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In this paper the conservation theorems of the constrained Birkhoffian systems are studied by using the method of

integrating factors. The differential equations of motion of the system are written. The definition of integrating factors

is given for the system. The necessary conditions for the existence of the conserved quantity for the system are studied.

The conservation theorem and its inverse for the system are established. Finally, an example is given to illustrate the

application of the results.
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1. Introduction

In 1927, the American mathematician Birkhoff

gave a new form of equations of motion and a new inte-

gral principle in his work ‘Dynamical Systems’.[1] The

equations are called Birkhoff’s equations on Santilli’s

suggestion in 1978.[2] Mei and co-workers generalized

the study to nonholonomic dynamical systems, and

constructed the frame of Birkhoffian dynamics.[3,4] Af-

terwards, the research of Birkhoffian dynamics was

expanded from the classical case to the relativity and

rotating relativity domains.[5−7] In recent years, some

results for the study of Birkhoffian dynamics were

obtained.[8−10] Now, the study of Birkhoffian dynam-

ics which have become an important developed direc-

tion in modern mathematical, mechanical and physi-

cal domains.

In 1984, the method of integrating factors for

finding the conserved quantity of non-conservative

mechanical system was derived by Djukic’.[11] This

method has the benefits of fewer conditions, easy

calculation and wide practical application. Also, it

will have a great future in the integration theory

of analytical mechanics, and some results have been

obtained.[12−14]

In this paper, the theory of integrating factors for

differential equations of motion is used to seek the con-

served quantities of constrained Birkhoffian systems.

2. Equations of motion of con-

strained Birkhoffian systems

Suppose that the Birkhoffian systems is subjected

to g constraints in the form

fβ(t, a) = 0, (β = 1, 2, . . . , g). (1)

The conditions added to virtual displacements δaµ by

the constraints are

∂fβ

∂au
δaµ = 0, (β = 1, 2, . . . , g; µ = 1, 2, . . . , 2n). (2)

Then the equations of motion of the constrained

Birkhoffian systems are[11]

(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
= λβ

∂fβ

∂aµ
,

(β = 1, 2 . . . , g; µ = 1, 2, . . . , 2n). (3)

where the Rγ = Rγ(t, a) are called the Birkhoff func-

tions, and the B = B(t, a) is called the Birkhoff func-

tion.

Using the constraint Eq.(1) and the equations of

motion (3), and expressing λβ as the function of t and

a before integrating the differential equations of mo-

tion, we have

(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
= Pµ, (4)
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where

Pµ = Pµ(t, a) = λβ

∂fβ

∂aµ
, (µ = 1, 2, . . . , 2n), (5)

have been expressed as explicit function of t and a.

Eq.(4) is called the free Birkhoff equations, cor-

responding to the constrained Birkhoffian systems. If

the initial conditions satisfy the constraint equations

(1), the solutions of Eq.(4) give the motion of the con-

strained Birkhoffian systems.

3. Integration factors and conser-

vation theorems

3.1. Integrating factors

The invariant
[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

ξµ

reduces identically to

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

ξµ

≡
d

dt
(Rµξµ − Bτ + G) + Kµ

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

, (6)

where τ , G and Kµ are functions of t and a. In this case, the ξµ = ξµ(t, a) is called integrating factor of the

equation of motion Eq.(4).

3.2.Conservation theorem

Combining Eqs.(4) and (6), we have

d

dt
(Rµξµ − Bτ + G) = −Kµ

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

, (7)

then the following theorem can be obtained.

Theorem 1 If the ξµ is integrating factor of

Eq.(4), there exists a conserved quantity (first inte-

gration)

I = Rµξµ − Bτ + G = const (8)

for the free Birkhoffian system Eq.(4), corresponding

to the constrained Birkhoffian systems Eqs.(1) and

(3).

