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Effects of temperature on the stability of separate
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We investigate theoretically the temperature effects on the evolution and stability of a separate screening bright–

dark soliton pair formed in a serial non-photovoltaic photorefractive crystal circuit. Our numerical results show that, for a

stable bright–dark soliton pair originally formed in a crystal circuit at given temperatures, when one crystal temperature

changes, the soliton supported by the other crystal will evolve into another stable soliton if the temperature change is

quite small, whereas it will become unstable and experience larger cycles of compression or break up into beam filaments

if the temperature difference is big enough. The dark soliton is more sensitive to the temperature change than the bright

one.
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1. Introduction

Spatial solitons in photorefractive (PR) media

have been a topic of research in nonlinear optics

in the past few years.[1−25] PR solitons rely on a

change in the refractive index driven by space-charge

fields (via the Pockels effect) to exactly balance the

effects of diffraction. At present, three types of

steady-state solitons (screening solitons,[1−5] photo-

voltaic (PV) solitons[6−13] and screening-photovoltaic

(SP) solitons)[14,15] have been predicted and already

found experimentally.[16−18] At the same time, soli-

ton pairs and soliton interaction have also been ex-

tensively investigated.[19−25] In 1996, Christodoulides

et al
[19] investigated the incoherent coupling of two

screening solitons. Very recently, Hou et al
[23−25] pre-

dicted that the incoherent PV and SP soliton pairs

can also be supported in a biased or unbiased PV–

PR crystal. However, almost all the investigations on

PR soliton, soliton pair and soliton interaction were

concerned with only one piece of PR crystal.[1−25] Re-

cently, Liu and Hao[26] predicted a new type of soli-

ton pair, named separate spatial soliton pair, which is

formed in a crystal circuit in which two PR crystals are

connected in a chain by electrode leads with a voltage

source. Separate soliton pair can be of bright–dark,

bright–bright and dark–dark three types, the two soli-

tons in such a soliton pair are coupling with each other

by parameters, and the most interesting phenomenon

is that the change of the intensity of the dark soliton

can affect the other soliton whereas the bright one

cannot.

As is known, the photorefractive effects are de-

pendent on the dark irradiance of the crystal, and the

latter is dependent on the temperature.[27] The effects

of the crystal’s temperature on the evolution, stabil-

ity and the spatial shape of a photorefractive solitons

formed in the corresponding crystal have been investi-

gated in Refs.[28] and [29]. Whether the temperature

of one crystal can affect the characteristics of the other

soliton formed in another crystal in a separate soliton

pair or not, has not been researched so far as we know.

In this paper, we investigate the temperature effects

on the stability of a bright–dark separate soliton pair

in a biased crystal circuit. Our numerical results indi-

cate that, for a bright–dark soliton pair, earlier formed

in a crystal circuit at a given temperatures, the bright

(dark) soliton formed in a crystal tends to be unsta-

ble when the other crystal’s temperature change is

big enough. However, if the temperature change is

small enough, the soliton tends to evolve into another

stable soliton, that is, there exists a stable tempera-

ture regime in which the soliton is stable against small
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perturbations. The bright soliton has a larger stable

temperature range than the dark one, and the latter

is more sensitive to the temperature change.

2. Theoretical model

Consider the steady-state PR solitons formed in a

series PR crystal circuit in which two non-photovoltaic

PR crystals denoted by P and P̂, are connected elec-

tronically in a chain by electrode leads with an exter-

nal voltage source VA, as shown in Fig.1.

Fig.1. Illustration of the serial PR crystal circuit. C

and Ĉ denote the c axes. I and Î denote the incident

one-dimensional soliton-like laser beams.

For each crystal, electrodes are made on the sur-

faces with their normal parallel to c-axis of the crystal,

and each crystal can support a spatial bright (dark)

soliton, known as a separate screening spatial soliton

pair. Consider two optical beams that propagate in

the two crystals along the z and ẑ axes, and are per-

mitted to diffract only along the x and x̂ directions,

respectively. The optical c axes of the two crystals

P and P̂ are oriented along the x and x̂ coordinates,

respectively. Moreover, assume that the polarizations

of the two incident optical beams are both linearly

polarized along x and x̂ directions, respectively. Let

I = I(x, z) and Î = Î(x̂, ẑ) denote the intensities of

the two incident beams, which can also be expressed as

I = Id|U |2 and Î = Îd|Û |2, where Id and Îd are the so-

called dark irradiance, which depend on the crystal’s

temperature. U and Û are the normalized envelopes

of the optical beams. Employing standard procedures

and neglecting the loss in the material, we readily ob-

tain the following dynamical evolution equations of

Uand Û :[26]

iUξ +
1

2
Uss − β(ρ + 1)

U

1 + |U |2
= 0 , (1a)

iÛξ̂ +
1

2
Ûŝŝ − β̂(ρ̂ + 1)

