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Surface second harmonic generation of chiral molecules

using three-coupled-oscillator model∗
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Based on the three-coupled-oscillator molecular model we proposed, the relation between the second-order suscep-

tibilities of a chiral film and the molecular hyperpolarizabilities is given. The effect of microscopic parameters on the

second-order susceptibilities is simulated numerically and the difference between the efficiencies of s-polarized second-

harmonic fields induced by the left- and the right-handed circularly-polarized fundamental beams is discussed. The

theoretical basis for studying second-order nonlinear optical properties of the chiral molecular media with a tripod-like

structure is provided in this paper.
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1. Introduction

It is well known that second-order nonlinear op-

tical processes are forbidden in the electric-dipole

approximation, in the centrosymmetric materials,[1]

whereas the chiral molecules are naturally non-

centrosymmetric and hence possess the nonvanish-

ing electric-dipole-allowed molecular hyperpolarizabil-

ities. Moreover, the isotropic medium consisting of

chiral molecules are also noncentrosymmetric with

second-order susceptibilities. Therefore, second-order

nonlinear optical processes (such as second harmonic

generation (SHG), and so on) are sensitive probes to

chiral isotropic surfaces and thin films.[2−4] Such a

method has received much attention in chiral nonlin-

ear optics.

In the study on the chiral nonlinear optics, an

important work is to establish microscopic models in-

volving classical or quantum ones. Based on the chiral

molecular models, one can further investigate nonlin-

ear optical processes of chiral molecular systems.[5−14]

Furthermore, classical models can give very instruc-

tive information about the link of the molecular con-

figuration to the nonlinear processes. Up to now,

four kinds of chiral-molecular classical models have

been proposed: the electron-on-helix model,[8−11] i.e.

Drude’s model; the two-coupled-oscillator model,[9,12]

i.e. Kuhn’s model; the simplified Kirkwood’s model[13]

and the three-coupled-oscillator model.[14]

The electron-on-helix model is used to describe

the chiral molecules with a helix structure, in which

the conjugated π-electrons can move along the he-

lical path, such as helicene, stilbene, and bipyridyl

etc. However, this model is too simple to describe the

large molecules consisting of several separated groups.

Therefore, some coupled-oscillator models with two

groups have been developed, such as the two-coupled-

oscillator model and the simplified Kirkwood’s model.

The former is concerned with the chiral molecules with

two weak-coupled electric oscillation centres, which

move along the directions orthogonal to each other on

two parallel planes with a certain spacing, such as 1,

1′-bi-2-naphthol, tartaric acid, Tröger base etc. The

last one is used to investigate the chiral molecules with

two anisotropic groups, which have the same structure

but different orientations.

Notice that recent years, there has been a con-

siderable increase in synthesizing the molecules with

a tripod-like structure in chemistry because of their

unique chemical properties.[15−17] However, few stud-

ies on the physical characters of this kind molecules

are reported. Furthermore, the above three chiral-

molecule models cannot be used to analyse this kind

of molecules. So we develop a new model, the

three-coupled-oscillator model, to describe the chiral
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molecules with a tripod-like structure.

The second-order chiral nonlinear optics mainly

focuses on second harmonic processes. Using the

electron-on-helix model, Make and Persoons[8] inves-

tigated many kinds of factors that influence the effi-

ciency in SHG both theoretically and experimentally.

Hache et al
[9] did similar studies using the coupled

oscillator model. They calculated the hyperpolar-

izabilities of chiral molecules, and gave the relation

between the hyperpolarizabilities and susceptibilities.

We have also investigated the processes of SHG and

sum-frequency generation (SFG) using two-coupled-

oscillator model[18,19] and proposed a new model[14] to

investigate the SHG on chiral molecular surface with

a tripod-like structure.

In this paper, we investigate the second-order

nonlinearity of the surfaces composed of chiral

molecules with a tripod-like structure. We will present

the circular differences in SHG signals through the

second-order susceptibilities, and then introduce the

relation of susceptibilities with molecular hyperpo-

larizabilities using the three-coupled-oscillator model.

We will numerically simulate the spectra of SHG sus-

ceptibilities with various chiral molecular structure

parameters. We will also discuss the relation between

surface SHG efficiency and polarization states of inci-

dent fundamental light.

