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Stokes’ first problem has been investigated for a Maxwell fluid in a porous half-space for gaining insight into the

effect of viscoelasticity on the start-up flow in a porous medium. An exact solution was obtained by using the Fourier

sine transform. It was found that at large values of the relaxation time the velocity overshoot occurs obviously and the

system exhibits viscoelastic behaviours. On the other hand, for short relaxation time the velocity overshoot disappears

and the system exhibits viscous behaviours. A critical value of the relaxation time was obtained for the emergence of

the velocity overshoot. Furthermore, it was found that the velocity overshoot is caused by both the viscoelasticity of

the Maxwell fluid and the Darcy resistance resulting from the structure of the micropore in the porous medium.
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1. Introduction

The motion of a fluid caused by the sudden mo-
tion of a flat plate from rest, also named as Stokes’
first problem or Rayleigh’s problem, is not only of
fundamental and theoretical interest, but also can be
found in many practical processes. This problem pro-
vides insights into the phenomena of boundary layer
growth and fluid flow bounded by an infinite flat plate.
By using a simple transformation method, an exact
solution for a Newtonian fluid was first obtained by
Stokes.l!] Although it is difficult to obtain such a so-
lution for a non-Newtonian fluid, Stokes’ first problem
has been extended to non-Newtonian fluids because of
its practical importance. Owing to the difficulties in
establishing a single model that possesses all proper-
ties of non-Newtonian fluids, many investigators have
approached Stokes’ first problem for non-Newtonian

fluids with different constitutive models.[2—10]

Recently, interest in flows through porous me-
dia has also grown considerably, due largely to the
demands in diverse areas such as biorheology, geo-
physics, chemical and petroleum industries.'' =17 Tt
is well known that in the flow of a Newtonian fluid
through a porous medium the pressure drop caused
by the friction drag is directly proportional to the ve-

locity. This is the familiar Darcy’s law:

__F
Vp = KVD, (1)

where Vp is the Darcian velocity, p the dynamic vis-
cosity of the fluid and K the permeability of the
porous medium. However, Darcy’s law ignores the
boundary effect on the flow. This negligence is not
allowed when the boundaries of the porous medium
have to be taken into accounted. As such, in 1947
Brinkman proposed an equation to describe the locally
averaged flow in a porous medium.'” The Brinkman
equation considers the balance of forces acting on a
volume element of the fluid, i.e., the pressure gradi-
ent, the divergence of the viscous stress tensor, and
the friction force exerted by the porous medium:

—Vp + pe V2V — %VD =0, (2)

where peg is the effective dynamic viscosity of the
medium. Although the Brinkman equation can be
used to account for the effect of boundaries, it is
only justified for steady-state flows of a Newtonian
fluid in porous media. Hence, it cannot be applied to
unsteady-state flows. In contrast, only a few mathe-
matical macroscopic filtration models have been pro-
posed for viscoelastic fluid flows in porous media. By
analogy with the constitutive equation of a Maxwell
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fluid, the following phenomenological model has been
introduced?!

0
(1+ fma)vp = —%VD,

where t,, is the relaxation time of the Maxwell fluid.

(3)

As Darcy’s law does, Eq.(3) also ignores the bound-
ary effect on the flow. So it cannot be directly used to
investigate Stokes’ first problem for a Maxwell fluid in
a porous half-space. In this paper, based on the local
volume averaging technique,'8~2! a modified Darcy’s
law is presented and Stokes’ first problem is extended
to Maxwell fluids in a porous half-space. An exact
solution of the velocity is obtained using the Fourier
sine transform. Numerical simulations are carried out
to investigate the effects of the relaxation time and
the porous parameter on the velocity field. This work
has applications in the design of novel half-plate flow
chamber for examining the effect of fluid shear stress
on cultured cell monolayers, blood flow in tissue and

other bioengineering problems.!?:22:23]

2. Basic equations

Consider now the flow of a Maxwell fluid in a
porous half-space. Taking the positive y-axis of a
Cartesian coordinate system to be in the upward di-
rection, a Maxwell fluid flow through a porous half-
space (y > 0) above and in contact with a flat plate

occupying the xz-plane. Both the fluid and plate are

7 tm
(91

It should be noted that this model includes the
classical viscous Newtonian fluid as a special case at
ty, = 0. Substituting Eq.(4) into Eq.(6) and keep-
ing in mind the initial condition 7(y,0) = 0, we have

