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We have carried out a theoretical study of double-δ-doped InAlAs/InGaAs/InP high electron mobility transistor

(HEMT) by means of the finite differential method. The electronic states in the quantum well of the HEMT are

calculated self-consistently. Instead of boundary conditions, initial conditions are used to solve the Poisson equation.

The concentration of two-dimensional electron gas (2DEG) and its distribution in the HEMT have been obtained. By

changing the doping density of upper and lower impurity layers we find that the 2DEG concentration confined in the

channel is greatly affected by these two doping layers. But the electrons depleted by the Schottky contact are hardly

affected by the lower impurity layer. It is only related to the doping density of upper impurity layer. This means that we

can deal with the doping concentrations of the two impurity layers and optimize them separately. Considering the sheet

concentration and the mobility of the electrons in the channel, the optimized doping densities are found to be 5× 1012

and 3 × 1012 cm−2 for the upper and lower impurity layers, respectively, in the double-δ-doped InAlAs/InGaAs/InP

HEMTs.
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1. Introduction

The high electron mobility transistors (HEMTs)

are devices with potential applications in both mi-

crowave and high-speed digital fields due to their

superior transport properties.[1−3] Ever since its in-

troduction in the 1980s, several heterostructures

(AlGaAs/GaAs, AlGaAs/InGaAs, InAlAs/InGaAs

etc) have been studied and a great progress has

been made.[4−10] Among them InAlAs/InGaAs het-

erostructure was found to be more promising than

others. Compared with conventional AlGaAs/GaAs

HEMTs, the InP-based HEMTs have a larger conduc-

tion band discontinuity and a smaller electron effective

mass, which allows for higher sheet electron concen-

tration and faster electron saturation velocity.[11−14]

Since their first appearance, InP-based HEMTs have

become one of the most promising active devices in the

high-speed integrated circuits (ICs) and millimetre-

wave, microwave ICs.

Normally we want to have higher electron con-

centration in two-dimensional electron gas (2DEG)

because it can provide better power application. In

order to further enhance it, double-δ-doped structure

is used instead of single-δ-doped structure.[15] In the

single-δ-doped HEMT, the ionized electrons from the

δ-doped layer were partly transferred to the channel

layer, and an electric field was produced between the

doped and the channel layers. A quasi-triangle well

was formed with a sloping energy band. Obviously,

the number of electrons confined in the quantum well

is affected by the shape of the well. If the slope an-

gle of the underside of the quantum well is depressed,

the position of the subband energy level in the quan-

tum well will be lowered, and the number of electrons

confined in it will be increased efficiently.

Double-δ-doped HEMT has been studied theoret-

ically and experimentally.[15−18] The results show that

double-δ-doped structure provides electron density

higher than the single-δ-doped structure by a factor of

2. Several analytical charge control models[19,20] have

been developed to explain the physical mechanism of

the device. But some approximations must be used in

the process of dealing with the charge control model.

This diminishes the creditability when it is used to ex-

plain the experimental results. The numerical calcula-

tions based on the self-consistent solution of Poisson’s

and Schrödinger’s equations can solve the problem ef-

fectively. Several self-consistent methods have been
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developed in dealing with the heterojunction and the

single-δ-doped HEMTs.[21−23] Among these methods

the paper written by Bouzäıene et al
[21] is the inter-

esting one. He used finite differential method (FDM)

to discretize the Schrödinger and Poisson equations,

and solve Poisson’s equation by using Thomas algo-

rithm under the boundary conditions. In this paper,

we apply this self-consistent model to solving the prob-

lem of double-δ-doped InAlAs/InGaAs/InP HEMT.

The method of solving Poisson’s equation is modified

by using initial conditions instead of boundary con-

ditions, and the fourth-order Runge–Kutta method is

used.

2. Theoretical model

The structure of double-δ-doped HEMT is shown

in Fig.1. Lattice-matched HEMT epitaxial layers

are grown on semi-insulating InP substrates. The δ-

doping layers are located in both barrier layers beside

the channel layer. Spacer layers are sandwiched be-

tween the channel and the δ-doping layers. On the top

layer of the structure a Schottky contact is formed.

Fig.1. The schematic cross-section of InAlAs/InGaAs

HEMT.

Electrons from the doping impurities are trans-

ferred to the channel and the metal side of the Schot-

tky contact until a consistent Fermi level is formed.

The whole barrier layer is depleted completely. The

channel layer acts as a potential well, the width of

which is smaller than the de Broglie wavelength; there-

fore, it is necessary to appeal to the quantum me-

chanical theory. We assume the validity of the effec-

tive mass approximation and take an isotropic and

parabolic conduction band in the growth direction.