2. General description of surface

SHG

We consider the experimental arrangement illus-

trated in Fig.1. A thin layer made of chiral molecules

is excited by a laser beam with frequency ω at an

angle θinc. Due to the nonlinear interactions in the

thin layer, second-harmonic fields at frequency 2ω are

generated in the reflected and transmitted directions.

We suppose that the nonlinear response is localized

within the thin layer between the surrounding bulk

media, and the higher multipole contributions of the

bulk media are negligible, but allow the possibility

that the nonlinearity of the active material has con-

tributions beyond electric-dipole approximation. In

addition, the nonlinear layer is assumed to be suffi-

ciently thin so that the linear effects do not mix the

p- and s-polarized components of the fields.

We take the chiral surface to be in the x−y plane

and the fundamental field at frequency ω to be a

monochromatic plane wave given by

E = eE0(ω)exp[i(k · r − ωt)], (1)

where e denotes the polarization direction of light, and

the amplitude E0(ω) is assumed to be constant. This

field is taken to propagate in the x − z plane, wave

vector of which is given by

k = −ezk cos θinc + exk sin θinc , (2)

where ex and ez are the Cartesian unit vectors, θinc is

the angle of incidence (Fig.1(a)), and k = ω/c, where

c is the speed of light. Generally, an arbitrary po-

larization state of the incident field is conveniently

expanded in the basis of the s- and p-polarized unit

vectors, which are

es = −ey eFp = ex cos θinc + ez sin θinc , (3)

where the subscript F refers to the fundamental field.

Thus, the amplitude of fundamental field is decom-

posed to

eE0(ω) = esEs(ω) + eFpEp(ω) . (4)

Fig.1. Second-harmonic generation from a thin film.

(a) A laser beam at frequency ω is incident on the

sample at angle θinc. Second-harmonic fields are gen-

erated in the reflected and transmitted directions. The

surface normal is along the z axis. The p and s unit

vectors for each fields are also shown. (b) ϕ is the

angle between the fast axis of the wave plate and the

s direction.

We next consider a situation in which a quarter-

wave plate is used to control the polarization state of
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the fundamental field between left- and right-handed

circular. Passing through the quarter-wave plate, the

amplitudes of components of the incident fundamental

light are[2]

Es(ω) = E0(ω) sinϕ cos ϕ(1 − i),

Ep(ω) = E0(ω)(sin2 ϕ + i cos2 ϕ), (5)

where ϕ is the rotation angle of the wave plate mea-

sured as the angle between the fast axis of the wave

plate and the s direction (Fig.1(b)). Note that the ro-

tation angles of +45◦ and −45◦ correspond to the left-

and right-handed circularly polarized incident fields,

respectively.

Consider the nonlinear polarization at the second-

harmonic frequency,

P
(2)
i (2ω) = χeee

ijkEj(ω)Ek(ω)+χeeq
ijklEj(ω)∇kEl(ω) .(6)

The relation between the electric-field amplitudes of

the fundamental and second-harmonic fields can be

expressed in the general form[20]

Ej(2ω) = fjE
2
p(ω) + gjE

2
s (ω) + hjEp(ω)Es(ω) , (7)

where j denotes s or p. For circularly polarized fun-

damental light, the ratio Ep(ω)/Es(ω) is + i for right-

handed light and −i for left-handed light. The inten-

sity of the s or p component of the second-harmonic

light for circularly polarized fundamental light is[21]

Ij(2ω) = |Ej(2ω)|2 ∝ |−fj + gj ± ihj |2I2
0 (ω). (8)

The difference in intensities for left- and right

circularly polarized excitation light is expressed as

∆I(2ω) = IL(2ω) − IR(2ω), where IL and IR refer to

left and right circularly polarized excitation, respec-

tively. We obtain

∆Ij(2ω) ∝ [Im(h∗
jfj) + Im(g∗j hj)]I

2
0 (ω). (9)

The nonlinear expansion coefficients fi, gi and hi

are different for the reflected and transmitted compo-

nents of the second-harmonic field. The coefficients

depend linearly on the components of the various sus-

ceptibility tensors that characterize the interaction.[22]

