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A slow-wave structure (SWS) with two opposite gratings inside a rectangular waveguide is presented and analysed.

As an all-metal slow-wave circuit, this structure is especially suited for use in millimetre-wave travelling wave tubes

(TWTs) due to its advantages of large size, high manufacturing precision and good heat dissipation. The first part of

this paper concerns the wave properties of this structure in vacuum. The influence of the geometrical dimensions on

dispersion characteristics and coupling impedance is investigated. The theoretical results show that this structure has

a very strong dispersion and the coupling impedance for the fundamental wave is several tens of ohms, but the coupling

impedance for –1 space harmonic wave is much lower than that for the fundamental wave, so the risk of backward

wave oscillation is reduced. Besides these, the CST microwave studio is also used to simulate the dispersion property of

the SWS. The simulation results from CST and the theoretical results agree well with each other, which supports the

theory. In the second part, a small-signal analysis of a double rectangular waveguide grating TWT is presented. The

typical small-signal gain per period is about 0.45 dB, and the 3-dB small-signal gain bandwidth is only 4%.
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1. Introduction

Recently, owing to a demand for advanced radar

and communications, the high-frequency and high-

power sources have been developed with frequencies

between 100 and 300GHz and peak powers as high

as several hundreds of kilowatts, and a bandwidth of

up to 10%. Since the investigation of the interaction

mechanisms of different slow-wave structures (SWSs),

the rectangular waveguide grating SWS,[1−10] which is

used in numerous microwave oscillator and amplifier

experiments, has aroused much interest of all due to

its unique features: the scalability to smaller dimen-

sions and shorter wavelengths, high precision of manu-

facturing and assembling, super-thermal conductivity

and low loss, which make it worth being investigated,

especially at millimetre-wave frequency-band. In our

previous work, a single rectangular waveguide grating

was analysed.[11] This paper presents an analysis of

a slow-wave structure, called the double rectangular

waveguide gratings, composed of two opposite grat-

ings in a rectangular waveguide as illustrated in Fig.1.

Fig.1. Configuration of the double rectangular waveguide

grating circuit.

2. Wave properties in a double

rectangular waveguide grating

SWS

First, we investigate the wave properties including

the dispersion relation and the interaction impedance

of the structure in vacuum. Figure 1 is the sectional

view through the xoz plane of the double rectangular

waveguide grating slow-wave circuit model. An elec-

tromagnetic wave propagates along the surface of the

gratings, and slows down in the z-direction. When
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the phase velocity of the wave is synchronous with

the beam, the energy transfers from the beam to the

wave, thus the wave is amplified.

2.1. The field distribution

As shown in Fig.1, the structure is divided into

three regions: interaction region I, groove region II

and groove region III. The two gratings are symmetri-

cal with respect to the yoz plane. L denotes the period

of the gratings, w is the length of the slot openings, d

is the depth of the slots, and 2b represents the spac-

ing between the gratings. The width of waveguide is

expressed by a. In the following analysis, the time-

dependent exp(jωt) is assumed (and suppressed) for

all field quantities.

The slow-wave mode[4,5] supported by this struc-

ture is transversely electric with respect to the y-

direction, i.e. TEy under the assumption of Ey = 0.

Both slow and fast waves may be excited due to the

closeness of the circuit. Each of these waves consists of

an infinite sum of space harmonics on account of the

periodicity of the structure. Here, only the slow-wave

mode is considered. Using Floquet’s theorem and the

Cartesian coordinates (x, y, z), the fields in region I

can be written as
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where AI
n and BI

n are the amplitude factors, µ0 is the

permeability, υI
x, kI

y and βI
n are the wave numbers of

the n space harmonic in the x-, y- and z-directions,

respectively. βI
n = βI

0 + 2nπ/L, kI
y = lπ/a, (l =

1, 2, 3 · · · ), (hI)2 = k2
0 − (kI

y)2, (υI
x)2 = (βI

n)2 − (hI)2.

k0 = ω/c is the propagation constant in free space. ω

is angular frequency and c is speed of light in vacuum.