Tez = Tyy = Tyz = T2 = 0 and

OTow ou
T tm =2 x )
Tox + 5 T 3y (7)
o, ou
T tm Y — a

Since the pressure gradient given in Eq.(3) for
a Maxwell fluid can also be taken as a measure of

— 4+ (V-7 = (VW) —7(VV)| = p[VV + (VV)T].

at a resting state at time ¢t = 0. At time ¢t = 07 , the
plate suddenly starts to slide in its plane with a con-
stant speed Uy. Under these conditions, no flow occurs
in the y- and z- directions and the flow velocity at a
given point in the porous half-space depends only on
its y-coordinate and time ¢, that is, the velocity field
is of the form

V = u(y, t)i, (4)

where % is the unit vector in the z-direction, V is
the intrinsic velocity, which is averaged over the pore
space. The relation between the intrinsic velocity and
Darcian velocity is given by Vp = ¢V, where ¢ is
the porosity of the porous medium. Based on a lo-
cal volume averaging technique,[®=2! a more rigorous
modified Darcy’s law will be considered for Stokes’
first problem with a Maxwell fluid in a porous half-
space in this work. In consideration of the balance of
forces acting on a volume element of the fluid, the lo-
cal volume-averaged balance of linear momentum can
be given by

1%
pﬁ——Vp—i—VT—i-r,

where p is the density of the fluid, 7 represents the vis-

()

cous stress tensor, r is Darcy resistance, i.e., the vis-
cous damping force caused by the micropore structure
of a porous medium. Here we describe the viscoelas-
tic properties of the fluid using the upper convected
derivative Maxwell fluid,** assuming

the same resistance to flow in the bulk of the porous
medium, '8 and 7 in Eq.(5) is also in effect a measure
of the flow resistance offered by the solid matrix, thus
r can be inferred from Eq.(3) to satisfy the following

equation:

At tnLyr = Ly,

ot K ©)

Eliminating 7 and 7 in Eq.(5) by using Egs.(8)
and (9) and keeping in mind Eq.(4) and Vp = ¢V,
the momentum equation of Stokes’ first problem for
a Maxwell fluid in the porous half-space can be given
by
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d . 0u d . 0p %u o
l+tme)=— = —(1 + tm—) o + p=—rs — — 10
Plttma) gy = —(Uttng) g thgs — K (10)
|

The corresponding initial and boundary condi- u(y, t) — 0; du(y,t) 0 as y— oo, (18)

tions are respectively oy

Au(y, t)
u(y,0) = 0, (11) o 0w el (19)
u(0,) = Uo (12) where a = t,Ug/v, with kinematic viscosity v =
Moreover. the natural conditions are i/ p, is a dimensionless relaxation time, which is also
called the Deborah number;!'¥ 8 = v/(Ug\/K/9) is
u(y,t) — 0; w — 0, as y— oo. (13) a porous parameter describing the property of the
Y

It deserves to note that the partial differential
equation (10) is one order higher than that of a New-

tonian fluid. In order to obtain an exact solution, we

need an additional initial condition. As Fetecau did,®!
we also assume
0 t
“gi ) 0 s t—o. (14)

The equations are made dimensionless by scaling
the velocity by Uy, length by v/Uy and time by v/Ug.
For the Stokes’ first problem, the pressure gradient in
the z-direction should be ignored. Then we obtain the
dimensionless equation of motion with the initial and
boundary conditions as follows

porous medium.

3. Exact solution

If we multiply both sides of Eqs.(15), (16) and
(19) by sin(sy), integrate them with respect to y from

0 to oo, keeping in mind the conditions (17) and (18),
we obtain
0%u(s,t)  Ou(s,t) 9 o
a—p 5 + (s* + B%)u(s, t) = s,(20)
a(s,0) = 0, (21)
Et(sv O) =0, (22)

where T(s,t) denotes the Fourier sine transform of
u(y, t) with respect to the variable y.

The solution to the ordinary differential equation
(20) subject to the initial conditions (21) and (22) has
one of the following forms:

0. 0u 0%
l4a=)—=— -3 1
(+am)G =55 - (15)
u(y,0) =0, (16)
u(0,t) =1, (17)
|
(i) Ifda>—.
i (o (e (Y L (0
(s,t) 1 (1 e (COS(ZQ)+77$D(2
. 1
(ii)) If4da < ik
s _re”?t —rgen?
_ ) s+ 3 Ty — T2 ’
e = 5 1—e (cos n + lsin
s2 4 32 20 n

In the above relations we have used the notations:

—1++/1—4a(s?+ 3?)