In our model, their expressions are

fRs
Ts = 2χeee

XY Z sin θinc cos θinc , gRs
Ts = 0 ,

hRs
Ts = 2χeee

XXZ sin θinc,

fRp
Tp = sin θinc(χ

eee
ZZZ sin2 θinc + χeee

ZXX cos2 θinc

∓ 2χeee
XXZ cos2 θinc),

gRp
Tp = χeee

ZXX sin θinc ,

hRp
Tp = ∓χeee

XY Z sin θinc cos θinc, (10)

where the superscripts (subscripts) on the left-hand

side of the equations correspond to the upper (lower)

signs on the right-hand side, respectively. R and T in

the superscripts and subscripts refer to the reflected

and transmitted directions, respectively. Thus, the

difference in intensities of the second-harmonic fields

∆I(2ω) is a function of rotation angle ϕ .

From the above analyses, we can see that if the

polarization states and incident angle of the light are

given, the intensity of SHG signals in reflected and

transmitted directions only depends on the second-

order susceptibilities of the media, which are related

to the microscopic structure of molecules.

3. Susceptibility of surface SHG

based on the three-coupled-

oscillator model

The three-coupled-oscillator model is described in

detail in Ref.[14]. In this section, starting from the mi-

croscopic response of individual molecules, we will ob-

tain the hyperpolarizabilities of chiral molecules from

the three-coupled-oscillator model, and give a general

treatment of the SHG in an isotropic layer of chiral

molecules. After averaging over all possible directions,

we deduce the nonvanishing surface susceptibilities. In

the process of deducing surface susceptibilities, we use

the coupled equations of motion for the three oscilla-

tors, and the definition of all parameters can be found

in Ref.[14].

If the molecular system is excited by a monochro-

matic wave with frequency ω, and the electric field can

be expressed as Ei(r, t) = Ei(r)exp(−iωt) + c.c., the

response of oscillators to the electric field includes not

only fundamental frequency, but also second-harmonic

and third-harmonic frequencies. We only consider

the case of fundamental and second-harmonic fre-

quencies, thus a = a1e
−iωt + a2e

−i2ωt + c.c., b =

b1e
−iωt + b2e

−i2ωt + c.c., c = c1e
−iωt + c2e

−i2ωt + c.c.

(where a, b, c is the elongations of the three oscillators

from their equilibrium positions).

Consider the spatial dispersion (SD) of electric

field, in the vicinity of the origin O, the electric field

can be readily expanded along the spatial directions
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as

Eij = Ej +
∂Ej

∂x
xi +

∂Ej

∂y
yi +

∂Ej

∂z
zi

(i = 1, 2, 3; j = x, y, z) . (11)

Adopting this first-order expansion is appropriate

since the molecular extension is smaller than the wave-

length of the light.

The coupled equations for second-harmonic fre-

quency can be written as

D1(2ω)a2 + A12b2 + A13c2 =
q1

m1
R1a1 − f1a

2
1, (12a)

D2(2ω)b2 + A21a2 + A23c2 =
q2

m2
R2b1 − f2b

2
1, (12b)

D3(2ω)c2 + A31a2 + A32b2 =
q3

m3
R3c1 − f3c

2
1, (12c)

where Di(2ω) = −4ω2 + ω2
0i − 4iωγi and fi are

the introduced anharmonic coefficients. Ri is the

linear combination of the products of electric field

and its gradient, namely EjEk, Ej(∂El/∂xk) and

(∂Ek/∂xj)El.

From the coupled equations for the second har-

monic motion, it is possible to calculate the induced

electric dipole, which is expressed by

p
(2)
i (2ω) = ε0β

eee
ijkEj(ω)Ek(ω)

+ 2ε0β̃
eeq
ijklEj(ω)∇kEl(ω). (13)

The electric dipolar moment of a molecule is

p =
∑

j

qjrj , (14)

where rj are the position vectors of the oscillators,

which are related to the molecular responses of the

three oscillators to the electric excitation. And the

expansion of electric dipolar moments for an individ-

ual molecule in the electric field is

pi = pi0 + p
(1)
i exp(−iωt) + p

(2)
i exp(−i2ωt)

+ . . . + c.c. (i = x, y, z), (15)

where pi0 is the inherent electric dipolar moment of

the molecule, whereas p
(1)
i (ω) and p

(2)
i (2ω) are the

first-order and the second-order induced electric dipo-

lar moments of the molecule, respectively. From the

above, we can obtain the expressions of hyperpolariz-

abilities βeee (see appendix).

