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In this paper, a new kind of symmetry and its conserved quantities of a mechanical system in phase space are

studied. The definition of this new symmetry, i.e. a Noether—Lie symmetry, is presented, and the criterion of this

symmetry is also given. The Noether conserved quantity and the generalized Hojman conserved quantity of the Noether—

Lie symmetry of the system are obtained. The Noether—Lie symmetry contains the Noether symmetry and the Lie

symmetry, and has more generalized significance.
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1. Introduction

The research on symmetry and conserved quanti-
ties of a mechanical system possesses important theo-
retical and practical significance. The modern meth-
ods to find conserved quantities of a mechanical sys-
tem are mainly the Noether symmetry,' =% the Lie
symmetry!*—1% and the Mei form invariance (or the

11151 And about conserved quanti-

Mei symmetry)
ties there are mainly three kinds:(' the Noether con-
served quantity, the Hojman conserved quantity and a
new type of conserved quantity (or the Mei conserved
quantity'™). The previous studies on symmetries and
conserved quantities were all carried out from a kind
of symmetry to seek a type of conserved quantity.
Recently, the unified symmetry of the Lagrange
system was studied in Ref.[18] and the unified symme-
try of the holonomic mechanical system was studied in
Ref.[19]. The unified symmetry could lead to the three
kinds of conserved quantities mentioned above. The
Lie-form invariance of the Lagrange system was stud-
ied in Ref.[20]. In this paper, we study the Noether—
Lie symmetry of mechanical system in phase space
and its conserved quantities. The definition and the
criterion of the Noether—Lie symmetry of the system
are presented. The Noether conserved quantity and
the general Hojman conserved quantity deduced from
the Noether—Lie symmetry of the system are obtained.
The Noether—Lie symmetry contains the Noether sym-
metry and the Lie symmetry, and has more general-
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ized significance.

2. Definition and criterion of

Noether—Lie symmetry

The differential equations of motion for mechani-
cal system of phase space can be written in the form

_OH . 0H

_apsa pS:_aqS+st

(s=1,---,s), (1)

qs

where H = H(t,q,p) is the Hamiltonian of the sys-
tem. Equations (1) can be expressed as follows

4s = g9s(t,q,p), ps=hs(t,q,p). (2)

Introducing the infinitesimal transformations

t* =t+e&(t,q,p),
s (t") = qs(t) + e&s(t, q, p), (3)
ps(t") = ps(t) +ens(t, q,p),

where ¢ is the infinitesimal parameter, and &, &5, 75
are the generators of infinitesimal transformations.
Definition

tem in phase space is both a Noether symmetry and

If a symmetry of mechanical sys-

a Lie symmetry, the symmetry is called Noether—Lie
symmetry of the system.

For a mechanical system in phase space Eq.(1),
under the infinitesimal transformations Eq.(3), the
Noether identity can be written in the form
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d¢y  0H OH d¢, . dGy
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w T o+ qu Psgy Qs(&s — dso) . 0 (4)
where
d 0 0 0
Y By Y
a ot Pag o (5)
and Gy = Gn(t,q,p) is a gauge function. The determining equations of the Lie symmetry of the system have
the form
OH OH
XM (g, — =0, XU (p, —Qs) =0 6
(q 8p5) Y p + aqs Q ? ( )
where
ags . 6150 0 ans . afo 0
1 — x(0) 58 5 080 .20
X X +(dt qsdt)8q5+(dt Par ) opy @
0 9] 9]
XO) = 0= 46— 4+ ny—-. 8
foat+§8qs+naps (8)

Equations (6) can be also written in the form

ags agO
—gs—2 = X0 (g,
T 9y =X 9s),

dns déo (0)
S = XO(ny). 9)

According to the above definition, using the relations (4) and (6), we have the following criterion.
Criterion Under the infinitesimal transformations (3), if there exists such a gauge function Gy (t, q, p)
that the infinitesimal generators &y, £s and 75 satisfy the condition

H\* H 2
X(l) Ljs_a + X(l) ps+8 _Qs
(9p5 aq.s

= 7 = 2
+{Hd§0 OH, OH_  d& dGN} 0 (10)

- Qs(gs - QS§0) - T )

then the symmetry is a Noether—Lie symmetry of ~ the Noether identity Eq.(4) holds. Substituting Eq.(4)

mechanical system in phase space. into the derivative of Eq.(11) with respect to time ¢,
we can obtain Proposition 1.

