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In this paper the mixing of a sample in the curved microchannel with heterogeneous surface potentials is analysed

numerically by using the control-volume-based finite difference method. The rigorous models for describing the wall

potential and external potential are solved to get the distribution of wall potential and external potential, then momen-

tum equation is solved to get the fully developed flow field. Finally the mass transport equation is solved to get the

concentration field. The results show that the curved microchannel has an optimized capability of sample mixing and

transport when the heterogeneous surface is located at the left conjunction between the curved part and straight part.

The variation of heterogeneous surface potential ψn has more influence on the capability of sample mixing than on that

of sample transport. The ratio of the curved microchannel’s radius to width has a comparable effect on the capability

of sample mixing and transport. The conclusions above are helpful to the optimization of the design of microfluidic

devices for the improvement of the efficiency of sample mixing.
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1. Introduction

With the development of micro-system technol-

ogy, it is common that the electro-osmosis is utilized

as one of the driving forces for fluid transport and

mixing simultaneously in microchannels, and more at-

tentions have been paid to the relation between the

characteristics of microchannel and the efficiency of

sample mixing. In general, the Reynolds number of

electro-osmotic flow in microfluidic devices is usually

very small, and the achievement of sufficient mixing in

electro-osmotic microchannel flow is usually very diffi-

cult. Though a longer mixing length does not mean a

sufficient mixing,[1] it is still usually used as a method

for adding to sample mixing, and curved part is of-

ten introduced into a narrow microchannel. Then, it

is very important to have a study on sample mixing

in curved microchannel. In fact, a lot of work has

already been done on the mixing in pressure-driven

microchannel,[2−6] and it was found that higher Re

number means more sufficient sample mixing.

In general, the manners of sample mixing in mi-

crochannels are classified into two categories: diffusion

and convection. For a sample with constant molecu-

lar diffusion coefficient, lowering its velocity may have

more sufficient sample mixing, which is adapted to

the sample mixing in straight or curved microchan-

nel. However, in some conditions, both rapid trans-

port and mixing of sample are required. As a result,

it should be thought much of the positive influence of

convection on sample mixing.

In recent years, Ajdari[7,8] investigated electroos-

mosis with nonuniform surface potential and found

circulation regions generated by application of op-

positely charged surface heterogeneities to the mi-

crochannel wall. Fu et al
[9] found that a step change

in zeta potential caused a significant variation in

the velocity profile and in the pressure distribution.

The phenomena were also observed experimentally by

Stroock et al
[10] and Erickson and Li,[11] and they

studied these circulation regions and exploited them

as a method for the enhancement of mixing in T-

shaped microfluidic device. Oddy at al
[12] used a

sinusoidally alternating electric field to stir the flow

stream, and Hao et al
[13] exploited the instability

of electrokinetic microchannel flows with conductivity

gradients to enhance sample mixing. From the afore-
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mentioned works of some researchers, it can be seen

that the instability of flow field and circulation regions

can be utilized to add sample mixing in some degree,

but for a microchannel, there is a tradeoff between the

capability of sample mixing and transport.[14]

The integral capability of sample mixing and

transport for a microchannel is called its efficiency of

sample mixing. Unfortunately, this efficiency of sam-

ple mixing for a microchannel has not been well under-

stood. Therefore, numerical simulation will be used to

understand the relation between the efficiency of sam-

ple mixing and the distribution of heterogeneous wall,

wall potential, and the shape of microchannel.

2. Mathematical model and

boundary conditions

2.1.Mathematical model

The curved microchannel with width W , radius

r and a straight length l is shown in Fig.1. Assum-

ing that the flow is incompressible and steady, we can

obtain the momentum equation of flow as:

ρ(V · ∇)V = −∇p+ µ∇2
V + F , (1)

where V is velocity vector, p is pressure, ρ and µ de-

note the density and the viscosity of the solution re-

spectively.

Fig.1. The sketch of computational region.

Based on the property of flow field, two velocity

components are described by: u = u(x, y), v = v(x, y).