Usually, the macroscopic susceptibilities depend

on the microscopic polarizabilities. For the second-

order process, we have

χ
(2)
IJK = Nf3

L 〈(I · i)(J · j)(K · k)〉βeee
ijk , (16)

where i, j, k and I, J , K refer to the molecular and

the laboratory frames. 〈 〉 represents the averaging op-

eration. N is the molecular surface density; f3
L is the

local field factor of modifications in three directions.

Sometimes, the effect of local field caused by inter-

action of molecules is very weak. For example, the

interaction of molecules in diluted media is smaller

than intramolecular forces; therefore, the correction

of local-field factor can be ignored.

Due to the high symmetry of the surface (C∞)

and the individual molecules, many components of the

susceptibilities go to zero. We give the nonvanishing

independent components for χeee in the following.

χeee
ZZZ =

Nf3
L cos θ

2
[(2βeee

xxz + 2βeee
yyz + βeee

zxx + βeee
zyy) sin2 θ + 2βeee

zzz cos2 θ] , (17a)

χeee
ZXX =

Nf3
L cos θ

4
[2(−βeee

xxz − βeee
yyz + βeee

zzz) sin2 θ + (1 + cos2 θ)(βeee
zxx + βeee

zyy)] , (17b)

χeee
XXZ =

Nf3
L cos θ

4
[2(βeee

xxz + βeee
yyz) cos2 θ − (βeee

zxx + βeee
zyy − 2βeee

zzz) sin2 θ] , (17c)

χeee
XY Z =

Nf3
L

4
(2 cos2 θ − sin2 θ)(βeee

xyz − βeee
yxz) (17d)

with χeee
ZXX = χeee

ZY Y , χeee
XXZ = χeee

XZX = χeee
Y Y Z =

χeee
Y ZY , χeee

XY Z = χeee
XZY = −χeee

Y XZ = −χeee
Y ZX , where

some expressions of molecular hyperpolarizabilities

βeee used for surface second harmonics are shown in

the Appendix. Similar expressions exist for calculat-

ing the nonlinear susceptibilities χeeq, which are quite

complicated and much smaller than χeee in our model.

So we will ignore χeeq in the next discussion and only
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consider the electric dipolar interaction.

4. Simulation and discussion

4.1. Effect of molecular parameters on

second-order susceptibilities

The nonlinear optical processes are governed

by nonlinear susceptibilities of materials. Usually,

one obtains an efficient frequency conversion process

through modulating the optical susceptibility tensor

χ(2).

In the material composed of chiral molecules,

there is a strong correlation between structure and

nonlinear properties. In the second-order nonlinear

process, the susceptibility tensor χ(2) of the mate-

rial is related to both the magnitude of the individ-

ual molecular nonlinearities (i.e. the first hyperpolariz-

ability βeee) and the relative distribution of molecules

in the medium (see Eqs.(17a)–(17d)). The βeee is con-

nected with the parameters of molecular configura-

tion. The aim of the study on nonlinear processes of

chiral molecules is to reveal mainly the relation be-

tween microscopic parameters of chiral molecules and

macroscopic characteristic of the medium for future

applications (such as in sensors, nonlinear optics, and

opto-electronics).

From Section 2, we know that the intensity of

SHG signals in the reflected and transmitted direc-

tions can be shown to be

I(2ω) = |χ(2)
eff |2A ,

where A is related to the intensity of incident signal,

frequency, polarization states and the incident angle

of the light. Moreover, we can assume that χ
(2)
eff is a

linear combination of the nonvanishing second-order

susceptibilities χeee
IJK , which is obtained in our model.

A can be regarded as a constant as long as the in-

tensity of the incident signals, frequency, polarization

states and the incident angle of the light are defined.

Thus |χ(2)
eff | can be used to show the efficiency of the

SHG.

Fig.2. The plots of absolute value of χ(2) versus second harmonic wavelength under the condition of different chirality. (a) Three

oscillators are the same (e.g. no chirality), (b)–(d) having the following chiral components: (b) ω01/ω02 = 1.11, ω02/ω03 = 1.11,

ω03/ω01 = 0.83, (c) ω01/ω02 = 1.15, ω02/ω03 = 1.18, ω03/ω01 = 0.74, (d) ω01/ω02 = 1.19, ω02/ω03 = 1.24, ω03/ω01 = 0.68.