In groove regions (II and III), we assume that the

solution can be expressed by a Fourier series expan-

sion as an infinite sum of standing eigen waves, which

can be written as
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where Ci
m is the amplitude factor, ki

z and ki
y are the

wave numbers in the z- and y-directions, respectively,

ki
y = kI

y = lπ/a, hi = hI, ki
z = mπ/w, (m =

0, 1, 2 · · · ). In region II, F II
m = cosh[υII

m(x − b − d)],

and in region III, F III
m = cosh[υIII

m (x+ b+d)]. (F i
m)′ is

their derivatives. Here (υi
m)2 = (ki

z)
2 − (hi)2. Using

the matching conditions of the fields at the boundaries

between the regions, it is possible to obtain the disper-

sion relation, which determines the wave propagation.

2.2.Vacuum dispersion characteristics

The matching condition at x = −b and x = b is

governed by the requirement for the continuity of the

tangential component of the electric field on all inter-

faces (metallic and nonmetallic) as well as the con-

tinuity of the tangential component of the magnetic

field on all nonmetallic interfaces, i.e. the following

equations:

EI
z(b, y, z) =







EII
z (b, y, z), 0 < z < w,

0, w < z < L,
(3)

HI
y(b, y, z) = HII
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




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(5)

HI
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y (−b, y, z), 0 < z < w. (6)

Substituting the components of the fields into the

above-mentioned matching condition (3)–(6), the dis-

persion equation of the double rectangular waveguide

grating SWS can be obtained. Due to the symmet-

rical characteristics of the structure, dispersion equa-

tion contains two kinds of modes: one is symmetrical

mode and the other is anti-symmetric mode. Here,

considering the completeness, both of the two modes

are given. The uniform formula of the dispersion equa-

tion is written as

|Xn,n′ − δn,n′Yn| = 0, n, n′ ∈ Z. (7)

Here, for the symmetrical mode, we have
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For the anti-symmetrical mode, we obtain
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where δm0 and δn,n′ are Kronecker delta, and R is expressed as
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Generally speaking, the symmetrical mode, which

is beneficial to the beam–wave interaction, has a longi-

tudinal field much stronger than the anti-symmetrical

mode, the longitudinal field of which is very weak in

the central region. So, in the following discussion

including the calculation of coupling impedance, we

consider only the symmetrical mode. To simplify the

calculation, only the lowest mode TEy10 is discussed,

that is, l = 1. Figure 2 shows the dispersion char-

acteristics of a double rectangular waveguide grating

SWS. In order to check the calculated results, a three-

dimensional electromagnetic simulation software CST

is used for comparison. The smooth curve represents

the theoretical results; the triangular points denote

the results given by the CST simulation. It is obvious

that the CST simulation data are in agreement with

the theoretical results, which supports our theory.

Fig.2. Dispersion curve for the double rectangular waveg-

uide grating structure with dimensions in units of mm: a

= 6, b = 1, d = 2, w = 0.8, L = 1.6.

As we know, for amplification in a travelling-wave

tube, the electromagnetic wave and the beam must

maintain synchronization with each other in a cer-

tain frequency (f) range, i.e. the z component of the

phase velocity of the wave in the radio-frequency cir-

cuit must be close to the electron beam velocity. When

the frequency varies, which makes the wave velocity

differ from the electron velocity, the gain of the tube

will decrease. Thus, the variation in the phase veloc-

ity with frequency is very important in the design of

TWT and can determine its bandwidth. The phase

velocity normalized by c in this structure is written as

vp/c = (k0a/β0L)(L/a).

Figure 3 shows the effect of variation in the

groove-depth d on the normalized phase velocity-

normalized frequency (vp/c − k0a) dispersion charac-

teristic.

Fig.3. The dispersion curves for several values of the

groove-depth d. Parameters in calculation: b/a = 0.25,

L/a = 0.08, w/L = 0.5.

It is clear that, as the groove-depth d increases, forc-

ing the wave to move towards the groove region, the

phase velocity decreases and the dispersion curves be-

come steeper. In addition, the influences of the vari-

ations in the grating-period and groove-width on the

dispersion are shown in Figs.4 and 5 respectively. From

Fig.4. The dispersion curves for several values of the

grating-period L. Parameters in calculation: b/a = 0.25,

d/a = 0.2, w/L = 0.5.

Fig.5. The dispersion curves for several values of the

groove-width w. Parameters in calculation: b/a = 0.25,

d/a = 0.2, L/a = 0.08.
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Fig.4, we can see that the grating-period has no in-

fluence on dispersion except for the central frequency

moving towards the lower frequencies as the grating-

period increases. From Fig.5, it may be seen that the

phase-velocity decreases and the bandwidth is basi-

cally unchanged as the groove-width increases.