In addition, the flow is driven by electroosmosis, then

Eq.(1) can be expressed below:

ρ(V · ∇)V = −∇p+ µ∇2
V + ρeE , (2)

where E is the electric field, which is given by E =

∇Ψ , and Ψ is the electric potential, ρe is the charge

density. The relation between the net charge density

ρe and the electrical potential Ψ is shown below:

∂2
Ψ

∂x2
+
∂2

Ψ

∂y2
= −

ρe

εε0
, (3)

where ε is the dielectric constant of the electrolyte

solution and ε0 is the permittivity of vacuum.

In general, ion concentration is affected by both

the distribution of the externally applied potential, φ,

and the distribution of the potential, ψ, associated

with the electrical double layer (with surface poten-

tial, ζ). The overall electric potential, Ψ , is composed

of both φ and ψ. However, in general, the electrical

double layer potential distribution ψ is only a small

fraction of Ψ . Since the Debye length (λd) is typi-

cally very small in comparison with the microchannel

height, the ion distribution is influenced primarily by

the ζ potential. It is reasonable to assume that the

electric potential Ψ is given by the linear superposi-

tion of the electrical double layer potential and the

externally applied potential, i.e. Ψ = ψ + φ. There-

fore, Eq.(3) can be represented as:

∂2ψ

∂x2
+
∂2ψ

∂y2
= −

ρe

εε0
, (4)

∇2φ = 0 , (5)

where

ρe = −2n∞ze sinh
( zeψ

kBT

)

, (6)

where z is the valence of ions, e is the fundamental

electric charge, n∞ is the ionic number concentration

in the bulk solution, T is the absolute temperature of

the solution and kB is Boltzmann’s constant. Substi-

tuting Eq.(6) into Eq.(2) we get

ρ(V · ∇)V = −∇p+ µ∇2
V

+ 2n∞ze sinh
( zeψ

kBT

)

∇(ψ + φ) . (7)

Sample transport in electro-osmotic flows is a re-

sult of two primary mechanisms: convection and dif-

fusion. Since steady state is assumed here, the general

equation of sample mixing can be written as:

(V · ∇)C = D(∇2C), (8)

where C and D is the sample concentration and dif-

fusivity respectively.

Define dh = H as the characteristic length, the

concentration of sample Cm at inlet as the charac-

teristic concentration, an arbitrary velocity U as the
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characteristic velocity, and 1/k as the characteristic

thickness of electrical double layer. Reynolds num-

ber Re = Udhρ/µ, Schmidt number Sc = µ/Dρ. The

following dimensionless parameters are introduced:

u∗ =
u

U
, C∗ =

C

Cm
,

ψ∗ =
zeψ

kBT
, E∗

x =
ExL

ζ
,

x∗ =
x

dh
, y∗ =

y

dh
,

φ∗ =
zeφ

kBT
, p∗ =

(p− patm)

ρU2
,

where ζ is the surface potential on the wall, and patm

is the atmospheric pressure.

Equations (4), (5), (7) and (8) are non-

dimensionalized by above dimensionless variables, the

corresponding dimensionless equations can be ob-

tained (with “*” omitted):

∇2ψ = (kd2
h) sinh(ψ), (9)

∇2φ = 0, (10)

(V · ∇)V = −∇p+
1

Re
∇2

V

+Gx sinh(ψ)∇(ψ + φ), (11)

(V · ∇)C =
∇2C

Sc · Re
, (12)

where

k =
(2n∞z

2e2

εε0kBT

)1/2

,

and k−1 is defined as the Debye length (λd), and

Gx = 2n∞kBT/ρU
2.

2.2.Boundary conditions

The present simulation applies the following

boundary conditions:

inlet:

∂ψ

∂y
= 0 , φ = φin ,

∂u

∂y
= 0 ,

∂v

∂y
= 0 ,

C = 0 for x ≤ −
r +W

2W
;

C = 1 for x > −
r +W

2W
.

outlet:

∂ψ

∂y
= 0, φ = φout ,

∂u

∂y
= 0,

∂v

∂y
= 0,

∂C

∂y
= 0

on the walls:

ψ = ψn at the wall in one patterned zone;

ψ = ψp at the rest wall of the curved microchannel;

∂φ

∂n
= 0, u = 0, v = 0,

∂C

∂n
= 0,

where n means the local normal of the wall of curved

microchannel.

