Vol 15 No 12, December 2006
1009-1963/2006/15(12) /2777-05

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

Chinese Physics

Integrating factors and conservation theorems
of constrained Birkhoffian systems*

Qiao Yong-Fen(FF7k35)®, Zhao Shu-Hong(B#£1)®, and Li Ren-Jie(Z5-7%))
a) Engineering College of Northeast Agricultural University, Harbin 150030, China
b)Faculty of Science, Laiyang Agricultural College, Laiyang 265200, China

(Received 4 January 2006; revised manuscript received 14 March 2006)

In this paper the conservation theorems of the constrained Birkhoffian systems are studied by using the method of
integrating factors. The differential equations of motion of the system are written. The definition of integrating factors
is given for the system. The necessary conditions for the existence of the conserved quantity for the system are studied.
The conservation theorem and its inverse for the system are established. Finally, an example is given to illustrate the
application of the results.
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1. Introduction 2. Equations of motion of con-

strained Birkhoffian systems
In 1927, the American mathematician Birkhoff
gave a new form of equations of motion and a new inte-

Suppose that the Birkhoffian systems is subjected

gral principle in his work ‘Dynamical Systems’.l!] The to g constraints in the form

equations are called Birkhoff’s equations on Santilli’s
suggestion in 1978.12) Mei and co-workers generalized

fﬁ(t,a):O, (6:172359) (1)
the study to nonholonomic dynamical systems, and

constructed the frame of Birkhoffian dynamics.34 Af- The conditions added to virtual displacements da* by

terwards, the research of Birkhoffian dynamics was
expanded from the classical case to the relativity and
rotating relativity domains.[®=7 In recent years, some
results for the study of Birkhoffian dynamics were
obtained.[®=1% Now, the study of Birkhoffian dynam-
ics which have become an important developed direc-
tion in modern mathematical, mechanical and physi-

cal domains.

In 1984, the method of integrating factors for
finding the conserved quantity of non-conservative
mechanical system was derived by Djukic’.'*) This
method has the benefits of fewer conditions, easy
calculation and wide practical application. Also, it
will have a great future in the integration theory
of analytical mechanics, and some results have been
obtained.[12—14]

In this paper, the theory of integrating factors for
differential equations of motion is used to seek the con-
served quantities of constrained Birkhoffian systems.

the constraints are

%&L“:O, B=12,...,q;u=1,2,...

o ,2n). (2)

Then the equations of motion of the constrained
Birkhoffian systems arel'!]

OR, OR, y 0B O0OR, 0fs
—r a’ - — - — =g,
dat oa” dat ot dat

B=12...,9;0=1,2,...,2n). (3)

where the R, = R,(t,a) are called the Birkhoff func-

tions, and the B = B(t, a) is called the Birkhoff func-
tion.

Using the constraint Eq.(1) and the equations of
motion (3), and expressing Ag as the function of ¢ and
a before integrating the differential equations of mo-

tion, we have

LA P

Oat da”
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where 3. Integration factors and conser-
af i
Po=Puta) =02 (=12 o), () ~ Vation theorems

have been expressed as explicit function of ¢t and a.
Eq.(4) is called the free Birkhoff equations, cor-
responding to the constrained Birkhoffian systems. If

3.1. Integrating factors

The invariant

the initial conditions satisfy the constraint equations OR, _ 9, a” — OB _ 9, _ P, &
. . . OJat  Oa” Oat ot
(1), the solutions of Eq.(4) give the motion of the con-
strained Birkhoffian systems. reduces identically to
|
OR, OR,\., 0B OR,
Z e _ = _Zm_p
[( OJat  Oa” ) “ 7 Yan ot | Sn
d OR OR 0B OR
= — (R, —BT+G)+ K —l - L)y - — =L _Pp 6
ap Pubn =BT +G) ”Kaau am)a dar ot M| (6)

where 7, G and K, are functions of ¢ and a. In this case, the {, = &,(t,a) is called integrating factor of the

equation of motion Eq.(4).