2.3.Coupling impedance

For a slow-wave structure, whether it is useful

or not depends on not only the dispersion but also

the coupling impedance that represents the intensity

of the interaction between the wave and the electron

beam. From Pierce’s theory,[12] the gain of the tube is

proportional to the amplification parameter C, where

C3 = Kcn/4V0/I0, in which Kcn is the interaction

impedance for the nth space harmonic wave and is

defined as

Kcn =
EznE∗

zn

2β2
nP

, (13)

where Ezn is the longitudinal component of the elec-

tric field of the nth space harmonic wave at the po-

sition of the electron beam, and E∗
zn is its conjugate

component. We can obtain

EznE∗
zn =

(

ωµ0υ
I
n

(hI)2
[AI

n cosh(υI
nx) + BI

n sinh(υI
nx)] sin(kI

yy)

)2

. (14)

Define P as the total power flow along the z axis

through the whole circuit system
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∑
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Here P II
m and P III

m are the power flows in regions II and

III, but we note that both of them are zero because

the group velocity of the grooves is zero. Then, P I
n

is the power flow of the nth space harmonic wave in

region I, and can be written as

P I
n =

1

2
Re





a
∫

0

b
∫
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EI
x(HI

y)∗dxdy



 . (16)

By using the dispersion equations, each component

of the fields can be obtained. Substituting them

into the expressions (13), (14) and (16), the coupling

impedance of the nth space harmonic wave may be

achieved. Assuming that the electron beam is present,

and its width, thickness and position are δ, t, xe, re-

spectively. So the average coupling impedance is

K̄cn =
1

δ · t

(a+δ)/2
∫

(a−δ)/2

xe+t
∫

xe

Kc(x, y)dxdy. (17)

Using the results of the dispersion relations ob-

tained in Section 2.2, we may calculate the coupling

impedance according to the expression (13). Here, the

coupling impedance is calculated by assuming that a

sheet of electron beam passes through the surfaces of

the grooves, i.e. the position of the electron beam is

at x = ±b. Note that all the quantities in the def-

inition of the coupling impedance are ‘cold’ quanti-

ties: namely, they do not allow for the presence of the

beam.

Figure 6 shows the coupling impedances of the

fundamental wave (solid line) and –1 space harmonic

wave (dashed line) as the groove-depth d changes. The

Fig.6. The coupling impedance curves for several val-

ues of the groove-depth d. Parameters in calculation:

b/a = 0.25, L/a = 0.08, w/L = 0.5.

physical parameters are identical to those in Fig.3.

Apparently, the coupling impedance increases with

the increase of the groove-depth. This is because

the z component of the electric field near the sur-

face of the grating increases due to the increasing

of the slot depth d. Thus, the structure with an

appropriate groove-depth could achieve a larger cou-

pling impedance. From Fig.6, the typical coupling

impedance for the fundamental wave is much higher
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than that for the –1 space harmonic wave, especially

in a low frequency range, where its value is only about

0.05Ω. So the weak backward wave interaction may

reduce the risk of the backward wave oscillating.

The effect of the grating-period on the coupling

impedance of the fundamental wave is illustrated in

Fig.7. It is shown that the coupling impedance Kc

has a little change with the grating period. Accord-

ing to Fig.8, the coupling impedance increases as the

groove-width increases and the bandwidth keeps un-

changed.

Fig.7. The coupling impedance curves for several val-

ues of the grating-period L. Parameters in calculation:

b/a = 0.25, d/a = 0.2, w/L = 0.5.

Fig.8. The coupling impedance curves for several val-

ues of the groove-width w. Parameters in calculation:

b/a = 0.25, d/a = 0.2, L/a = 0.08.

3. Linear theory of a double

rectangular waveguide grating

TWT

In this section, we discuss the beam-wave inter-

action in the double rectangular waveguide grating

TWT. We first derive the “hot” dispersion equation

for this kind of TWT. The beam employed here is as-

sumed to be a sheet electron beam under the influence

of an infinite magnetic field B0 in the z-direction; thus,

it propagates uniformly along the z-axis of the system

at a velocity v0. This structure is shown in Fig.9.

Because of the intervention of the electron beam, the

structure is divided into five regions. Following the

field-matching condition described in Section 2.2, the

‘hot’ dispersion equation can be derived by solving

the equations of motion and continuity of the electron

beam, and Maxwell’s equations.

