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This paper studies variable separation of the evolution equations via the generalized conditional symmetry. To

illustrate, we classify the extended nonlinear wave equation uyt = A(u, ug )uzz+ B(u, ug, ut) which admits the derivative-

dependent functional separable solutions (DDFSSs). We also extend the concept of the DDFSS to cover other variable

separation approaches.
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1. Introduction

It is well known that both the Fourier analysis
and the variable separation approaches are effective
means to deal with linear partial differential equa-
tions (PDEs). The inverse scattering transformation
method! for nonlinear integrable systems is an ex-
tension of the Fourier analysis. However, it is quite
difficult to extend the variable separation approaches
to nonlinear PDEs though certain methods have been
developed recently. On the subject of variable sep-
aration, Miller applied Lie’s classical symmetry[? to

the variable separation for linear PDEs[®4

, Kalnins
and Miller introduced the differential Stackel matrices
method[®, Dolye proposed the differential geometry
method®! and Zhdanov et al established the ansatz-

based method!”) during last decade.

The study on variable separation for the evolu-
tion equations made progress recently. Some schol-
the first
is called the formal variable separation approach or

ars presented three types of approaches:

equivalently the nonlinearization of the Lax pairs

8] the second is the multi-

or symmetry constraints;
linear variable separation approach (MLVSA);[®! the
third is the functional variable separation approach
(FVSA)10=12] based on the generalized conditional

symmetry (GCS). The GCS due to Fokas, Liu and

Zhdanov is developed to obtain symmetry reductions
and exact solutions to nonlinear PDEs.[13:14]
Recently, we defined a new concept of the
derivative-dependent functional separable solutions

(DDFSSs)
fu,ue) = a(z) +b(t) (1)

of the evolution equations. In terms of the DDFSS, we
established the derivative-dependent functional vari-
able separation approach (DDFVSA). In fact, we ap-
plied the DDFVSA to the generalized nonlinear diffu-
sion equations, the KdV type equations and the ex-
tended nonlinear wave equations.['®) The DDFSS is a
natural extension of the functional separable solution
(FSS). The FSSs

f(u) = a(z) +b(t) (2)

of PDEs has been concerned by few authors.[10=12] If
f(u) = Inw, it is the product separable solution; If
f(u) = u, it is the additive separable solution.

In Ref.[12], we discussed the functional variable

separation for the extended nonlinear wave equation

A(u,ug) #0, (3)

Ut = A(U, ux)uzz + B('LL, Ug Ut),

which admits the FSSs Eq.(2). In this paper, we
intend to extend the concept of FSS to that of

DDFSS Eq.(1) for the evolution equations and study
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the derivative-dependent functional variable separa-
tion for Eq.(3). The DDFSS Eq.(1) degenerates
into the FSS Eq.(2) if fu, (u,u;) = 0, but they are
definitely different kinds of constraints because the
DDFSS Eq.(1) is a differential constraint while the
DDFSS Eq.(2) is a functional one. Since we clarified
the case f,, (u,uy) = 0 for Eq.(3) in Ref.[12], for com-
pleteness, it is necessary for us to deal with the case
fun (u,uz) # 0 in this paper.

Consider the general mth order nonlinear evolu-

tion equation

E = E(t,z,u,ut, U2,y ..., Uy, U, Ugr)

=0, (4)

where
up = Bku/ﬁxk, 1<k<m,

F is a smooth function of the indicated variables.

Let

a. = n(taxauu Ugy Uty Uggy Uzt Uggx, Yxxty - - -5 )_ (5)

V:nau

be an evolutionary vector field and 7 its characteristic.

Definition 1 A solution u = u(x,t) is said to be
a DDFSS of Eq.(4) if it satisfies Eq.(4) and the ansatz

fu,ug) = a(z) +b(t), (6)
where f(u,u,) is a smooth function of v and u,, and
a(x), b(t) are some functions of z and ¢. In particular,

when f does not depend on u,, the solution is said to
be a FSS.