3. Conserved quantities deduced Proposition 2 For the .mec}.lani.cal system in

phase space Eq.(1), under the infinitesimal transfor-

from Noether—Lie symmetry mations Eq.(3), if there exists such a function v =

u(t,q,p) that
The Noether—Lie symmetry of mechanical system
in phase space can lead to the Noether conserved dgs Ohs d

—Ilnu=0 12
quantity and the general Hojman conserved quantity. 0qs + Ops + ar ’ (12)

Proposition 1 For mechanical system in phase

space Eq.(1), the Noether-Lie symmetry will lead to then the Noether—Lie symmetry will lead to conserved

the Noether conserved quantity quantity
Iy = ps&s — HEp + Gy = const. (11) Iy = 19(uéo) + 19(ués) + 19(uns) _ d&
u Ot u  0gs u  Ops de
Proof Because the Noether-Lie symmetry is = const. (13)

certainly a Noether symmetry from the Definition,
there exists such a gauge function Gy (t,q,p) that Proof We have
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Because the Noether—Lie symmetry is certainly a Lie symmetry from the Definition, so we have the de-
termining equation of the Lie symmetry Eq.(6) or Eq.(9). Substituting Eqs.(15)—(17) into Eq.(14) and using

Eq.(9), we can obtain

dIy d 1 ou d 1 Ju d (1 0u dgs A&y Oh d&y
o e e e N
dt u Ot u 0qs dt \ u Ops dqs dt ~ Ops dt
0%g 8 hS 0%g, 0%g, 8%hg 0%hg
18
g 0 TS Dy Ty ™ (8
Finding the partial differential of Eq.(12) with re- g2 = o 8_H Do
spect to t, g, and pi respectively, and substituting the Op2
results into Eq.(18), noting Eq.(9), we have hi = p1 _g_H +Q1 =0,
. q1
dig OH
E = 0. (19) hy = P2 = —a—q2 + QQ =D1 (22)
We call the conserved quantity (13) general Hoj- Choose the infinitesimal generators as
man conserved quantity of mechanical system in phase
space. =1, &= —aq)
If & = 0, the conserved quantity Eq.(13) becomes E=1, m=0, n=0 (23)

l 8(”55)
u 0gs

B 1 0(uns)
Iy = w e const. (20)

Which is the Hojman conserved quantity of mechani-
cal system in phase space.[2!]

For the Hamilton system, the conserved quan-
tities Eqs.(13) and (20) become the results in the

Refs.[22] and [16] respectively.

4. Illustrative example
The Hamiltonian of a mechanical system is
H=1
2

the non-potential generalized forces are Q1 = 0, Q2 =

(¥} +p3), (21)

p1. Try to study its Noether-Lie symmetry and con-
served quantity.
Equations (1) and (2) give

0H

g1 =4q1 = = p1,
8p1

For the infinitesimal generators Eq.(23), when tak-
ing Gy = pi1g2 — q1, the Criterion equation of the
Noether—Lie symmetry Eq.(10) is satisfied, so the in-
finitesimal generators Eq.(23) are Noether-Lie sym-
metrical. From Eq.(11) we can obtain

1
In= pi(p2—q1)*+ 5(193 —p})+pige — @

= const. (24)
Equation (13) gives
d
T Inu =0, (25)
which has the solution
u = ePl. (26)

Substituting Eqgs.(23) and (26) into Eq.(13), we obtain

Iy = 2(p1 — q1) = const. (27)
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5. Conclusion

A new kind of symmetry and its conserved quanti-
ties of a mechanical system in phase space are studied
in this paper. The definition of this new symmetry,
i.e. a Noether—Lie one is presented, and the criterion
of this symmetry is also given. The Noether conserved
quantity and the generalized Hojman conserved quan-
tity of the Noether—Lie symmetry of the system are
obtained. An example is given to illustrate the appli-
cation of the result.

The previous studies on symmetries and con-
served quantities of mechanical system in phase space
were all carried out from a kind of symmetry to seek
a type of conserved quantity. The Noether—Lie sym-
metry shown in the paper contains the Noether sym-
metry and the Lie symmetry, and has more general-
ized significance. By the Noether-Lie symmetry, we
have obtained two types of conserved quantity, i.e. the
Noether conserved quantity and the generalized Hoj-
man conserved quantity of mechanical system in phase
space.
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