The control-volume-based finite difference me-

thod was used to solve the equations above. Equa-

tions (9) and (10) were solved first to get the distri-

bution of surface potential and externally applied po-

tential in the microchannel, then Eq.(11) was solved

to get a fully developed flow field, Eq.(12) was finally

solved by using implicit method to study the sample

mixing. The method and code used in present simu-

lation has already been validated.[15,16]

3. Results and discussions

Numerical simulation of the mixing of some type

of sample in the curved microchannel was carried

out. The present simulation assumes the curved mi-

crochannel to be made of silica glass, to have a width

of W = 100 µm, a straight length of l = 1 mm,

and its radius changes with r:W . Furthermore, it

is assumed that water-liquid is used as the working

fluid and its physical properties are given by ε = 80,

ε0 = 8.85 × 10−12 C/V· m, µ = 1.003 × 10−3 kg/ms,

ρ = 998.2 kg/m3. Finally, the diffusion coefficient for

sample mixing is D = 1.0 × 10−10 m2/s. The char-

acteristic velocity is assumed to be U = 1 mm/s. All

the numerical solutions presented in the following have

been carefully studied so that the grid-independent so-

lutions are obtained.

Referring to Fig.2, we know that each patterned

zone is the interaction between the whole curved mi-

crochannel and its corresponding dashed rectangular

zone respectively. In addition, each patterned zone

means a possible region where the wall of the curved

microchannel can be modified with heterogeneous sur-

face potential ψn, while the rest walls of the curved

microchannel have a surface potential ψp.

The microchannel has an external electric poten-

tial of φin = 0 V and φout = 1000 V, and joule
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heating effect can be ignored here. In present study,

ψp = 0.05 V, but ψn is changeable.

Fig.2. Schematic diagram of the patterned surfaces

with heterogeneous surface potential.

In order to make description convenient, some di-

mensionless parameters are defined as follows:

a) dimensionless theoretical concentration Cideal =

1.0H1Vavg1/(H1Vavg1 + H0Vavg0), this parameter de-

scribes the dimensionless value of concentration at the

outlet of the microchannel when complete mixing is

achieved without loss, where “1.0” means the stream

of sample at the inlet, H1 and Vavg1 are sample’s corre-

sponding dimensionless length and dimensionless ve-

locity at inlet, other parameters in the above expres-

sion above are about working fluid, and they are de-

fined in the same way;

b) dimensionless flux Q = u(y) × 1.0, it is defined to

describe sample transport, where “1.0” denotes the

dimensionless value of the height of microchannel;

c) mixing parameter

Mixeff =
(

∫

H

|C − Cideal|dH
) /

(H) ,

this parameter is defined to describe the degree of

sample mixing at the outlet of the microchannel, the

smaller Mixeff means the more sufficient sample mix-

ing at the outlet in the curved microchannel and it

has been figured out that Cideal is about 0.5 in this

simulation.

The present simulation is carried out for the fol-

lowing three cases:

a) the relation between the pattern of the heteroge-

neous surface and Mixeff , Cideal and Q was investi-

gated when r:W = 5 : 1 and ψn = −0.25 V, the

patterned zones of A, B, C and D are defined below:

A : x < 0,
l

2W
<y<

l

2W
+
r +W

5W
,

B : x < −
4(r +W )

5W
, y>

l

W
,

C : −
(r +W )

10W
< x <

(r +W )

10W
, y>

l

W
,

D : x >
4(r +W )

5W
, y>

l

W
;

b) the relation between the heterogeneous surface

potential ψn and Mixeff , Cideal and Q was investi-

gated in the microchannel with the pattern of B and

r:W = 5 : 1;

c) When ψn = −0.25 V, the relation between r:W

and Mixeff , Cideal and Q was investigated in the mi-

crochannel with the pattern of B.