Definition 2 The evolutionary vector field
Eq.(5) is said to be a GCS of Eq.(4) if and only if

VB L w =0, (7)

where V(™) is the m-th prolongation of Eq.(5), L is
the solution manifold of Eq.(4) and W is the set of
all the total derivatives of = 0 with respect to z,
namely, Din =0, i =0,1,2,..., which are the invari-
ant surface condition and its partial derivatives with
respect to = by appending to Eq.(4).

It can be derived from Eq.(7) that Eq.(4) admits
the GCS Eq.(5) if and only if

(EutDtW"‘EutthW”LmW:Oa (8)

where D; and D? denote the first and second order
total derivatives with respect to t respectively.
To sum up the results in Ref.[15], we have the
following theorem.
Theorem 1 Equation (4) possesses the DDFSS
of Eq.(6) if and only if it admits the GCS
0

0]

The remaining part of this paper is as follows. In
Sec.2, we classify the extended nonlinear wave equa-
tion Eq.(3) which admits the DDFSSs. The concept
of the DDFSSs is further extended in Sec.3. Sec.4 is
summary and discussion.

2. Classification of Eq.(3) which
admits the DDFSSs

By Eq.(8) and Theorem 1, we know that classifi-
cation of Eq.(3) which admits the DDFSSs is equiva-
lent to seeking the GCS of Eq.(9) satisfying

(EutDtn+EuttDt2n)|LmW:()v (10)
while E = uy — A(u, Uy )ty — B(u, ug, uy) and

n= (fuuut + fuutumt)um + (fuumut

Now we calculate Eq.(10).

Taking into account expressions Din = 0, i =
0,1,2,..
der derivatives of u in Eq.(10), we transform the left-

., and Eq.(3), and excluding the higher or-

handed side of Eq.(10) into an expression of indepen-
dent derivatives of u, which is



No. 12 The derivative-dependent functional variable separation for ... 2767
(EUtDtT] + EuttD?n”LﬂW
= (D?n - BUtDtn)lLﬂW
= [(hlu;ﬂt + h18)uw;ﬂ + h2u1)t + hS]ummm
+h4uiw + (hguzt —+ h7)u§’;w —+ h5u§’;t + hguzt —+ hguit + h17
+(h1oudy + h11ul, + hi2tar + h1s)uae + (hiatar + hisul, + hig)uz,, (12)
|
where h; = h;(u,u,,u;) are complicated functions — B(u,u.,u;), we obtain the following classification

containing f(u,uy), A(u,uy), B(u,uy,us) and their
derivatives with respect to w, u, and u;, and i =
1,2,...,18.

The vanishing of Eq.(12) leads to f(u,uy),
A(u, uy) and B(u, ug, u) satisfying the following sys-
tem of PDEs:

hi = hi(u,ug,ug) =0, i=1,2,...,18.  (13)

Since the expressions for h; are quite long, we put
them in the Appendix.
Solving Eq.(13) for f(u,u;), A(u,us,u:) and

theorem:

Theorem 2  Assume that f,, (u,u;) # 0 in

Eq.(6), the equation
upr = A(u, Uy )Uge + Bu, ug, u), Alu,ug) #0

admits DDFSS of the Eq.(6) if and only if it is equiva-
lent to one of the following equations, up to translation
and dilatation for w:

Upt = U (14)
f(uy) = arcsinh(tan(u)); (15)

2)
gt = €Ty, + (erug + bp)e™ T+ bouy + bs, (16)
fu,ug) = ug + cru; (17)

3) u

= (18)
f(ug) = In(cze™™ + ca); (19)

4)
Upp = uw: + b1 In(uy) + baus + bgu + by, (20)
fug) = In(uz); (21)

5)
= u:+ - by In(uy + 1) + bauy + byu+ bu, (22)
f(uz) = In(ug +1); (23)

6)
U = " My _ (crty — b1)e“™ + crug? + bouy + b, (24)