3.2. Conservation theorem

Combining Eqs.(4) and (6), we have

d
a(Rugu - Bt +G) =-K, [( Dak

then the following theorem can be obtained.

Theorem 1 If the {, is integrating factor of
Eq.(4), there exists a conserved quantity (first inte-
gration)

I =R, — Bt + G = const (8)

for the free Birkhoffian system Eq.(4), corresponding
to the constrained Birkhoffian systems Egs.(1) and
(3).

Proof: Differentiating Eq.(8) with respect to time
t and considering Eqgs.(4) and (7), one has

d (9RV 6RM
&(Rufu — BT + G) + [(W -

where

OR,

W) @

B OR, OR,
? =Ky [(3@“ a 8a7>a

dI  d
a &(Rugu_BT"'G)
B OR, OR,\ ., OB 0OR,
Ku {( Oat  Oa? ) T Dan ot Fu
=0. 9)

For a given dynamical system, if the £, is integrat-
ing factor of Eq.(4), the necessary condition Eq.(7)
must be satisfied for every set of functions &,,, 7, G and
K,,. Now, multiplying two sides of Eq.(4) by ({,—a"T)
and making summation for u, then adding the result
to condition Eq.(7), we obtain

—_——_—_———— — _ .# =

- PH} (€4 — a'r) + & =0, (10)
0B OR

Y TR
dat Ot PM} ' (11)

Expanding condition Eq.(10), obviously, the term which contains a¢*a” is zero. Then condition Eq.(10) becomes

OR, ., OB
( ot _E)” Dar

Oat

(L 22) g, -

B7 + R,&, — Pu(6, — 1) + G+ & =0, (12)
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If the set of functions &, 7, G and K, satisfies the
necessary condition Eq.(12) and the right-hand side of
Eq.(8) is reduced to a constant, then we have following
theorem.

Theorem 2 For every nonsingular set of func-
tions &,,7,G and K,, which satisfies the necessary
condition Eq.(12), there exists a conserved quantity
(first integration) Eq.(8) of the free Birkhoffian system
Eq.(4), corresponding to the constrained Birkhoffian
systems Egs.(1) and (3).

4. Inverse theorem

For the corresponding free Birkhoffian system
Eq.(4), if the first integral of system has known, then

LY e
+ @+ Oat da”

ol oI % B OR, I
ot Oat

g0 % ok
D 5 Pﬂ} (&, —a"T) =0.

from the inverse theorem of the integrating factors the
functions 7,G and the integrating factor &, can be
found.

Suppose that the corresponding free Birkhoffian
system (4) has a first integral

I =I(t,a) = const, (13)
then, there is
ol 01
ISl T
Bn + 8a#a 0. (14)

Multiplying two sides of Eq.(4) by (£, — a*7) and
making summation for u, then adding the result to
Eq.(14), we obtain

(15)

Obviously, in Eq.(15), the term which contains a*a” is zero. According to the fact that the coefficients of a7 in

Eq.(15) is zero, we have

ol  (OR, OR,
o T (a— - W)fﬁ(

Suppose that the system Eq.(4) is non-singular,
ie.

det(£2,~) # 0.

OR, OR,
da*  Oa”
tensor. Then the Eq.(16) can also be expressed as

(17)

Where (£2,,) = < > is called Birkhoffian

ol 0B OR
— MY | = 4
bu =12 bm+Qm+at+ﬂy}
(b=1,2,...,2n), (18)
where
M0y, = 0up(1,v,p=1,2,...,2n). (19)

Finally, let the first integral Eq.(13) equal to the con-
served quantity Eq.(8), then we obtain

I =R, — Br+G. (20)

Theorem 3 If the corresponding free Birkhof-
fian system Eq.(4) has a first integral Eq.(13), then
the integrating factor £, and the functions 7, G cor-
responding to the integral Eq.(13) are determined by
Eqgs.(18) and (20).

dar | Ot

0B  OR,

+—+P7)T=0. (16)

Here, we have (2n+1) algebraic equations with
(2n+2) unknown functions in most case, thus the set
of functions {,,, 7 and G did not satisfy the uniqueness.