The electron density profiles and electron sheet densi-

ties are studied using a self-consistent solution of the

Schrödinger and Poisson equations.

The Schrödinger equation is expressed as

−
h̄2

2

d

dz

( 1

m∗(z)

d

dz
Ψ i(z)

)

+U(z)Ψi(z) = EiΨi(z), (1)

where Ei and Ψi are the energy level and wavefunction

of the ith subband, respectively, m∗ is the position-

dependent electron effective mass in the quantization

direction (normal to the interface). The potential

U(z) can be divided into two different parts:

U(z) = Ub(z) + UH(z), (2)

where Ub(z) is the conduction band edge potential

without doping and UH(z) is the electrostatic poten-

tial energy.

The electrostatic potential energy is obtained by

solving the one-dimensional Poisson equation

d

dz

[

ε(z)
d

dz
UH(z)

]

=
e2

ε0

[

Nd(z) − n(z)], (3)

where n(z) is the local density of confined electrons

and is related to the wavefunctions ψi by the follow-

ing relation

n(z) =
∑

i

ni|Ψi(z)|
2, (4)

ni =
m∗kBT

πh̄2 ln
[

1 + exp
(EF − Ei

kBT

)]

. (5)

Here ni is the occupancy of the ith subband, and EF

is the Fermi energy which is constant throughout the

system in equilibrium.

The iterative process is used to solve Eqs.(1) and

(3) simultaneously until the convergence is completed.

The potential energy U(z), the ith subband energy Ei

in the quantum well, and the 2DEG concentration are

then calculated.

3. Numerical method

In order to solve the Schrödinger equation numer-

ically, we may discretize the differential equation (1)

by using the finite-differential method:

−
h̄2

λ2

[( 1

m∗(zj−1) +m∗(zj)

)

Ψi(zj−1)

−
( 1

m∗(zj−1) +m∗(zj)

+
1

m∗(zj) +m∗(zj+1)

)

Ψi(zj)

+
( 1

m∗(zj) +m∗(zj+1)

)

Ψi(zj+1)
]

+ U(zj)Ψi(zj) = EiΨi(zj),
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0 ≤ j ≤M + 1 (6)

under the boundary conditions of Ψi(z0) = Ψi

(zM+1) = 0, where λ is defined as λ = zj+1 − zj ,

j = 0, 1, · · · ,M + 1.

Equation (6) may be rewritten in the form of ma-

trix equation,

M
∑

j=1

AijΨj = EiΨi, (7)

where

Aij =















































−
h̄2

λ2(m∗(zi−1) +m∗(zi))
, j = i+ 1

−
h̄2

λ2(m∗(zi+1) +m∗(zi))
, j = i− 1

h̄2

λ2

( 1

m∗(zi−1) +m∗(zi)
+

1

m∗(zi) +m∗(zi+1)

)

, j = i

0, otherwise .

This provides a tridiagonal matrix. It is easy to obtain

its eigenvaluesEi and its corresponding eigenfunctions

Ψi.

Firstly, a trial potential U(z) is tested. The wave-

functions and the eigenenergies derived from Eq.(6)

can be used to calculate the electron density distri-

bution n(z) by using Eq.(4). If the donor concen-

tration of the two doped layers Nd1(z) and Nd2(z)

are given, then the concentration of electrons trans-

ferred to the metal side of the Schottky contact will

be (Nd1 + Nd2 − ns), and the electrical field close to

the interface of the Schottky contact is

E =
Nd1 +Nd2 − ns

εs
.

The barrier height Φm of the Schottky junction is com-

pletely determined by the characteristics of InAlAs

barrier layer and the metal. We use Φm and E as the

initial conditions to calculate UH(z) using Eq.(3). In

solving the Poisson equation, the fourth-order Runge–

Kutta method is used. The problem described above

can be reduced as follows:















d2UH

dz2
=

1

εs
[Nd(z) − n(z)] ,

UH(0) =
Φm

e
,

dUH

dz

∣

∣

∣

z=0
= −E.

(8)

By introducing a new variable R(z) = dUH(z)/dz

and letting S(z) = UH(z), the problem of second-order

ordinary differential equation (ODE) with initial con-

ditions can be reduced to the one of first-order ODEs

with initial conditions.










S′ = R , S(0) =
Φm

e
,

R′ =
1

εs
[Nd(z) − n(z)] = f(z), R(0) = −E,

(9)

A series of nodes are defined in the region [z0, zm]:

z0 < z1 < · · · < zn < zn+1 < · · · zm. (10)

Supposing the step is λ, we then have zn = z0 + nλ.

