical velocity, wy = 8_151 +ur-VGa, z=(, (5)
p; is the pressure, the subscript 1 will be used for the Gy '
upper layer and 2 will be used for the lower layer, and Wi ==y — Wi~ Ve, (i=12), z2=¢, (6)
V = <§7§> pl:oa chla (7)
x
Y p1=p2, z=—C, (8)
wy = —UuUg - VD, z=—D. (9)
The boundary conditions at the free surface, the Introducing nondimensional variables as follows:
|
x/:£7 ylzga Z/:iv tI: ghota ;: b U{Li ho U;,
L L ho L P0gao aov/ gho
h2 G . G H D
! 0 ! 1 ! 2 ’ 1 /
=M = g2 ot p o P 10
aoLv/gho "ag” P ao " ho ho (10)

where L is the characteristic wavelength for the hor- < % : %) — LV and —C = —H, + 52.
x oy

izontal direction, hg is the characteristic water depth
By using Egs.(10), the governing equations and

for the vertical direction, aq is the characteristic wave

amplitude, po is the characteristic density, V' = the boundary conditions (1)—(9) can then be expressed

in nondimensional form as

Ow;
2 i .
V- u; =0, =1,2, 11
WAV i i (11)
ou; ou; 1
20%i 2 (s Vg 4+ ew; O — L2, = 1,2 12
Ly +ept(u; - V)u, + ew 5, %u Vpi, i=1,2, (12)
ow; g2 Ow; € Op;
IS a1 +e€ ui-Vwi+—2wi—aZ :—% 92 — 1, 221,2, (13)
ou; du;  Ov; .
— i = 0, — = U, = 1,27 14
5, — Vwi =0 3 5 0, i (14)
_ 28<1 2 _
wy = W E‘i‘aﬂ 'Uzl'VCl, Z—ECD (15)

aC¢ . .
wi:*ﬂ%ﬂxﬂui-% (i=1,2), z=—H +e(s, 16
17
18

19

plz(), Z:E‘Cl,
1 =p2, z=—H +ebo,

)
)
)
wy = —pluy - VD, z=-D, )

(
(
(
(

h .
where € = @, w= —0, Yi = P and we have dropped
ho L Po

the primes for dimensionless variables.

across the upper-fluid layer (from the density interface
to the free surface) and for ¢ = 2 across the lower-fluid

layer (from the seabed to the density interface), sep-
Integrating the continuity equation (11) for i =1
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arately, and applying the boundary conditions (15), 5 é —Hi+e(a
(16) and (19), we have a_f +V- / usdz = 0. (21)
A ey -b
(¢t — Ca) -~ . . .
—ar +V. u1dz = 0, (20) Similarly, the horizontal momentum equations
CHitels (12) and (13) can be integrated over the depth to give
|
P eC1 5 eC1 5 eC1
NQE / widz + 5/12% / uwidz + E’MZB_y / viudz
—Hy4es —Hy+eo —Hy+eo
'LLQ ey g‘uz R
oy / pidz+ LVl g, = 0 (22)
—H+ela
—Hy+els —Hy+es —Hi+ela
MQE uodz + EIU,Q% usuadz + EUQa—y vouadz
-D -D -D
M2 —Hy+eC2 g/ﬁ A u2
+£V / podz — ¥VC2P2|Z:,HI+552 - %VDP2|Z:—D =0, (23)
-D
|
where Eqgs.(15)—(19) have been used. 7
. - . wy = —p?V - [ uapdz (25)
Integrating the continuity equation (11) from z to 2 28
z = (1 in the upper layer and from z = —D to z in -D
the down layer, separately, and applying the boundary
conditions (15) and (19), we have Similarly, integrating the momentum equation
1 (13) from z to z = &(; in the upper layer and from
wy = p? % 4V /uldz , (24) % to z = —H; + 562 in the down layer, respectively,
ot J and applying the boundary condition (17), we have
|
5 eC1 P eC1 P ey
pi(z,2,t) = (1 — %z +’yl& /wldz +em 92 /ulwldz + (9_y / viwidz | — %w%, (26)
—Hi+els
o2 0
p2(®, 2, ) = P2l g g t 726 — ?(Z + Hy) +72& wadz
—Hi4els —Hi+els
+evo | =— / ugwodz + — / vowodz | — %w%. (27)
Ox Oy 12

Substituting Eqgs.(24) and (25) into the irrotationality condition (14) yields

eCt
) )
% _ v% +eV(VC - ut)aee, + / V(V - u)dz + eV (V- ur)oeee, § s (28)

z
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z
8’11,2

0z
-D

All the foregoing equations are exact, and valid for all
orders of € and u.