Û

1 + |Û |2
= 0 , (1b)

where Uξ = ∂U/∂ξ, Uss = ∂2U/∂s2, β = σE0,

σ = (k0x0)
2(n4

er33/2), and ρ = I∞/Id. ξ = z/(kx2
0),

s = x/x0, x0 being an arbitrary spatial width, k =

nek0 = (2π/λ0)ne, with λ0 the free-space wavelength

of the lightwave employed, ne the unperturbed ex-

traordinary index of refraction; r33 is the electro-optic

coefficient of the PR crystal, I∞ = I(x → ±∞, z), e

is the electron charge, kB is Boltzmann’s constant, T

is the absolute temperature of the crystal P. In this

paper, the parameters with the symbol ·̂ denoting the

other optical beam, have the same physical meaning.

We pay our attention to the bright–dark screen-

ing soliton pair, and discuss only this type of soliton

pair. Assume that the bright soliton formed in crystal

P and the dark one formed in crystal P̂. The expres-

sions for E0 and Ê0 necessary for a bright–dark soliton

pair are as follows:[26]

E0 = gEA, (2a)

Ê0 = ĝÊA, (2b)

where g = δ̂(Î∞ + Îd)/[δ(I∞ + Id) + δ̂(Î∞ + Îd)],

ĝ = δ(I∞+Id)/[δ(I∞+Id)+ δ̂(Î∞+ Îd)], EA = VA/W ,

ÊA = VA/Ŵ , δ = Sµsi(ND − NA)/(γRNAW ) and

δ̂ = Ŝµ̂ŝi(N̂D − N̂A)/(γ̂RN̂AŴ ). S denotes the elec-

trode surfaces, µ is the electron mobility, si is the pho-

toexcitation cross section, ND denotes the donor den-

sity, NA is the acceptor density, γR is the carrier re-

combination rate. The parameters g and ĝ are known

as coupling coefficients between the two solitons, with

g + ĝ = 1.

The bright and dark soliton solutions of Eq.(1)

have been found as follows:[26,28]

(2β)1/2s = ±

∫ 1

y(s)

r1/2d
⌢

y

[ln(1 + r
⌢

y
2
) −

⌢

y ln(1 + r)]1/2
, (3a)

(−2β̂)1/2s= ±

∫ 0

ŷ(s)

d
⌢

y

[(
⌢

y
2
− 1)− 1+ρ̂

ρ̂ ln(1+ρ̂
⌢

y
2

1+ρ̂ )]1/2

, (3b)

where β = σgEA, β̂ = σ̂ĝÊA, r and ρ̂ are defined as

r = I(0)/Id and ρ̂ = Î∞/Îd. It is important to note

that the dark irradiance changes with temperature,

therefore the values of r = I(0)/Id and ρ̂ = Î∞/Îd

also change with the crystal’s temperature. Letting

r0 = I(0)/Id0 and ρ̂0 = Î∞/Îd0 denote the values of r

and ρ̂ at T = 300 K and T̂ = 300 K, where Id0 and Îd0

are the values of Id and Îd at 300 K respectively. Here

we use the one-level and one-carrier model presented
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by Cheng and Partovi[27] to describe the temperature

dependences of r and ρ̂ as follows:

r = r0

( T

300

)−3/2

exp
[

−
Et

kB

( 1

300
−

1

T

)]

, (4a)

ρ̂ = ρ̂0

( T̂

300

)−3/2

exp
[

−
Êt

kB

( 1

300
−

1

T̂

)]

, (4b)

where Et is the level location in the gap. For photo-

voltaic photorefractive crystals, such as LiNbO3, we

have Et ≈ 10−19 J.[27] In this paper, for simplicity, we

take Et = 10−19 J.

Equation (3) indicates that a bright and a dark

screening solitons can co-exist in the crystal circuit

provided that β > 0 and β̂ < 0. The profiles of the

bright and dark solitons depend on β and β̂, respec-

tively. Inserting the expressions of g and ĝ in Eq.(2)

into β and β̂, we have β = σδ̂(Î∞ + Îd)/[δId + δ̂(Î∞ +

Îd)]EA, β̂ = σ̂δId/[δId + δ̂(Î∞ + Îd)]ÊA, from which

we can see that the two soliton’s parameters β and β̂

are related to the dark irradiance Id and Îd, and the

two solitons couple with each other through the pa-

rameters. The changes of temperatures of the crystals

result in the changes of β and β̂, thus we can inves-

tigate the temperature effects on the evolution and

stability of such screening soliton pair.