2a ’

1,2 = n

))) s € (0,00). (23)
s € (0,a),
@) e

- VRE TP 1
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Inverting these results by means of Fourier’s sine formula, we have

(i) Ifda> %

2 —t 4 1 t
u(y,t) =e v — —~ / ﬁeﬁ <cos <;7_a) + Esin <;7_a>> sin(ys)ds. (25)

—ay 2 s rpet2t — pgent
m ) s2+ 32 L —To
0

2/ s = nt n 1 .
—— | ——e?% [cos| — —si
w ) s2+ 32 20 n

0

sin(ys)ds

(%)) sin(ys)ds. (26)

In a special case, when § = 0, the above results can be simplified to the solution of Stokes’ first problem

for a clear Maxwell fluid (nonporous case). Equation (26) reduces to

rier2t — pyert sin(ys)d

2
’U/(y,t) =1 _;

Equation (27) is the dimensionless form of the re-
sult obtained by Jordan.°!

In another limiting case, when o = 0, correspond-
ing to Stokes’ first problem for a viscous Newtonian
fluid in a porous-half space, the solution can be easily
obtained as follows:

o0

2
u(y,t) = e - = / 52 —i 5267(52“’2” sin(ys)ds.
0

(28)

When o = 8 = 0, corresponding to the classi-
cal version of Stokes’ first problem for a clear viscous
Newtonian fluid, the solution can be obtained from
Eq.(28) as follows:

2 /e*SQths. (29)
™ S

0

u(y,t) =1—

Using some standard mathematical identities, this so-
lution can be rewritten as:

u(y,t) =1 — erf (%) , (30)

where erf(x) is the error function of Gauss. This is

L — T2

S
S

—;) + %sin (%)) Smiys)ds. (27)

the well-known solution to Stokes’ first problem for a
clear Newtonian fluid in the dimensionless form.

4. Results and discussion

By setting in Eq.(15) % = 0 and combining with
the boundary conditions (17) and (18), we can obtain
the steady-state solution of Stokes’ first problem for a
Maxwell fluid in a porous half-space as follows:

u(y) = e PY, (31)

By setting t — oo, this solution can also be ob-
tained from Eqgs.(25) and (26). The solution, which is
a damping exponential function with respect to y, is
different from that of Stokes’ first problem for a clear
fluid (nonporous cases). It is well known that in a pure
viscous fluid, the velocity input is responded through-
out the fluid, with u(y,t) = 1,0 <y < o0 as t — 0.
In addition, it is interesting to note that the steady-
state solutions for a Maxwell fluid and a Newtonian

fluid are identical. If we define the boundary-layer
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thickness  to be the distance over which the velocity
decreases to a given level, say 0.01, it is well known
that § = O(v/vt) for a clear Newtonian fluid. How-
ever, for a fluid (Newtonian fluid or non-Newtonian
fluid) in a porous half-space, it is easy to find that
the boundary-layer thickness tends to a limited value,
that is § — 4.6/0.

In order to investigate the viscoelastic effect on
the velocity field, we numerically simulated the exact
solution with the following set of parameters: a = 2
and § = 1.
in Fig.1, in which the velocity at a fixed distance

The numerical results are presented

(y = 0.5,1.2) above the flat plate is given as a function
of time. It can be seen that it needs not too long time
for the flow to get to the steady state. Although there
is somewhat delay in starting up the flow, once the
flow starts up, the velocity overshoot occurs clearly.
Because the velocity overshoot has not been observed
for a Newtonian fluid in the porous half-space, it is an
important phenomenon for Stokes’ first problem for a
Maxwell fluid in the porous half-space.

1.0
0.8F
2 3
0.6F
s 3 2
0.4F
F 1
0.2F
Oslllllllltlllll|llltl
0 5 10 15 20

Fig.1. The velocity at different distances from the flat
plate as a function of time for a Maxwell fluid with o = 2
and 8 = 1. Curve 1: y = 2, Curve 2: y = 1, Curve 3:
y =0.5.