Up + 1
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fluyug) =In(uy + 1) — cru; (25)
7)
Uy = (al—i_ua# — 2az In(ug) + brug + bau + b3, (26)
f(uz) = In(uz) (27)
8) a # —1,0.
Upp = Uy “Ugy + blumaJrl + bous + bgu + by, (28)
9)
2uwa+2
Upp = Uy Ugy + biug + bou + b3, (30)
+2
10)
- (ug 4+ 1)%Ugy n [—c1(a + Dug? + (b1 — cr@)ug + by + c1](ug + 1)
tt — ec1U (a + 1)eaclu
+eru® + bauy + by, (32)
fuyuz) =In(ug + 1) — cyu; (33)
11)
(ugz +1)° ar(oug? + (o — Vug — 1) a1 4
I Txr — b b ? 4
= | (@t D(at2) T Tt (34)
aiu
) =In(ug +1) — : 35
) = Iy +1) — 2 (35)
12)
(a1u + a2)Ugy
e Uy + az(a1u + ag) 1
B 2a1u2 — (a1u + az2)[(bz — araz)u, + baaz(aru + az)) (36)
Uy + as(aru + az) ’
flu,uy) = —Infuy, + ag(aru + a9)]; (37)
13) —boco 4+ bycy = 0,
Uy = c3(uz + c1u + c2)“Upy + b3ty
_03[(01(a +1)=b1)(cru+ c2) — brug](uz + cru + c2)®  byu t b, (38)
a+1
flu,uz) = In(ug + cru + c2); (39)
14)
2 3 1 3 2
uge = (a1u + a2)UgUyy — galuw + galblu + aobiu” + bouy + bau + by, (40)
f(u, uz) = hl(uz); (41)
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15)
uui 2 2
Ut = AUz Ugy — alm + blum + bgu + bgut + b4u —+ b5, (42)
£, 02) = In(u,); (13)
16)
2 3
upe = (u+ a1)(uz + c1(u+ a1))uge + bauy — 3z
1
—gcl(u + al)[2ui +ec1(u+ar)(ug +c1(u+ar)) + b1, (44)
fu,ug) = In(ug + c1(u+ar)); (45)

17) lex|* + |eaf # 0,

ure = (ugp +cru+ 02)2um + baug + b1(c1u + o)

1
+E61 [Tuz — 5(c1u + ¢2)](ug + c1u + 2)?, (46)
flu,uz) = In(ug + c1u + c2); (47)
18) ¢1 # 0,
uge = (u+ a1)(ug + c1(u 4 a1))*Uge + boug + bicy (u+ ar)
1
—Z[Zui —c1(u+ ar)ug + & (u+ a1)?(uy + c1(u+ ar))?, (48)
flusug) =In(ug + c1(u+a1)); (49)
19) ¢1 # 0,
upe = (u+a1)(uz + c1(u+ al))Bum + bauy + brcr(u + aq)
1
—g[2ui —2¢1(u 4 a1)ug + 3 (u 4 a1)?(ug + 1 (u+ ar))?, (50)
flu,ug) =In(ug + c1(u+ ar)); (51)
20)
uge = (€1 + aru)(ug + ¢1 + a1u) gy + b1(c1 + aqu)
+a1[—2ui + (c1 + aqu)(a — Vug — (e + a1u)?](uz + c1 + aqu)® (52)
o+ 2 ’
fu,uz) = In(ug +c1 + a1u); (53)
21)
Uz a1(aru + a2)
= — b b b 54
Ut . um+a1u+a2+ 2Ut + 01U + 03, (54)
f(uyuz) = In(ug + a1u + ag); (55)
where «, a;, b;, ¢; are arbitrary constants in their def- To construct the DDFSSs of any equation in The-
inition sets, and i = 1,2, .. .. orem 2, the algorithm is as follows: first, we solve

the DDFSS ansatz f(u,u,;) = a(z) + b(t) for v with

It is worth noting that Eq.(16) with ¢; = b; = 0, . . .
) o . o f(u,uy) replaced by its corresponding expression in
i = 1,2,3, is just the Toda equation, and it is in- . . . .