Referring to Figs.3(a)–3(g), we see that there ex-

ists circulation region adjacent to heterogeneous sur-

face, in fact, the circulation region is generated by

the application of oppositely charged surface hetero-

geneities to the microchannel wall and its shape can

change with the variation of the pattern of hetero-

geneous surface. In addition, it can also be noted

that the circulation region shown in Figs.3(a) and

3(e) is symmetric, but the circulation regions shown

in Figs.3(c) and 3(g) are asymmetric, and there is an

obvious difference of size between the two adjacent

circulation regions.

Referring to Figs.4(a)–4(d), we see that the sam-

ple in the curved microchannel with the pattern of B

or D can achieve sufficient mixing much easier than

that with the pattern of A, and there is almost no

mixing in the microchannel with pattern of C. Ac-

cording to Figs.3(b) and 3(f), we can note that the

two adjacent circulation regions are confined to half

of the width of the microchannel respectively, which

means that there is no convection between sample and

working fluid. As a result, sample mixing in this kind

of curved microchannel can only rely on diffusion, and

the terrible sample mixing can be seen in Figs.4(a) and

4(c). Turn to Figs.3(d) and 3(h), it can be found that

the outer circulation region has much larger size than

the inner circulation region, but the same intensity,

which means that the outer circulation will compress

one fluid to its adjacent laminar fluid and add to their

mutual mixing through convection. As a result, it

can be seen in Figs.4(b) and 4(d), that there exists a

compression region, before which there is no obvious

sample mixing.
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Fig.3. The flow field in the curved microchannel for various pattern of heterogeneous surface potential (a) A, (c) B, (e) C

and (g) D when r: W = 5 : 1 and ψn = −0.25 V. The flow field shown in Figs.3(b), 3(d), 3(f) and 3(h) is the magnified

result of the flow field in the dashed rectangular zone in Figs.3(a), 3(c), 3(e), 3(g) respectively.
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Fig.4. The concentration field in the curved microchannel for various pattern of heterogeneous surface potential (a) A, (c)

B, (e) C and (g) D when r:W = 5 : 1 and ψn = −0.25 V, where the value of the concentration in the black zone is lower

than that in the white zone, and the maximum and minimum value of concentration is 1 and 0, respectively.

As shown in Fig.5(a), it can be seen that the con-

centration of sample at the outlet of microchannel cor-

responding to pattern A or C is more uniform than

that corresponding to pattern B and D. Referring to

Fig.5(b), we can note that dimensionless flux corre-

sponding to pattern A and C is much larger than that

corresponding to pattern B or D, while it is almost

the same for pattern B and D, and it owns the maxi-

mum value in the pattern of A. In Fig.5(c), it can be

found that the mixing parameter Mixeff corresponding

to pattern A or C is higher than that corresponding

to pattern B or D, and it has the maximum value in

the pattern of A.

Combining Fig.5(b) with 5(c), among the four

patterns shown in Fig.2, we can see that pattern A

has the highest capability of sample transport but

the lowest capability of sample mixing, pattern C

has moderate capability of sample transport and mix-

ing, pattern B and D have very high capability of

sample mixing, but their capability of sample trans-

port is very low. In addition, it has been found that

(Q(D) −Q(B))/Q(B) = −0.00171 and

Mixeff(D) − Mixeff(B))/Mixeff(B) = 0.039475412 ,

where, Q(D) represents the dimensionless flux corre-

sponding to the pattern of D, and other parameters

are defined in the same way. The above numerical sim-

ulation shows that the capability of sample transport

and mixing corresponding to pattern B is much higher

than that corresponding to pattern D at a percent of

0.17 and 3.94 respectively. In general, the capability

of sample transport and mixing corresponding to pat-
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tern B is the highest, which means that the curved

microchannel has an optimized capability of sample

mixing and transport when the heterogeneous surface

is located at the left conjunction between the curved

and straight part.

Fig.5. When r:W = 5 : 1 and ψn = −0.25 V, the

relation between the pattern of heterogeneous surface

and (a) the distribution of sample concentration at the

outlet, (b) the dimensionless flux and (c) the dimen-

sionless mixing parameter are given out respectively.