Fig.9. The double rectangular waveguide grating slow-

wave structure with the electron beam.

The field expressions in regions I and I′ are the

same as the expression (1), and the fields in regions

III and IV are the same as the expression (2). The

electron beam region is regarded as a sheet of travel-

ling plasma. Because of the influence of the electron

beam, the wave number υII
en in the x-direction of re-

gion II is expressed as

υII
en =

(k2
0εen − k2

y)

h2
(υI

n)2. (18)

Here εen = 1 − ω2
p/(ω − βnv0)

2 is the relative dielec-

tric constant, ωp =
√

ρ0e/ε0me is the plasma fre-

quency, ρ0 = J/v0 is the density of electric charge,

v0 =
√

2eVb/me is the speed of electron, J is the cur-

rent density, e is the electron charge, ε0 is the vacuum

permittivity, me is the static electron mass, Vb is the

accelerated velocity. In region II, the form of the field

distribution is the same as in region I, the only differ-

ence is the wave number in the x-direction, expressed

by υII
en.

The field matching condition at x = ±b is the

same as that obtained in Section 2.2. The boundary

condition at the surface of the electron beam is given

as follows:

EI
z = EII

z , EI′

z = EII
z , (19a)

HI
y = HII

y , HI′

y = HII
y . (19b)
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Using the matching condition, the dispersion

equation with electron beam can be written as

|Xn,n′ − δn,n′Yn| = 0, n, n′ ∈ Z. (20)

Here, only the symmetrical mode is of benefit to beam-

wave interaction and should be taken into considera-

tion. So we have

Xn,n′ = −
2

s
[On′ sinh(υn′b) + Mn′ cosh(υn′b)]

+∞
∑

m=0

υm tanh(υmd)
R(−βn′ , ki

m, w)R(βn′ , ki
m, w)

1 + δm0
, (21)

Yn = υn[On cosh(υnb) + Mn sinh(υnb)]L, (22)

where

On =
1

h2
enυn

[h2υen cosh(υent) cosh(υnt) − h2
enυn sinh(υent) sinh(υnt)], (23)

Mn =
1

h2
enυn

[h2
enυn sinh(υent) sinh(υnt) − h2

nυen cosh(υent) cosh(υnt)]. (24)

The significances of the parameters in the expres-

sions (20)–(24) are the same as those in Section 2.2. In

the absence of the electron beam, the ‘hot’ dispersion

(20) reduces to the expression (7). The complex tran-

scendental equation for k0 and β0 in the expression

(19) is solved using the downhill method.[13] Once the

electron parameters and the dimensions are given, the

relation between ω and β0 can be established. The

small signal gain per period of a double rectangular

waveguide grating TWT can be given by

G(dB/period) = 20 log{exp[Im(β0L)]}

= 8.686Im(β0L), (25)

where ‘Im’ denotes the imaginary part of a complex

number.

Here, we give the results of the small-signal gain

per period versus the frequency under assumed beam

parameters. In order to illustrate the amplification of

this structure, Fig.10 shows the small-signal gain per

period versus the normalized frequency for the dimen-

sions: b/a = 0.25, d/a = 0.2, L/a = 0.08, w/L = 0.5,

t/a = 0.05, V0 = 400kV, I0 = 5A. It is shown that

the narrow-band amplification can be achieved in this

kind of structure and the typical small-signal gain per

period is about 0.45dB. Its bandwidth is very narrow

and the 3-dB bandwidth of the device may be only

4%.

Fig.10. The small-signal gain versus the normalized fre-

quency.

4. Conclusions

In this paper, a double rectangular waveguide

grating SWS has been investigated for mm-wave TWT

application. First, the wave properties of the structure

in vacuum are analysed. The dispersion equation and

the coupling impedance are derived and calculated nu-

merically with the variation in physical dimensions. It

is found that the structure has a very strong disper-

sion, and the coupling impedance for the fundamental

wave is several tens of ohms, which will give rise to

a relatively high gain in this structure. The coupling

impedance of -1 harmonic wave is even less, therefore,

the weak backward wave may reduce the risk of the

backward wave oscillation. In addition, the numerical

results agree well with those obtained from the CST

microwave studio and support the theory.
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The beam-wave interaction in this kind of TWT

is examined. The ‘hot’ dispersion equation is derived

and solved numerically by using the downhill method.

The analysis reveals that this kind of structure is a

narrow band amplifier.
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