3. Temperature effects on the sta-

bility of the separate screening

bright–dark spatial soliton pair

In order to investigate the temperature effects on

the evolution and stability of the separate bright–dark

soliton pair, as shown in Fig.1, we assume that two

SBN crystals are taken to compose the circuit, one

crystal is taken as P to support the bright soliton and

the other is taken as crystal P̂ to support the dark

soliton. The two crystals have the following parame-

ters: r33 = r̂33 = 237 × 10−12 mV−1, ne = n̂e = 2.33,

W = Ŵ = 1 cm, Id0 = Îd0. Assume that δ = δ̂,

S = Ŝ, the arbitrary scales are x0 = x̂0 = 40 µm and

the wavelengths are λ0 = λ̂0 = 0.5 µm. The voltage

of the source is VA = 500 V. For this set of values, we

have σ = σ̂ = 88.24×10−5 mV−1, EA = 5×104 V / m

and ÊA = −5×104 V/m. The values of Id and Îd are,

in general, different.

Firstly, we investigate the effect of temperature

of crystal P̂ on the bright soliton. We can adjust

the temperature of crystal P to T = 300 K and then

keep it unchanged, therefore we have Id = Id0 = Îd0.

The dependences of β and β̂ on temperature T̂ can

be obtained by substituting Eq.(4) into the expres-

sions of g and ĝ, using the above obtained parameters:

g = (1 + ρ̂)/(1 + ρ̂ + ϕ), ĝ = ϕ/(1 + ρ̂ + ϕ), and

ϕ = (
T̂

300
)−3/2exp

[

−
Êt

kB

( 1

300
−

1

T̂

)]

,

thus we obtain the temperature dependences of β and

β̂ as follows:

β = (1 + ρ̂)/(1 + ρ̂ + ϕ)σEA, (5a)

β̂ = ϕ/(1 + ρ̂ + ϕ)σ̂ÊA. (5b)

From Eqs.(5a) and (5b) we can see that the values of

β and β̂ are all dependent on temperature T̂ . Two

solitons are coupled with each other through the cou-

pling parameter. When the temperature of crystal P̂

changes, the values of β and β̂ also change, which will

affect the normalized intensities of the two solitons.

Fig.2. The effect of the temperature of crystal P̂ on

the normalized intensity profile in the separate screen-

ing soliton pair. (a) Dark soliton, (b) Bright soliton.

Solid curve denotes the case of T̂ = 300 K, and the

dashed and dotted curves denote the case of T̂ = 260 K

and T̂ = 360 K, respectively.

We choose the input light beam to be of I0 =



2634 Zhang Guang-Yong et al Vol. 15

10Id, I∞ = 0, Î∞ = Îd and T̂ = 300 K, which re-

sult in r = 10, ρ̂ = 1, g = 2/3, ĝ = 1/3, β = 29.41

and β̂ = −14.71. Using the above parameters, we

obtain the normalized intensities of the two solitons

from Eq.(3), as shown in Fig.2 (solid curve). Then we

change the temperature T̂ to investigate the temper-

ature effect on the normalized intensities, as shown in

Fig.2 (dashed and dotted curves). From the results

we can see that the change of temperature T̂ can af-

fect the normalized intensities of the two solitons. The

higher the temperature of crystal P̂, the smaller the

intensity in full width at half maximum (FWHM) of

the bright soliton.

We now investigate the effect of the temperature

of crystal P̂ on the evolution and stability of the bright

soliton. In doing so, a bright soliton is obtained from

Eq.(3a) with the system parameters chosen as r = 10,

β = 29.41, T = 300 K and T̂ = 300 K. Taking the

solitary state as the input beam, we solve Eq.(1a) nu-

merically at different temperature T̂ to obtain the dy-

namical evolution of the bright soliton, as shown in

Fig.3.

Fig.3. The effect of the temperature of crystal P̂ on the dynamical evolution of the bright soliton in the separate screening

soliton pair. (a) T̂ = 300 K, (b) T̂ = 305 K, (c) T̂ = 260 K and (d) T̂ = 360 K. The input incident bright solitary state is

obtained from Eq.(3a) with r = 10β = 29.41 and T = 300 K.

The results indicate that changing the tempera-

ture T̂ can obviously affect the dynamical evolution

and the stability of the bright soliton in a separate

screening soliton pair. First, we examine the case

of T̂ = 300 K, as shown in Fig.3(a). As expected,

our numerical results confirm that the bright soliton

beam remains invariant with increasing propagation

distance in the crystal. The reason is that the bright

soliton is just the bright solitary solution supported

by crystal P at T̂ = 300 K, thus the bright soliton
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can evolve in an adiabatic fashion. Then we exam-

ine the case that the temperature T̂ deviates slightly

from T̂ = 300 K. From the result of Fig.3(b), we can

see that the incident beam reshapes itself and tends

to evolve into another stable bright soliton. Finally,

we consider the case that the temperature T̂ deviates

significantly from T̂ = 300 K. Figures 3(c) and 3(d)

give the evolution of the bright soliton in the crystal

at T̂ = 260 K and T̂ = 360 K. From the results we

can see that the incident beam cannot evolve into a

stable bright soliton but instead tends to experience

larger cycles of compression, and its maximum am-

plitude oscillates with propagation distance at these

temperatures.