Proof: Differentiating Eq.(8) with respect to time

t and considering Eqs.(4) and (7), one has

dI

dt
=

d

dt
(Rµξµ − Bτ + G)

= −Kµ

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

= 0. (9)

For a given dynamical system, if the ξµ is integrat-

ing factor of Eq.(4), the necessary condition Eq.(7)

must be satisfied for every set of functions ξµ, τ, G and

Kµ. Now, multiplying two sides of Eq.(4) by (ξµ−ȧµτ)

and making summation for µ, then adding the result

to condition Eq.(7), we obtain

d

dt
(Rµξµ − Bτ + G) +

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

(ξµ − ȧµτ) + Φ = 0, (10)

where

Φ = Kµ

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

. (11)

Expanding condition Eq.(10), obviously, the term which contains ȧµȧγ is zero. Then condition Eq.(10) becomes
(

∂Rµ

∂t
ȧµ −

∂B

∂t

)

τ +

(

∂Rγ

∂aµ
ȧγ −

∂B

∂aµ

)

ξµ − Bτ̇ + Rµξ̇µ − Pµ(ξµ − ȧµτ) + Ġ + Φ = 0. (12)
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If the set of functions ξµ, τ, G and Kµ satisfies the

necessary condition Eq.(12) and the right-hand side of

Eq.(8) is reduced to a constant, then we have following

theorem.

Theorem 2 For every nonsingular set of func-

tions ξµ, τ, G and Kµ, which satisfies the necessary

condition Eq.(12), there exists a conserved quantity

(first integration) Eq.(8) of the free Birkhoffian system

Eq.(4), corresponding to the constrained Birkhoffian

systems Eqs.(1) and (3).

4. Inverse theorem

For the corresponding free Birkhoffian system

Eq.(4), if the first integral of system has known, then

from the inverse theorem of the integrating factors the

functions τ, G and the integrating factor ξµ can be

found.

Suppose that the corresponding free Birkhoffian

system (4) has a first integral

I = I(t, a) = const, (13)

then, there is

∂I

∂t
+

∂I

∂aµ
ȧµ = 0. (14)

Multiplying two sides of Eq.(4) by (ξµ − ȧµτ) and

making summation for µ, then adding the result to

Eq.(14), we obtain

∂I

∂t
+

∂I

∂aµ
ȧµ +

[(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ȧγ −
∂B

∂aµ
−

∂Rµ

∂t
− Pµ

]

(ξµ − ȧµτ) = 0. (15)

Obviously, in Eq.(15), the term which contains ȧµȧγ is zero. According to the fact that the coefficients of ȧγ in

Eq.(15) is zero, we have

∂I

∂aγ
+

(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

ξµ +

(

∂B

∂aγ
+

∂Rγ

∂t
+ Pγ

)

τ = 0. (16)

Suppose that the system Eq.(4) is non-singular,

i.e.

det(Ωµγ) 6= 0. (17)

Where (Ωµγ) =

(

∂Rγ

∂aµ
−

∂Rµ

∂aγ

)

is called Birkhoffian

tensor. Then the Eq.(16) can also be expressed as

ξµ = Ω
µγ

[

∂I

∂aγ
+

(

∂B

∂aγ
+

∂Rγ

∂t
+ Pγ

)

τ

]

(µ = 1, 2, . . . , 2n), (18)

where

Ω
µγ

Ωγρ = δµρ(µ, γ, ρ = 1, 2, . . . , 2n). (19)

Finally, let the first integral Eq.(13) equal to the con-

served quantity Eq.(8), then we obtain

I = Rµξµ − Bτ + G. (20)

Theorem 3 If the corresponding free Birkhof-

fian system Eq.(4) has a first integral Eq.(13), then

the integrating factor ξµ and the functions τ, G cor-

responding to the integral Eq.(13) are determined by

Eqs.(18) and (20).

Here, we have (2n+1) algebraic equations with

(2n+2) unknown functions in most case, thus the set

of functions ξµ, τ and G did not satisfy the uniqueness.

5. Example

The motion of a mechanical system can be de-

scribed by the fourth order Birkhoff equations as fol-

lows.

The Birkhoffian and the Birkhoff functions are re-

spectively

B =
1

2
{(a1)2 + (a3)2 + (a4)2},

R1 = a3, R2 = a4, R3 = R4 = 0. (21)

The constraints acting on the system are

f1 = a1a3 − c2
1 = 0, f2 = a1 + a4 − c2 = 0. (22)

We try to find the conserved quantities of the sys-

tem. Firstly, we study the direct problem to obtain

the conserved quantities of the system. The first step
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is to establish corresponding free Birkhoff equations.