—— = > {V(VD uy)|.—_p + / V(V -uz)dz +VD(V - u3)|.—_p p . (29)

and the lower layer as follows:

wi(®,2,t) = Wilpms,, + (2 — ZQ)% e,
3. A set of Boussinesqg-type equa- 1 %u;
q-typ q +§(2—2a¢)2 8; - + -+ (30)

tions

There are different methods of deriving the
Boussinesq or Boussinesqg-type equations. One ap-

proach was used by Nwogul®”! to improve the linear

Substituting Eqs.(28)—(30) into Eqgs.(24) and (25)
yields

dispersion characteristics of the classical Boussinesq 2 {3C1 } 4
wy = — + V- [(e4 — 2)uqy,] p + 0O ,
equations (Boussinesq!?¥; Peregrine?®)). In this sec- R T (£61 = 2)ua] (W)
tion, a method similar to that employed by Nwogul?%] (31)
is used to derive a set of Boussinesg-type equations wy = —p’V - [(z 4+ D)ua,] + O(M4)7 (32)
for the two-layer fluid system. The horizontal veloci-
ties u; and wo are expanded into Taylor series about — where wa, = i|.=, (i = 1,2).
arbitrary depths z = z,,(¢ = 1,2) of the upper layer Using Eqs.(20), (21) and (30), we have
|
%_ gy V(D HyV Ole, 112 33
W__ 1V Ua; — ( ua2)+ 1V - Uy + (57M)7 ( )
and Eq.(31) can be rewritten as follows:
wy = P2 {—(Hy + 2)V - o, — V- (Dg,) + H1V - wa, } + O(2, e, ). (34)
Using the irrotationality condition (14), (32) and (34), we have
’u’l(m7 Z7t) = Uq, + MQ(Z - Zal){_Hlv(v ’ uOtl) - v[v ) (Duaz)] + Hlv(v ) uaz)}
1
—5hA (5 = 2 V(Y ) + O, ep i), (35)
U@, 2,8) = Uay — (2 = 205) V[V - (Dta, )]
1
G = VT ) + O e, i), (36)
Substituting Eqgs.(32), (34)-(36) into Egs.(26) and (27), and using Eq.(18) yields
" 9 Oug, d(Du,) Oug,
= - = —z |—H 1V - -V- H,V
PL= mb - oet s { Z[ T o Y T
1 oo Ouqg, 2 2 4
+§Z V- 5t }+O(5,5u,u), (37)
1 ou 9(Dug,) ou
2 aq a2 Qg
— Hy |—=H,V - V. HV -
P2 = Mk 1[ 5 H1V 5 \ T 1V ({%}
P2 2 9(Dua,) 1 5 2 g,
_ 12 HO)WV. 22" L 202 g s
26z — Z2+nm [(ZJF 1)V 5 T30 )V —

&)+ BT h o ), (59)
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Assuming that O(e) = O(u?) < 1 and O(VD) = O(1), substituting Eqgs.(32), (34)-(38) into Eqs.(20)—(23),

and retaining terms up to O(g) and O(u?), we have

(& — &) 2 2 O 2
TR {[Hl e(G 42)} um} + PV S (GHY + SH R+ iz, ) V(Y - ug,)
+ (%Hf + lea1> VIV (Dug,)] — (%Hf’ + Hfzm) V(V- uaz)} =0, (39)
aC; ; ) 1 1
v +V-[(D—-Hi+el)ug,|+p°V-<(D— Hp) §D + §H1 + 24, | VIV - (Dug,)]
+%(D—H1)(3z§2 — D? - H? —DHl)V(V~ua2)} =0, (40)
Oug, 9 1, Oug, d(Du,)
5 —V§ —p {(§Za1 + leal) \Y% <V e > + 20,V [V —
“Hiz,V (v- 3’;?2)} — (U, - V)Uq,, (41)
O, . .
=2 = Vo = V(61— ) — e(ttan - V)t
_2) T2 duq, _ I(Dua,)
] { 2H1V (V 5 ) + [2ay + (1 —v)H 1]V [V 5
1, 1 2 I,
+[2za2+(7 Q)H@v(v ue )} (42)
|
"

where y = — = ﬁ, Eqgs.(39) and (40) have been used
V2

P2
in the derivations of Egs.(41) and (42).