It is known that the viscoelastic fluids, described
by the Maxwell model, have different flow regimes de-
pending on the value of the relaxation time «. For
high values of «, the system exhibits viscoelastic be-
haviour. On the other hand, for small «, the system
is dissipative, and conventional viscous effects dom-
inate. Now we consider the above solution again.
If @« > 1/(46?%), the solution to Stokes’ first prob-
lem is Eq.(25).
the Maxwell fluid plays an important role in the sys-

In this case, the viscoelasticity of

tem’s behaviours, and the velocity overshoot occurs as

shown in Fig.2.
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Fig.2. The velocity at a fixed distance y = 1 from the flat
plate for Maxwell fluids with different relaxation times in
the o > 1/(483%) case. B = 1 for all curves. Curve 1:
a = 0.5, Curve 2: a =2, Curve 3: a = 5.

In addition, the longer the relaxation time, the
stronger the velocity overshoot, and it needs longer
time to start up the flow with the increase of the re-
laxation time. The effect of the porous parameter on
the velocity overshoot is shown in Fig.3.
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0 : 1 1 1 ]
0 5 10 15 20

t

Fig.3. The velocity at a fixed distance y = 1 from the flat
plate for Maxwell fluids with different values of the porous
parameter in the o > 1/(482) case. o = 2 for all curves.
Curve 1: g =1, Curve 2: = 1.5, Curve 3: 3 =2.

With the increase of 8 the amplitude of the overshoot
becomes larger and larger. If o < 1/(43?), the solu-
tion to Stokes’ first problem is Eq.(26). In this case,
the effect of viscoelasticity of a Maxwell fluid becomes
weaker. As shown in Fig.4, the system exhibits vis-
cous behaviours, and then the velocity overshoot dis-

appears.
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Fig.4. The velocity at a fixed distance y = 1 from the flat
plate for Maxwell fluids with different relaxation times in
the a < 1/(453%) case. B = 1 for all curves. Curve 1:
a = 0.1, Curve 2: a = 0.05, Curve 3: a = 0.01.

For comparison, in Fig.5, we plot the velocity at a
fixed distance y = 1 from the flat plate for a Maxwell
fluid and a Newtonian fluid in the porous half-space,
and also a Maxwell fluid in a nonporous medium.
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Fig.5. Comparison of the solutions of Stokes’ first prob-
lem at a fixed distance y = 1 from the flat plate. Curve
1: Newtonian fluid in a porous medium (o = 0, 8 = 1).
Curve 2: Maxwell fluid in a porous medium (o =2, 8 =
1). Curve 3: Maxwell fluid in a nonporous medium(a = 2,

B=0).

It can be seen that the velocity overshoot does not
occur for a Newtonian fluid in the porous medium

and a Maxwell fluid in the nonporous medium. This

implies that the velocity overshoot is caused by both
the viscoelasticity of the Maxwell fluid and the Darcy
resistance resulting from the micropore structure of
the porous medium. Once one of the effects becomes
weaker, the velocity overshoot will disappear. In addi-
tion, it is also seen when the dimensionless relaxation
time is more than 10 there is not any difference be-
tween the velocities at a fixed distance for a Newtonian
fluid and a Maxwell fluid in the porous medium. It
means that for a long time the viscoelastic effect be-
comes weak and the viscoelastic fluid behaves as if it
was a Newtonian fluid.

5. Conclusions

In this paper, Stokes’ first problem has been ex-
tended to a Maxwell fluid in a porous half-space. The
effect of viscoelasticity on the start-up flow in a porous
medium was investigated. Owing to the effects of the
viscoelasticity of the Maxwell fluids and the Darcy
resistance resulting from the micropore structure of
the porous medium, the velocity overshoot occurs. It
was found that there is a critical value of the relax-
ation time, say a. = 1/(43%). For larger values of the
dimensionless relaxation time (& > a.), the velocity
overshoot occurs and the system exhibits viscoelastic
behaviours. On the other hand, for smaller a(a < ac),
the velocity overshoot disappears and the system ex-
hibits viscous behaviours. There is a y-dependent
steady-state solution for a Maxwell fluid in the porous
half-space, which is different from that for a clear fluid
(nonporous case). It is a damping exponential func-
tion with respect to y. Numerical results show that
the flow reaches a steady state rapidly. The boundary-
layer thickness § for a clear Newtonian fluid satisfies
the equation § = O(v/vt). But for a Maxwell fluid
in a porous half-space the boundary-layer thickness
tends to a limited value. Some previous and classi-
cal results can be considered as particular cases of our
results, such as the solutions corresponding to Newto-
nian fluid in porous or nonporous half-space, and can
be easily obtained from our results in different limiting
cases.
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