5. Example

The motion of a mechanical system can be de-
scribed by the fourth order Birkhoff equations as fol-
lows.

The Birkhoffian and the Birkhoff functions are re-
spectively

B=

S + (@) + (@),

Rl =a3, R2=a4, R3=R4:0. (21)
The constraints acting on the system are
flzala?’—c%:(), fo=a'+a* —co=0. (22

We try to find the conserved quantities of the sys-
tem. Firstly, we study the direct problem to obtain
the conserved quantities of the system. The first step
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. . . . . 3)2
is to establish corresponding free Birkhoff equations. Py = —d® Py——a'+ (a 1) (25)
Equations (3) gives a
—&® —a' = Md® 4 hy, —at =0, Substituting Eq.(25) into Eq.(23), we have
a' —a® = M\at, @ —at =\ (23) —&®—a' = —a, —at=o,
3)2
From Egs.(22) and (23), we obtain at—a®=—d®, ®—at=—-a'+ @. (26)
a
a3 L (@32
AL = 1 Ay =—a + T (24) The second step is to seek the conserved quanti-
th ties of corresponding free Birkhoffian system Eq.(26).
en
According to the necessary condition Eq.(12) we
P1:A1a3+A2:—a1, PQZO, have

(ar — a®)&s + (a2 — a*)&y — a'éy — BT + P& + a6y + G + al (&) — a*7) + a® (& — a7)

+ al_(a3)2 (&4 — a*7) — K + a'K 22 4 1_(@3)2 Ki—0 27
o 41—a'T)—a’Ky+a K3+ (a®—a*+a o 1 =0. (27)

Equation (27) have solutions

7=0, &=1, &§=8=4=0, Ki=K,=K3=K4=0, G=0. (28)
T:O, 51:1, 5225325420, K1:K2:K3:K4:O, G =0. (29)
1
T=0,6=0&=0d, &=a', G=—d, K=Ky =K3=K,=0, G= 5[(@1)2 — (@®)* = (a")?].(30)
|
. 1
Then the conserved quantities Eq.(8) of theorem 2 Iy = 5[(al)z +(a®)? + (a4)2]. (33)
give, respectively
I = a* = const, (31)
Next, we study the inverse problem. From
I, = a® = const, (32)  Eq.(21), we obtain
|
00-10 0 010
00 0 -1 0 001
(2uy) = ;o () = : (34)
100 O -1 000
010 0 0 -100

Suppose that Eq.(21) has a first integral Eq.(31), then the Eqs.(18) and (20) give

3\2 3)\2
51207 52:1+|:a4_a1+(21) :|T7 53:07 54:07 a4|:a4_al+%:|T_BT+G:0' (35)

Taking G = 0, from Eq.(35) we obtain
G =8=8=0, &=1, 7=0.
Next, suppose that Eq.(21) has a first integral Eq.(32), as calculated above, we have

_ a1 (ag)z _ _ 4| 4 1 (ag)z _ _
& =1, &L= a"—a —I——al T, £&3=0, & =0, a" |a"—a —I——al T—Br+G=0. (36)
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Taking G = 0, from Eq.(36), we obtain

§1=0, &=8=6=0,

7=0.

Finally, suppose that Eq.(21) has still a first integral Eq.(33), as calculated above, we have

Taking G =

These values are consistent with the result in Ref.[15].

GL=d, G=a"+|a"—a' +

6+ ale — 2[(a})? + (@) + (@))r + G =

2

N =

[(a")? — (a*)? — (a")?], from Eq.(37), we obtain

(13 2

53 = _a/lu 54 = 07

[(a")? = (@®)* = (a*)?].

N =

T:07 5120/3, 5220/47 53:_0/17 5420
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