Fig.6. When r:W = 5 : 1 and the heterogeneous

surface has the pattern of B, the relation between ψn

and (a) the distribution of sample concentration at the

outlet, (b) the dimensionless flux and (c) the dimen-

sionless mixing parameter are given out respectively.

Referring to Fig.6(a), we can note that the con-
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centration of sample at the outlet becomes more uni-

form with the decreasing of ψn, and it is uniform

enough for a sufficient sample mixing when ψn is less

than −0.2 V. As shown in Fig.6(b), it can be seen

that the dimensionless flux decreases linearly with the

decreasing of ψn, that is because of the reduction of

the net charge for electroosmosis in this condition. In

Fig.6(c), it can be noticed that the mixing parame-

ter Mixeff decreases moderately with the decreasing

of ψn, which means a higher capability of sample mix-

ing, while the capability of sample transport decreases

linearly at the same time as shown in Fig.6(b).

In addition, when ψn changes from −0.25 V to

−0.05 V, it has been known through numerical com-

putation that the capability of sample transport has

an enhancement at a percent of 44.3, while its capa-

bility of sample mixing decreases at a percent of 358.

As a result, it can be concluded that the variation of

heterogeneous surface potential ψn has more effect on

the capability of sample mixing than on that of sam-

ple transport. That is why the relation between ψn

and dimensionless flux should be considered first for

the optimization of the curved microchannel for higher

efficiency of sample mixing.

As shown in Fig.7(a), it can be noted that the

concentration of sample at the outlet becomes very

uniform when r:W is larger enough. Referring to

Fig.7(b), we can see that the dimensionless flux de-

creases with the increasing of r:W and this trend be-

comes mild so that there is a reversely proportional re-

lation between the intensity of electric field and r:W .

At the same time, the intensity of circular region is

proportional to the intensity of electric field. Thus, in

the view of the intensity of circular region, the capabil-

ity of sample mixing will decrease with the increasing

of r:W , but it is opposite for that of sample transport.

On the other hand, according to the definition of pat-

tern D, it can be found that the size of the circulation

region is proportional to r:W . As a result, the capa-

bility of sample mixing increases with the increasing

of r:W because of larger intensity of the circulation

region.

From the aforementioned analysis, it can be seen

that r:W has positive and negative influence on the

capability of sample mixing, and the integrative in-

fluence can be noticed from Fig.7(c), the mixing pa-

rameter Mixeff increases first and then decreases mod-

erately with the increasing of r:W , and the dividing

point is r:W = 3 : 1. In addition, it can also be noted

that the sample have achieved a sufficient mixing when

r:W is larger than 5.

Fig.7. When ψn = −0.25 V and the heterogeneous

surface has the pattern of B, the relation between r:

W and (a) the distribution of sample concentration

at the outlet, (b) the dimensionless flux and (c) the

dimensionless mixing parameter are given out respec-

tively.

Combining Fig.7(b) with Fig.7(c), when r:W

changes from 1 to 9, we can know through numerical

computation that the capability of sample transport
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has a reduction at a percent of 80, while its capabil-

ity of sample mixing has an enhancement at a percent

of 92, which means that the ratio of the curved mi-

crochannel’s radius to width has a comparable effect

on the capability of sample mixing and transport. As

a result, it can be said that the variation of r:W is not

very important for the optimization of sample mixing

in the microchannel.

4. Conclusions

Sample mixing and transport in 2D curved mi-

crochannels with heterogeneous surface potentials was

analysed numerically by using the control-volume-

based finite difference method. The results show that

the curved microchannel has an optimized capability

of sample mixing and transport when the heteroge-

neous surface is located at the left conjunction be-

tween the curved part and straight part. The variation

of heterogeneous surface potential ψn has more effect

on the capability of sample mixing than on that of

sample transport. The ratio of the curved microchan-

nel’s radius to width has a comparable effect on the

capability of sample mixing and transport. The con-

clusions above can be utilized in the optimization of

the design of microfluidic devices for improving of the

efficiency of sample mixing.
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