. . Theorem 2; then substitute this expression of u into
tegrable and can be solved by the inverse scattering

the corresponding equation in Theorem 2, it leads to
method.
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a(x) and b(t) yielding a two-dimensional dynamic sys-
tem; finally, manage to split it into some system of or-
dinary differential equations (ODEs) so as to fix func-
tions a(z), b(t) and some integration functions s(t).
These equations enjoy abundant exact solutions since
a(x), b(t) and s(t) satisfy ODEs with rich exact so-
lutions. To show this, one can refer to examples in
Ref.[15].

3. Further remarks on the DDF-
SSs

Now we outline the procedure of DDFVSA for
some evolution equations. Firstly, let the certain
combination of different measurements of fields and
their partial derivatives possess additive or multi-
plicative separable solution; secondly, determine its
corresponding GCS according to the solution ansatz;
thirdly, determine all the possible equations and the

possible combinations of functions via the GCS and

n = (fuuut + fuuzuxt)ux + (fuuxut + fuzuxuzt)uxx + fuzuxxt + fuuzt - 0

The corresponding GCS is just the GCS Eq.(9).
Specially, if f,, = 0, the DDFSS is just the FSS, its
GCS reads
if f(u,uy) = u, the DDFSS is just the additive sepa-
rable solution, its GCS is

0 0]
= Ugt -

- 77% ou

Remark 2 Galaktionov’s nonlinear variable sep-

1% (57)

1% (58)

aration method.

Galaktionov!'® proposed a generalization of the
usual variable separation approach by assuming a gen-
eral form for the solution ansatz

u = ¢(t)(¥(t) + 0(x)).

In general, the method is said to be the ‘nonlinear

(59)

separation of variables’. We note that the nonlinear
separable solution (NSS) is a special case of the follow-
ing generalized nonlinear separable solution (GNSS)

w = a(z) + b(t) + ¢(1)8(x). (60)

the theory of group, obtain all the equivalent classes
of the original equations; finally, solve out the DDFSSs
respectively.

One may pose the following two questions. (1)
What is the relationship between any form of solution
ansatz and its corresponding symmetry? (2) Can we
provide some symmetry interpretation to any form of
solution ansatz?

We think that any form of the solution ansatz
may correspond to one form of GCS, though finding
its corresponding GCS is not always easy. There-
fore, it is possible to unify other variable separation
approaches in terms of the GCS by extending the
DDFSS ansatz.

marks.

We show this by the following re-

Remark 1 A DDFSS Eq.(6) of Eq.(4) corre-
sponds to the GCS of Eq.(9).[1%]

Actually, if one differentiates Eq.(6) with respect
to « and t, one gets

(56)

So Galaktionov’s NSS corresponds to a(xz) = 0 and
b(t) = ¢(t)¥(t) in GNSS. Differentiate Eq.(60) with
respect to x and ¢, then make logarithm transforma-
tion for both sides, and differentiate it with respect to
x and t again, we obtain

1 = [In(ugt)]et = 0. (61)
So the GCS relating to the GNSS is
0 0
V= Ui [ln(uwt)]mt%. (62)

Therefore the GNSS corresponds to the DDFSS of the
form

fuge) = In(ugt) = p(x) + q(t)- (63)

Remark 3 The multi-linear variable separation
approach(MLVSA).[%!

The MLVSA has been used successfully to de-
rive interesting exact solutions to several higher-
dimensional integrable systems.[®) The variable sep-
aration ansatz for the multi-linear form takes

U =ag+ alp('rv t) + agq(y, t) + Cbgp(I, t)q(yv t) (64)
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In the same way, we obtain its GCS

V== )y o (65)
T YO (66)

Therefore the multi-linear variable separation ansatz
Eq.(64) corresponds to the DDFSS in the form

E(tv Ty Uy Ugy Uy, Uy, Uy, Uyys - -

if it satisfies Eq.(69) and the ansatz

f(u7umauyautaummaumyauyyaumtu Uyt, Utty - - -

where F is a smooth function of the indicated vari-
ables and u;, 3 < j < m, n < m denote all the j-th
order partial derivatives with respect to z and y.