The fourth-order Runge–Kutta solution of Eq.(9)

can be written as











Sn+1 = Sn + pRn +
λ2

6
(L1 + L2 + L3),

Rn+1 = Rn +
λ

6
(L1 + 2L2 + 2L3 + L4),

(11)

where

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
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
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

L1 = f(zn, Sn, Rn),

L2 = f
(

zn +
λ

2
, Sn +

λ

2
Rn, Rn +

λ

2
L1

)

,

L3 = f
(

zn +
λ

2
, Sn +

λ

2
Rn +

λ2

4
L1, Rn +

λ

2
L2

)

,

L4 = f
(

zn + λ, Sn + λRn +
λ2

2
L2, Rn + λL3

)

.

Substituting the UH, calculated from Eq.(8), in

Eq.(2), the U ′(z) can be obtained for the coming iter-

ative cycle. However, to accelerate the convergence

speed, actually, a new potential energy Unew(z) =

αU ′(z) + (1 − α)Uold(z) is used in the next iterative

process, where α is an adjustable parameter (0 < α <

1). Each time the calculation process is carried out, a
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new value of the 2DEG concentration (ns) is obtained.

Suppose the change of ns between two adjacent cycle

is expressed as ∆ns. The iterative procedure stops

when ∆ns/ns is less than 10−5.

4. Results and discussion

The material parameters needed for a self-

consistent calculation should be specified before cal-

culation. The Schottky barrier height (Φm) and con-

duction band offset (∆EC) are assumed to be 0.7 and

0.51 eV, respectively. (See Fig.2) The effective elec-

tron masses in the barrier and the channel layer are

assumed to be 0.0813me and 0.041me respectively.[24]

The thickness of the channel layer is taken to be 15

nm. The doping densities of the two impurity layers

(one is above the channel, the other is under the chan-

nel) are the device parameters that need to be opti-

mized. Different δ-doping concentrations are adopted

in the upper and the lower doped layers. For the upper

doped layer, the electrons coming from the ionized im-

purities are transported to the Schottky contact and

the channel. In order to ensure enough electrons trans-

ferred to the channel, the upper δ-doping concentra-

tion should be high. As for the lower doped layer, the

electrons should be transferred to the quantum well,

and no residual electrons should remain in the barrier.

So the doping density will be limited. We decide the

doping density by the following two points: (a) more

electrons, (b) higher mobility. Firstly we try to set

the two doping concentrations (Nd1 and Nd2) to be

4.5 × 1012 and 2 × 1012 cm−2, respectively, then we

obtain the conduction band structure as well as the

subband energy levels as follows:

Fig.2. The conduction band structure and the

subenergy levels for double δ-doped InAlAs/InGaAs

HEMTs.

The wavefunctions subjected to the two lowest

subband energy levels are shown in Fig.3:

Fig.3. The wavefunction corresponding to the first

(soled line) and second (dashed line) subenergy levels.

As mentioned above, the 2DEG is formed by the

electrons transferred from both the upper and lower

impurity layers. Due to the depletion effect of the

Schottky contact, some electrons will transfer to the

metal side of the Schottky contact. We have calcu-

lated the dependence of sheet electron concentration

of 2DEG (ns) and the number of electrons transferred

to the metal of the Schottky contact (ne) on the dop-

ing concentration of upper and lower impurity layers.

Figures 4 and 5 show the calculated results.

Fig.4. Electron concentration of 2DEG and the elec-

trons transferred to the metal side of the Schottky

contact versus doping concentration of the upper im-

purity layer.

From the figures we find that when the doping

density of the upper impurity layer (Nd1) increases,

the numbers of electrons transferred to the quantum
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well and to the metal side of the Schottky contact

increase. But when the doping density of the lower

impurity layer (Nd2) increases, the number of elec-

trons transferred to the metal side of Schottky con-

tact changes slightly. Only the 2DEG concentration

changes with it. The number of electrons transferred

to the metal side of the Schottky contact determines

the electric field inside the barrier layer. Thus it also

determines the sloping extent of the conduction band.

The above results give us an important revelation that

when we want to obtain optimized doping densities of

the two layers, we can consider them separately.

Fig.5. Electron concentration of 2DEG and the elec-

trons transferred to the metal side of the Schottky con-

tact versus doping concentration of the lower impurity

layer.