Equations (3) gives

−ȧ3 − a1 = λ1a
3 + λ2, −ȧ4 = 0,

ȧ1 − a3 = λ1a
1, ȧ2 − a4 = λ2. (23)

From Eqs.(22) and (23), we obtain

λ1 = −
a3

a1
, λ2 = −a1 +

(a3)2

a1
. (24)

then

P1 = λ1a
3 + λ2 = −a1, P2 = 0,

P3 = −a3, P4 = −a1 +
(a3)2

a1
. (25)

Substituting Eq.(25) into Eq.(23), we have

−ȧ3 − a1 = −a1, −ȧ4 = 0,

ȧ1 − a3 = −a3, ȧ2 − a4 = −a1 +
(a3)2

a1
. (26)

The second step is to seek the conserved quanti-

ties of corresponding free Birkhoffian system Eq.(26).

According to the necessary condition Eq.(12) we

have

(ȧ1 − a3)ξ3 + (ȧ2 − a4)ξ4 − a1ξ1 − Bτ̇ + a3ξ̇1 + a4ξ̇2 + Ġ + a1(ξ1 − ȧ1τ) + a3(ξ3 − ȧ3τ)

+

(

a1 −
(a3)2

a1

)

(ξ4 − ȧ4τ) − ȧ3K1 + ȧ1K3 +

(

ȧ2 − a4 + a1 −
(a3)2

a1

)

K4 = 0. (27)

Equation (27) have solutions

τ = 0, ξ2 = 1, ξ1 = ξ3 = ξ4 = 0, K1 = K2 = K3 = K4 = 0, G = 0. (28)

τ = 0, ξ1 = 1, ξ2 = ξ3 = ξ4 = 0, K1 = K2 = K3 = K4 = 0, G = 0. (29)

τ = 0, ξ4 = 0, ξ1 = a3, ξ2 = a4, ξ3 = −a1, K1 = K2 = K3 = K4 = 0, G =
1

2
[(a1)2 − (a3)2 − (a4)2].(30)

Then the conserved quantities Eq.(8) of theorem 2

give, respectively

I1 = a4 = const, (31)

I2 = a3 = const, (32)

I3 =
1

2
[(a1)2 + (a3)2 + (a4)2]. (33)

Next, we study the inverse problem. From

Eq.(21), we obtain

(Ωµγ) =















0 0 −1 0

0 0 0 −1

1 0 0 0

0 1 0 0















, (Ωµγ) =















0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0















. (34)

Suppose that Eq.(21) has a first integral Eq.(31), then the Eqs.(18) and (20) give

ξ1 = 0, ξ2 = 1 +

[

a4 − a1 +
(a3)2

a1

]

τ, ξ3 = 0, ξ4 = 0, a4

[

a4 − a1 +
(a3)2

a1

]

τ − Bτ + G = 0. (35)

Taking G = 0, from Eq.(35) we obtain

ξ1 = ξ3 = ξ4 = 0, ξ2 = 1, τ = 0.

Next, suppose that Eq.(21) has a first integral Eq.(32), as calculated above, we have

ξ1 = 1, ξ2 =

[

a4 − a1 +
(a3)2

a1

]

τ, ξ3 = 0, ξ4 = 0, a4

[

a4 − a1 +
(a3)2

a1

]

τ − Bτ + G = 0. (36)
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Taking G = 0, from Eq.(36), we obtain

ξ1 = 0, ξ2 = ξ3 = ξ4 = 0, τ = 0.

Finally, suppose that Eq.(21) has still a first integral Eq.(33), as calculated above, we have

ξ1 = a3, ξ2 = a4 +

[

a4 − a1 +
(a3)2

a1
]τ

]

, ξ3 = −a1, ξ4 = 0,

a3ξ1 + a4ξ2 −
1

2
[(a1)2 + (a3)2 + (a4)2]τ + G =

1

2
[(a1)2 − (a3)2 − (a4)2]. (37)

Taking G =
1

2
[(a1)2 − (a3)2 − (a4)2], from Eq.(37), we obtain

τ = 0, ξ1 = a3, ξ2 = a4, ξ3 = −a1, ξ4 = 0.

These values are consistent with the result in Ref.[15].
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