4. Summary and discussion

In this paper, we have developed the DDFVSA to
the evolution equations in terms of the GCS. For in-
stance, we have classified the extended nonlinear wave
equation which admits the DDFSSs. Moreover, We
have extended the concept of the DDFSS so as to cover
other variable separation approaches.

There are still the following three interesting top-
ics to be addressed later.

(1) How to apply the DDFVSA to some types of
evolution equations or system of evolution equations?

fuy) = In(uy) = é(x) + ¢ (t). (68)

In the end, to cover other variable separation ap-
proaches, we need to extend the definition of DDFSS.
For some (241)-dimensional evolution equations, we
have the following definition.

Definition 3 A solution u = u(x, y, ) is said to
be a DDFSS of equation

'7um;ut;utt) = Oa (69)

sun) = p(x) +q(y) +r(t), (70)

For example,
Ugt = F(l’, tu Uy Ugy Ugg, Uz - - )

(2) How to unify other variable separation ap-
proaches by the DDFVSA? For instance, how to re-
cover the results from the MLVSA by the DDFVSA?

(3) It is interesting to extend the DDFVSA and
apply it to some differential-difference equations.

Appendix. Expressions of h; in

Eq.(13)

In the following f = f(u,uz), A = A(u,u,) and
B = B(u,ug,ut), the subscripts 1,2,3 of f, A and B
denote whose partial derivatives with respect to u, u,,
and u; respectively.

3 fy A2
hy = —% —3f22A2 +3f2A20 =0, (A1)
A B
hy = — Kz ZfQ +3f12> Ay — 2A12f2] Uy — <3f1 + Zﬁ) A,
2 A
—|—2f12A — fz;i + (2B33A + 241 + BQQ) fo=0, (A2)
2
2 A 24,%u, AB
hs = [—3A2sz11 - fl;% + (21411% - IT - 14 2) f2

+faBi2 + 2A f11] ur + 2B13Afoug + faBBag =0,

(A3)
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hy = AfaBass =0, (A4)
he — (2f22fr2 — fr22f2) Ao _ 3f12f222 2f22 (2f22 fi2 — fioafo)
’ f2A f2 22
(f2°Bss — 2foaf1 + 2f12f2) Ao 3f1fa22

- oA + foBass — 7

fifaa®  Afasfio
f2? f2

As” for Ao fa2? 5 fa2 A fa2o

e (e ) g Ml

+ fi222 +

Ug

+ fo2 B33

4
+

+ 3 f122 = 0, (A5)

he =

4fa9> A
+A292f2 — farAaa — Afazae — % =0, (A6)
2
A1 Az o fa2 (A1 fo + fi12A) As
A 2 A

hy = [3f12Af222

4 ( Ay —
f2 (122

4f2n”A
f2272f12 + <A12 + ) Jo2 — Af1222} Ut
2

+2f3Ba3Ag + BoasAfo + foBossB + faaBagA =0, (AT)

he = { [3f1112 n (2f11f12 — fi11f2) A2 _ 2f11244 n 4f12° + 8f12f2a f11

f2A A f2°
n <2A1f22f11

2A
—2A99 f12 — ff122

6 24, f12° 1
1 — 6f122f11 — Tfriafiz + 1 2f111f22 | f2 Ug

flll -

A f2 f22A

+ {[-3Basfi1 + (—Bsfi2® — 2Bsfirfa2) f2~' + 2Bisfi2 + fi12Bs

Ba A 2A1B -
+f11A3 2 4 (— 14 B +2B113) f2} Uz + f11B3 — B3 fi2f1f2 1}Ut

4 {3141f122 + 5Af112f12

C2fnAr 4Afufie 43 (—2f2A1f12 + 3f2Af112 — Af12°A) fi } w?