2628 Wang Xiao-Ou et al Vol. 15

We assume that the wavelength of the incident

fundamental light is 1064 nm. The plots of abso-

lute value of χ
(2)
eff versus the second harmonic wave-

length in the case of different chirality are given in

Fig.2 (namely harmonic efficient spectra). In Fig.2(a),

the three oscillators are the same (e.g. no chirality),

which means that the molecular configuration is sym-

metric. From Fig.2(a), the three absorption peaks

are related to the three inherent frequencies of oscilla-

tors; it indicates that a stronger second-order process

may occur at the absorption peak of oscillators. In

Figs.2(b) to 2(d), corresponding chiral relations are

ω01/ω02 = 1.11, 1.15, 1.19, ω02/ω03 = 1.11, 1.18,

1.24, ω03/ω01 = 0.83, 0.74, 0.68, respectively. From

Figs.2(b) to 2(d), with the increase of molecular chi-

rality, the number of peaks increases and the spectra

are broadened. The phenomenon of multiple peaks

shows that coupling of the three oscillators may break

up the degeneracy of the three oscillators, and new

optical transition frequencies are produced. The mul-

tiple peaks will help to choose a proper wavelength for

the second-order susceptibility.

From the above simulation, it shows that, in the

media composed of chiral molecules with a tripod-

like structure, the difference of the three oscillators

is augmented with the increase of chirality, which can

enhance the effective second-order susceptibility, and

can increase the second harmonic efficiency.

4.2. Spectra of rotation angle for second-

harmonic reflection

Suppose that the incident fundamental beam is

Nd:YAG laser (1064 nm) and the incident angle is

45◦. The polarization states of the incident beam are

continuously varied by rotating a quarter waveplate in

the range from −180◦ to 180◦. The curves for the s-

polarized second-harmonic signals in the reflected and

transmitted directions are shown in Fig.3.

Fig.3. The intensity of the s-polarized second-harmonic field versus the angle of 1/4 waveplate ϕ for different chiral parameters.

The rotation angles of 45◦(−135◦) and 135◦(−45◦) correspond to the two circular polarizations of the fundamental beam. (a) Three

oscillators are the same (e.g. no chirality), (b)–(d) having the following chiral components: (b) ω01/ω02 = 1.04, ω02/ω03 = 1.04,

ω03/ω01 = 0.93, (c) ω01/ω02 = 1.11, ω02/ω03 = 1.12, ω03/ω01 = 0.81, (d) ω01/ω02 = 1.13, ω02/ω03 = 1.15, ω03/ω01 = 0.76.
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The chirality is successively increased from Figs.3(a)

to 3(d), and Fig.3(a) corresponds to the case of no

chirality. The difference in efficiencies of SHG for left-

hand (ϕ = −45◦) and right-hand (ϕ = 45◦) circularly-

polarized fundamental beams becomes much evident

with the augment of the chirality. This difference is a

characteristic of the molecular chirality and is called

circular difference or CD-SHG (respectively linear dif-

ference or LD-SHG). The obvious signature of chiral-

ity is the asymmetry of shapes of curves, which is very

important for discriminating chirality.

Compared with the result obtained by using the

two-coupled-oscillator model in Ref.[23], the molecu-

lar media based on the three-coupled-oscillator model

have stronger coupling between molecules, and exhibit

the phenomenon of multiple peaks. Its CD-SHG be-

comes remarkable with the increase of chirality. These

indicate that the chiral molecules with a tripod-like

structure have a better second-order nonlinearity.

5. Conclusion

We have studied the relation between the second-

order susceptibility of chiral film and hyperpolarizabil-

ities of molecules based on the three-coupled-oscillator

model, simulated numerically and analysed the effect

of microscopic parameters on the second-order sus-

ceptibilities. We also discuss the effect of chirality

changes on the responses to left- and right-handed

circularly-polarized (LHCP and RHCP) fundamental

beams.

We can conclude that properly changing the chi-

rality of molecules may enhance the SHG efficiency

by increasing the susceptibility, which is related to

the asymmetric structure of the chiral molecule. We

can also predict the efficiency of and the difference be-

tween LHCP and RHCP fundamental light in second-

order nonlinear processes according to the molecular

structure.