Next we investigate the effect of the temperature

of crystal P on the evolution and stability of the dark

soliton formed in crystal P̂. In doing so, we adjust the

temperature of the crystal P̂ to T̂ = 300 K, and keep

it unchanged, thus we have

Îd = Îd0 = Id0.

Similarly, we can obtain the dependences of β and β̂

on temperature T as follows:

β = (1 + ρ̂0)/(1 + ρ̂0 + φ)σEA, (6a)

β̂ = φ/(1 + ρ̂0 + φ)σ̂ÊA, (6b)

where

φ =
( T

300

)3/2

exp
[ Et

kB

( 1

300
−

1

T

)]

.

From Eq.(6) and we can see that both β and β̂ are de-

pendent on the temperature T . Changing T can affect

the normalized intensity of the two solitons. Figure 4

gives the dependence of normalized intensity of the

two solitons on T , from which we can see that the

change of the temperature of bright soliton can affect

the normalized intensity of the dark soliton: the larger

the temperature of crystal P, the smaller the intensity

(FWHM) of the dark soliton.

Fig.4. The effect of the temperature of crystal P on the normalized intensity profile in the separate screening soliton pair.

(a) bright soliton, (b) dark soliton. Solid curve denotes the case of T = 300 K, and the dashed and dotted curves denote

the cases of T = 290 and 310 K, respectively.

The effect of the temperature of crystal P on the

evolution and stability of the dark soliton in such sep-

arate soliton pair is shown in Fig. 5. The fundamental

dark solitary state is obtained from Eq.(3b) with the

system parameters β̂ = −14.71, ρ̂ = 1, T̂ = 300 K

and T = 300 K. The results indicate that changing

the temperature of crystal P can sharply affect the

dynamical evolution and the stability of the dark soli-

ton. When T = 300 K, the dark soliton is just the

fundamental solitary solution supported by the crys-

tal, therefore, the soliton can evolve in an adiabatic

fashion during its propagation in the crystal. Fig-

ure 5(b) shows that the dark soliton can reshape itself

and tend to evolve into another stable dark soliton

when the temperature of the bright soliton deviates

slightly from T = 300 K. However, if the tempera-



2636 Zhang Guang-Yong et al Vol. 15

ture of crystal P further deviates from T = 300 K,

such as, T = 260 and 315 K, as shown in Figs.5(c)

and 5(d), the dark soliton cannot evolve into a stable

dark soliton but instead tends to break up into beam

filaments, and its maximum amplitude oscillates with

the propagation distance at these temperatures. By

a close examination of the above results, in contrast

to that of bright soliton shown in Figs.3 (c) and 3(d),

we can see that the dark soliton has a narrower sta-

ble temperature region, and it is more sensitive to the

temperature change than the bright one in a separate

bright–dark soliton pair.

Fig.5. The effect of the temperature of crystal P on the dynamical evolution of the dark soliton in the separate screening

soliton pair. (a) T = 300 K, (b) T = 305 K, (c) T = 260 K and (d) T = 315 K. The input incident bright solitary state is

obtained from Eq.(3b) with ρ̂ = 1, β̂ = −14.71 and T̂ = 300 K.

4. Conclusions

The temperature effects on the evolution and sta-

bility of a separate screening bright–dark soliton pair

formed in a serial non-photovoltaic photorefractive

crystal circuit have been investigated under steady-

state conditions for the case of neglecting the materi-

als loss and diffusion process. Our numerical results

show that the bright and dark solitons can affect each

other in a stable bright–dark soliton pair formed in a

crystal circuit at given temperatures, but this interac-

tion is bilateral. This behaviour is obviously different

from the results obtained in Ref.[26], in which the dark

soliton can affect the bright one, whereas the bright

soliton cannot affect the dark one. When the temper-

ature of one crystal changes, the soliton supported by

the other crystal tends to be unstable and experiences

larger cycles of compression or breaks up into beam

filaments if the temperature difference is big enough,

whereas it tends to evolve into another stable soli-

ton when the temperature difference is small enough.

The dark soliton has a narrower stable temperature

range than the bright one in such a separate soliton

pair, therefore the dark soliton is more sensitive to the

temperature change.
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