4Afr0°
— Ai1fiz — Afiniz — 2f11241 — J12 ] ug®

f2 f2?
B + foB11) A
+ {—( 112 fj;z n) 42 + fooBi1 — 4f11A1 + Buiafa — f12B12
By f12% — (5f22B1 — 6A 4A;f12 +3A 6f12°A
n 2f12” — (5 f22B1 fi) fiz (All_ 1f12 fii2 n fl22 )fl
f2 J2 fo
Bi+ fiiB)A
+3f122B1 — 3Af111 — fr12Ba] us® + [— (/1B /{11 ) 42 + 3B fi12

A 2f12A
+ (2B133B + 2By1 + 2B3 B3 + 2Bs3By) fo + <_1 21 > e

fa f2?
y (Bafiz +2Af11 — 5f20B1) f1 _ 3Bfi12® + 2f11B far
fa fa
—f11B2 — f1Bi2 + 6B1 fi2) ug + 3f11 B — % =0, (A8)
B 3fasafin 2 (fiiafo — fiifor — f12°) As A1 f122
hg = [<— o A +3f1122 — 1

_ 2(4f12A 122 — fr12A1 fo2 + 2 f112f224) n Afas (fi1faz + 2f122) "
f2A f22 ‘
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Alng 2A1 2f12f1 2f11
6 Biss — Bgs — 1 + 24
+ f112+< 133 1 Ja+ | Bss 1 J12 A 1 2

2 (—foAi fao + 3foAfi2e — dfaafioA) f1  4(f12° + f11f22)]
_ S _ 2y
f2 A fa
2f9Bi3 A 4 fyoB
+ [—% + 2B123f2 — 2f12B23 + 2B13 f22 + 2B3 f122 — %] Ug

+ faBss3 B+ 4Bsf12 =0, (A9)

_ 4fBsfi
f2

—faoofo+ 2f Ha 4 oo 5
hio = ( 222 2f2 ! 2 ) 2 + ;z; + fa222 — 7f2;zf22
[ 2(=2f2nfi2 + fiaaf2) A2 5fia A
= {_ f2A B (

—2f1Bas + (2B13 + 2B3Bs3) fo

=0, (A10)

7 Z) f222 + 3 f1222

2fas (5Af1o2 — A1 faz)  12f12f20" 2f2Ba3 A 8f222B§
_ A = Uy — — - f222

t A f
+f2B333A + 2Baas f2 = 0, (A11)
2f1220A1  10f12A 122 — 4f12A1 fa2 + 5112 f22A

A f2A

fii2 2f122) 12f122f22} 2 { 3 fo2 B3 f12
(-2 Ag + 12220 2 Loy fy — 222812
( 7 2 = Uy 123.f2 7

B A 2A
—|—M + B3 fi22 + (- 1fz _ f12) 323} Uy

hi2 = [3f1122 -

A A
n [<_A11f2 A1 f12

A A

—3fi12 +

4f12° 124 ?
?22 ) A2 ;2§f1—2 + Az fo

2
(A1 fa2 + 10Af122) fi2 + 5f112f22A} w2
f2 ’

i K<_é " %> fi= 2f2£12 B 32/{12 B f22ABl - 6f11> Az + f22Bi2

8f122A — 3 faaBa f1a + 4Af11 fao — 5 fa2 By
fe

—3A12f12 — 3Af 1122 — f12241 +

+3Bi fazo — (A1 + B22) fiz +

—A 6A 12 A
+<—3A12—|— 1fa2 +6Af122 B faaf12 >f1

f2 f2?
—6Af112 + (2B122 + 2B33 A1 + 2B133A + 2A11) fo + Bafi22] ua

(B1fo? = f1?A+ Bafifo + Bfiaf2) As 3 2f1°Afon

f2A 2
2f10A — 4f20B
+4Bafi2 +3f2B12 + 3Bfiza + (—Al N %) f
5foB
+(2B33 B2 + 2Ba33B) fa + 2B3 foaBag + fo2 B1 — % =0, (A12)

2
hys = { {_3Af1112 — f112A41 + <4f1lef12 - 3f111> Ao + (Au - A71> Ji2

Ay fro® + TAfr12f12 + 2f20Af111 + 6Af11 fi20 Ay
i f A

Af12A (f12® + 2f11f22)
f2?