If the density of the upper layer is small enough
and can be neglected (i.e., p; = 0), then v = 0, and
its mode may be described as an oscillation of the
lower fluid which is almost the same as if its upper
surface were free, as stated by Lamb.[¥ For this ex-

treme case, moving the coordinate system down to
z = —H; along the vertical axis (i.e., z — z + Hy),
and denoting n = fg, h =D — Hi, uq = Uq, and
Za = Zas + H1, Eqs.(40) and (42), respectively, reduce
to the Boussinesq-type equations (25a) and (25b) pre-
sented by Nwogu in Ref.[29] for surface waves.

We denote the depth-averaged velocity vector
across each layer as follows:

] eC1 ] —Hi+els
U = —————5— / udz, U= ———= uadz. (43)
Hy +e(G— () . D — Hy +eC
—Hi+e(z -
Thus, substituting Egs.(35) and (36) into the above equations yields
— 2 1H2 1 2 H
U = Uq, + g 1 + §Za1 + 1”aq V(V ' ual)
1 1

+ <§H1 + zm) V[V - (Dug,)] — <§H12 + lem> V(V - ua2)} , (44)

U2 = Uq, + 1 §D+§H1+za2 VIV - (Dug,)]
1
+5 (322, - D? —Hf—DHl)V(V-uaz))}, (45)

and the variables (i, 527 41 and U9 satisfy the following equations:
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‘9(@67;52) + V- A{[Hy + (¢ — G)lan} =0, (46)
% + V- [(D = Hy +ely)ug] =0, (47)
% = VG — el - V) + p {3 2y (v %) + %Hlv {v- a(gf2)]

—%va (v %)} (48)
Dt

= -V = V(G — &) — etz - V)
2 )Y 12 8U1 1 1 8(Dﬂg)

+%[2(1 —3y)H? — D?> — DH,|V <v : %)}. (49)

ot

For the extreme case of p; = 0, denoting 7 = (5,  (26b) restated by Nwogu in Ref.[29]). Thus, the equa-
h = D — Hy, and @, = Uq,, Eqs.(47) and (49), re-  tions derived from the present work include as special
spectively, reduce to the classical Boussinesq equa- cases those obtained by Nwogul?®! and Peregrinel?°!
tions derived by Peregrinel?® for surface waves (see  for surface waves.
the dimensionless form of Eqgs.(14) and (13) presented The dimensional form of Eqs.(39)—(42) and (46)—

by Peregrine in Ref.[25] or the equations (26a) and  (49) are

(<18t C2) {[Hl +G - é?]uoa} +V- {(%Hf + %leil + lezal) V(V - uq,)
+ (lﬂf + leal) VIV - (Dug,)] — (%Hf’ + Hfzm) V(V- uaz)} =0, (50)
dCa A 1 1
Bt + V- [(D —H + Cg)’uaz} + V- {(D — Hl) (§D + §H1 + Zaz) V[V . (Duaz)]
+%(D — Hy)(322, — D* — H{ — DH,)V(V - uaz)} =0, (51)
Mg, Mg, (D,
% S v/ (%zi + lem) v <v : %) 2V [v : %}
+H120,V (V 81(;?2) — (way - V)tUay, (52)
g, R . g,
22 = g9 =199 (G — &) = (was - Vo, + FHEV (V = )
(Dt 1 O,
—[2ay + (1 = 7)H} ]V [v : %} - [5232 + (7 - —) Hl] v (v : %) : (53)
91 = ¢2) 5 C2) {[Hl +G — §2} ﬁl} =0, (54)
%% +V- [(D - Hy + 52)112} =0, (55)
8’LL1 - 8’111 1 8(Dﬂg)
1

——H}V (v : %) — (a1 - V), (56)
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Ouo
ot
ot
where the dimensional w; and us are

1 G
e —— / Ule,
Hi+G —¢

—Hy+62

u; =

4. Conclusions

A set of Boussinesg-type equations describing the
displacements of free surface and density-interface,
and the velocity vectors at arbitrary vertical loca-
tions in the upper layer and the lower layer (or depth-
averaged velocity vector across each layer) of a two-
layer fluid have been derived using a method similar to
that used to study surface waves by Nwogu.[??! From

= gV 19V (G ~ o)~ (B V)t + THY <v .

i (1= 2 ] v - 22

o
ot
] + % [2(1-3y)H{ — D* — DH,| V (v :

—Hi4Cs
_ 1

T (58)
D—-H +¢(

’LLQdZ.

the derivations and the results, it is noted that the
higher-order Boussinesq-type equations with higher-
order nonlinear effects can be derived using the same
method as that presented in this paper. It is also noted
that the equations derived from the present work in-
clude as special cases those obtained by Nwogu!??! and
Peregrine?®! for surface waves when the density of the
upper fluid is taken as zero.
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