The doping density of upper impurity layer needs

to be considered first. Because we want more elec-

trons in the channel layer, we need to improve the

doping density as much as possible. But if the num-

ber of electrons transferred to the metal side is high

enough, the Fermi level will extend across the conduc-

tion band, and parallel conduction will occur. Then

the characteristics of the device will be damaged. We

have calculated the minimum value of the conduction

band in the barrier layer and compared them with

the Fermi level, as shown in Fig.6. We can find from

the figure that when the doping density approaches

5.5 × 1012 cm−2, the minimum value of the conduc-

tion band is obviously under the Fermi level. We may

set the optimum doping density of the upper impurity

as 5.0 × 1012 cm−2. It can provide a maximal value

of 2DEG concentration and avoid the appearance of

parallel conductance.

The doping density of lower impurity layer can

be decided by the following two points: (a) more elec-

trons, (b) higher mobility. We have known that in the

case of single-doped structure, the shape of the quan-

tum well is like a quasi-triangle. The centroid of the

electrons is much close to the upper interface of the

heterojunction, and the electrons will suffer a higher

interface roughness scattering. If the electrons are lo-

cated in the middle of the quantum well and far from

the interface of heterostructure, the interface rough-

ness scattering can be depressed effectively.[25−27] The

premise of making the electrons (mainly the electrons

subjected to the first subenergy level) located in the

middle of the quantum well is that the quantum well

should become symmetric. When a doped layer is set

under the channel, the electrons from the ionized im-

purities will also transfer to the channel, and an elec-

tric field will come into being at this position, then

the energy band will be altered by the electric field.

Therefore the shape of the quantum well can be ad-

justed by changing the doping densities of the upper

and lower doping layers.

Fig.6. The minimum value of conduction relative to

the Fermi level versus donor concentration of upper

impurity layer.

After the doping density of the upper impurity

layer is determined to be 5.0× 1012 cm−2, the second

impurity layer under the channel is going to be set

and its doping density is improved gradually, so that

the well is becoming more symmetric and the cen-

troid of the electrons is approaching the middle of the

well gradually. At the same time the concentration

of 2DEG in the channel improves. This means that

while the 2DEG concentration improves, the electrons

will suffer less interface roughness scattering, and their
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mobility can also be enhanced. Figure 7 shows the

band diagram with different Nd2. The doping densi-

ties of the lower impurity layer are set at 0, 1 × 1012,

2×1012, 3×1012 cm−2. In Fig.7 the distribution of the

electrons is also shown. As shown in Fig.2, two suben-

ergy levels exist below the Fermi level. This means

that the electrons mainly occupy these two levels, and

the local density of electrons is mainly composed of

the electrons subjected to these two subenergy lev-

els. We can find from Fig.7 that when the doping

densities of the two impurity layers are 5 × 1012 and

3 × 1012 cm−2, respectively, the shape of the band

structure is the most symmetrical. Therefore we may

expect the best performance of the device in this case,

with the electron concentration of 2DEG calculated to

be 5.68 × 1012 cm−2. Compared with that of single-

doped structure, the 2DEG concentration of double

δ-doped HEMT has doubled. The higher electron con-

centration ensures this HEMT to be a good candidate

for high power application. We also expect a better

performance of transport properties in this structure.

Fig.7. The distribution of electrons in the lower impurity layer with different doping density. For Figs.7(a), 7(b),

7(c) and 7(d) the doping densities are 0, 1× 1012, 2× 1012 and 3× 1012 cm−2.

5. Conclusion

A theoretical study (self-consistent calculation of

the Schrödinger and Poisson equations) has been car-

ried out to determine the properties of the 2DEG

in double-δ-doped InAlAs/InGaAs/InP HEMT. The

electronic states in the quantum well of the HEMT

is calculated. Eigenvalues and corresponding wave-

functions have been obtained by using finite differ-

ential method. We have also obtained the sheet elec-

tron concentration of 2DEG and its distribution in the

quantum well. By changing the doping densities of up-

per and lower impurity layers, we find that both the

2DEG concentration and the electrons transferred to

the metal side of the Schottky contact increase along

with the doping concentration of upper impurity layer,

but only the 2DEG concentration changes with that

of the lower impurity layer. Thus we can optimize the

doping concentrations of two layers separately. Con-

sidering the sheet concentration and the mobility of

the electrons, the optimum doping concentrations for

the two layers are 5× 1012 and 3× 1012 cm−2, respec-

tively. The result of 2DEG concentration has been

compared with that of single-δ-doped HEMT, and we

find that the 2DEG concentration has doubled. So we
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can conclude that it is a very good candidate for power

application. We believe these results can provide im-

portant information for designing double-doped In-

AlAs/InGaAs/InP HEMTs.
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