+ A111> f2

—4A12f11 —

us + B13Afi2 + [2B13A1 + BiisA] f2} uy?
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" { |:f11f1A2 (Au _AC Aifi n —2Af11f22 — 2f122A> f

f A Ja f2*
A A\ B
+( -2 12 + fi2 | Bi2 + 2Bu12f2 — AiBofia 2B32 f11 + f22B11
A A

B
+3 f120B1 + ( faB f11) — f11BssA + fi12Bo

+

fo
X (2B123B + 2B13B2) fa + fo2B13B + B13Af1 + (f12B + 2f2B1) Bas} u,

(2f12 faAy = 5f1afoAfiio — fi2Arfo? + 4Af12° + fiieAf®) ug
Afo®

—Baf12” + (=5 f22B1 + 4Af11) fi2 — 2B2f11f22} "

B3A1

+ [—f112B3 + ( - 313) fi2 + Bafi®fo~ } ug?

n [ 53;012 3B+ (Bll B BlA1> 2t (_232f12 _ A132> f

2 fo
BA;
+2f11B2 + fiBia + | B1 — B33 B — 1 fiz| ug + B (foB1s + f1Bas) =0,  (Al13)
5f12A> 12f20° Af12 ( 2A12f2 | 3faafi2 A1f22>
hoa = | (As+ - +(- + — 3f122 — A
14 K 1 7 faz2 = 1 7 fio2 1 2
Ay? 2fa0 (5Af190 — A
—fmT2 — 2f12A20 — 3A f1200 + foa ( fl;j 1f22) + 24100 f2 — f22A12} U
Ay? B A B
+faBago — f1A2 + {<—%—f+2333) fa—3f12 — f2f4 Q]AQ

3 6.A fao> 6 A — 4B5 fa9°
+ < .fl +2B2) .f222 + <—2A22 _ ff;Q ) fl + f22f12 2.f22
2

fa f2
+ (2B233 A+ 3A13) fo — 3Af122 =0, (Al4)
his = 2 faB2a3 =0, (A15)
A +2f15° A2
hig = { K—ﬁ —3fi12 + M) Ay — At A12f12 — 3A 1122
A fa A
3A 2A12A
+M + fio0A1 — 3Agaf11 + (24110 — 2250 ) o fa0An
f2 A
n (=2f2041 +8Af122) fi2 + 4A 112 f2 4f224 (fi1fo2 + 2f12°)

f2 f2°

+2foB13As + 2B123Afo + faoBisA+ (241 fa + fi24) B23}Um

Byp A A 2fa2 (—2f12B2 + A
+[<A11_ 2j1 1""3122——1)f + faa ( f1;22 f11)

_ (7 + @> J1As — (A1 + B3zA + Bas) fi2

f
BisA — B3 A 2f124
+f22( 12 2A1) 2By fras + Ay — fi2 2f22 £l
A f2
+ (BisA+ B223B) fa+ (1A + 2B2f2 + f22B) Bag = 0, (A16)

3A1 fu1 +24 +34 44 °
hin = [—Af1111 Ay fu+ (341/1 fll}z Ji2 Juefu 9 fi1 Ay — J;lzflz } w,?
2
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B{A A B
+ { [fZBlll + 3f112B1 — Bafii1 + (— L 2Bu> fi2 = 2B12fi1 — %Ucz
Aifii 2Afufie —2f122By + Bafi1fi2 — 3f20B1 fi1 + 2f11° A
+ - 2 fl + Uy
f2 f2 fa
A B
—%lfz + Bi3Bfi2 + (B113B + 2Bi13B1) fz} u,”
finidr  —2f12A41 fi1 + 2f12Af111 + 3Afiia fin 4f11f1°
+{(_ A AT, i+ =
B3 A B
+ [( 14 she _ BlB> fi1— B3f111:| uy?
A f2
J11B (A1 fo + BasAfa + 5f124A) B Ay 2f1231>
+ |- + (- + By - 2L
{ Al 1 11 7 fi
+3B fi11 + 3B1fi1] us + BisBfi1 puz =0, (A17)
3A
hlg = |:<— j;fé — 3f12> AQ —|— 3A12f2:| Ut —|— 3f2B23A = 0 (A18)
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