Appendix

βeee
xxz =

q3 sin α cos2 α

4ε0m2

[( f1

D1(2ω)D2
1(ω)

+
f2

D2(2ω)D2
2(ω)

)
(

1 +
A13(D3(2ω) + 2D3(ω))

D3(2ω)D3(ω)

)

+
4f3

D3(2ω)D2
3(ω)

− A12

D2(2ω)D1(2ω)

(f1(D2(ω) + 2D2(2ω))

D2(ω)D2
1(ω)

+
f2(D1(ω) + 2D1(2ω))

D1(ω)D2
2(ω)

)

− 2A13f3

D3(2ω)D2
3(ω)

(2D2(2ω) − D2(ω)

D2(2ω)D2(ω)
+

2D1(2ω) − D1(ω)

D1(2ω)D1(ω)

)]

;

βeee
xyz = −

√
3q3 sinα cos2 α

4ε0m2

[( f1

D1(2ω)D2
1(ω)

− f2

D2(2ω)D2
2(ω)

)(

1 − A13(D3(2ω) − 2D3(ω))

D3(2ω)D3(ω)

)

+
A12

D2(2ω)D1(2ω)

( f2

D2
2(ω)

− f1

D2
1(ω)

)

− 2A13f3(D1(ω) − D2(ω))

D3(2ω)D2
3(ω)D2(ω)D1(ω)

]

;

βeee
yxz =

√
3q3 sin α cos2 α

8ε0m2

[( f2

D2
2(ω)D2(2ω)

− f1

D2
1(ω)D1(ω2)

)(

1 +
A13

D3(ω)

)

− A12

D2(2ω)D1(2ω)

(f1(D2(ω) − 2D2(2ω))

D2(ω)D2
1(ω)

+
f2(2D1(2ω) − D1(ω))

D2
2(ω)D1(ω)

)

− 2A13f3(D2(2ω) − D1(2ω))

D2
3(ω)D3(2ω)D2(2ω)D1(2ω)

]

;

βeee
yyz =

3q3 sin α cos2 α

8ε0m2

[( f1

D1(2ω)D2
1(ω)

+
f2

D2(2ω)D2
2(ω)

)(

1 − A13

D3(ω)

)

+
A12

D2(2ω)D1(2ω)

( f1

D2
1(ω)

+
f2

D2
2(ω)

)]

;

βeee
zxx =

q3 sin α cos2 α

4ε0m2

[( f1

D1(2ω)D2
1(ω)

+
f2

D2(2ω)D2
2(ω)

)(

1 +
A13(4D3(2ω) − D3(ω))

D3(2ω)D3(ω)

)
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− A12

D2(2ω)D1(2ω)

(f1(D2(ω) + 2D2(2ω))

D2(ω)D2
1(ω)

+
f2(D1(ω) + 2D1(2ω))

D2
2(ω)D1(ω)

)

+
4f3

D3(2ω)D2
3(ω)

(

1 + A13

( (D1(2ω) − D1(ω))

D1(2ω)D1(ω)
+

(D2(2ω) − D2(ω))

D2(2ω)D2(ω)

))]

;

βeee
zyy =

3q3 sin α cos2 α

4ε0m2

[( f1

D1(2ω)D2
1(ω)

+
f2

D2(2ω)D2
2(ω)

)(

1 − A13

D3(2ω)

)

+
A12

D2(2ω)D1(2ω)

(f1(2D2(2ω) − D2(ω))

D2(ω)D2
1(ω)

+
f2(2D1(2ω) − D1(ω))

D2
2(ω)D1(ω)

)]

;

βeee
zzz =

q3 sin3 α

ε0m2

[( f1

D1(2ω)D2
1(ω)

+
f2

D2(2ω)D2
2(ω)

)(

1 − A13(D3(ω) + 2D3(2ω))

D3(2ω)D3(ω)

)

+
f3

D3(2ω)D2
3(ω)

− D1(ω) + 2D1(2ω)

D1(2ω)D1(ω)

( A13f3

D3(2ω)D2
3(ω)

+
A12f2

D2(2ω)D2
2(ω)

)

− D2(ω) + 2D2(2ω)

D2(2ω)D2(ω)

( A12f1

D1(2ω)D2
1(ω)

+
A13f3

D3(2ω)D2
3(ω)

)]

;
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