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Based on the Collins integral formula, the analytic expressions of propagation of the coherent and the incoherent

off-axis Hermite–cosh–Gaussian (HChG) beam combinations with rectangular symmetry passing through a paraxial

first-order optical system are derived, and corresponding numerical examples are given and analysed. The resulting

beam quality is discussed in terms of power in the bucket (PIB). The study suggests that the resulting beam cannot

keep the initial intensity shape during the propagation and the beam quality for coherent mode is not always better

than that for incoherent mode. Reviewing the numerical simulations of Gaussian, Hermite–Gaussian (HG) and cosh–

Gaussian (ChG) beam combinations indicates that the Hermite polynomial exerts a chief influence on the irradiance

profile of composite beam and far field power concentration.
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1. Introduction

The beam combination is an available way to scale

power and improve beam quality, so it has attracted

much attention. Gas, solid state and fibre laser experi-

ments have improved its feasibility in coherent and in-

coherent cases. Investigation of its propagation prop-

erties is also a significant research subject that can

help to design and improve experiments.[1−3] Com-

bining Gaussian, Hermite–Gaussian (HG) and cosh–

Gaussian (ChG) beams with rectangular symmetry

has been discussed already.[4−9] Recently, a new beam

called Hermite–cosh–Gaussian (HChG) beam that is

one of the solutions of the paraxial wave equation

in a rectangular coordinate system was presented by

Casperson and Tover.[10,11] It has been proved that

the Gaussian and HG and ChG beams are the partic-

ular examples of HChG beam.[12] This new beam has

been studied extensively, including parameters charac-

terization and propagation properties.[13−16] Its com-

bination characteristics, however, have not been inves-

tigated up to now. In the present paper, the propaga-

tion characteristics of HChG beams combination pass-

ing through a first-order optical system are studied in

detail, which actually is a generalization of propaga-

tion properties of the beam combinations discussed

previously.

2. Physical model and derivation

of closed-form expressions of

propagation

Given that a rectangular laser array consists of

M × N identical elements that are in HChG modes

in the x-direction, and in Gaussian mode in the y-

direction positioned at the plane z = 0, and the waist

width of the TEM00 is ω0. The separations between

the elements are xd and yd, respectively, as shown in

Fig.1.

Fig.1. 2D mode of the M × N off-axis HChG beam

array with rectangular symmetry.
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Since the number of the array may be odd or even,

M and N are set to be positive even in this paper. If

we suppose that the initial phases of the beams are

equal to zero, the field distributions of the beams at

the input plane can be given by[10]

Emn(x, y, 0) =Hp

[√
2
(x − mxd)

ω0

]

× exp

[

− (x − mxd)2 + (y − nyd)
2

ω2
0

]

× cosh [Ω0(x − mxd)] , (1)

m ∈
[

− M − 1

2
,
M − 1

2

]

, n ∈
[

− N − 1

2
,
N − 1

2

]

,

where Hp denotes the Hermite polynomial of order

p, and Ω0 is the parameter associated with the cosh

part, and the product b = Ω0ω0 is called the decen-

tred parameter. When b = 0, the pattern of HChG

beam reduces to the familiar HG form, and for larger

values of the coefficient, the cosh function plays a part

in concentrating the energy into the outer lobes of the

beam as illustrated by Fig.1 in Ref.[10].

The corresponding irradiance can be written as

Imn(x, y, 0) =Emn(x, y, 0)E∗
mn(x, y, 0)

=H2
p

(√
2
(x − mxd)

ω0

)

× exp

[

−2(x − mxd)2 + 2(y − nyd)
2

ω2
0

]

× cosh2 [Ω0(x − mxd)] , (2)

where the symbol ‘*’ denotes the complex conjugate.

The propagation of the beam described by Eq.(1)

passing through a first-order optical system obeys the

well-known Collins integral formula[17]

————————————————————————————
|

Emn(x1, y1, z) =
i

λB

∫∫

Emn(x, y, 0)exp

{

− iκ

2B

[

A(x2 + y2) − 2(xx1 + yy1) + D(x2
1 + y2

1)
]

}

dxdy, (3)

|————————————————————————————

where κ is the wave number related to the wavelength

λ by

κ = 2π/λ. (4)

In fact, for convenience and simplicity a constant

phase factor is omitted in Eq.(3) since it does not af-

fect the relative intensity distribution of the beam. A,

B, C and D are the elements of a transfer matrix on

condition that AD−BC = 1 for the complete optical

system between the input and output planes.

Substituting Eq.(1) into Eq.(3), expressing the

cosh function in the exponent form and recalling the

integral formula[18]

————————————————————————————
|

+∞
∫

−∞

exp
[

−(x − y)2
]

Hm(αx)dx =
√

π(1 − α2)Hm

(

αy
√

(1 − α2)

)

, (5)

one obtains

Emn(x1, y1, z) =
1

A + B/q0

[

Aq0/B − 1

Aq0/B + 1

]p/2

Hp

[√
2(x1 − x1d)

ωx(z)

]

× exp

{

− iκ

2q1

[

(x1 − x1d)2 + (y1 − y1d)
2
]

− iκ(ε1xx1 + ε1yy1) + i(φx + φy)

}

× exp

[

b2

4(1 + Aq0/B)

]

cosh

[

b(x1 − x1d)

A + B/q0

]

, (6)

|————————————————————————————

where q1(z) and q0 are q complex parameters, which

satisfy ABCD law, i.e.

1

q1(z)
=

C + D/q0

A + B/q0
, q0 =

iπω2
0

λ
; (7)

x1d = Amxd, ε1x = Cmx1d, φx =
κAC

2
m2x2

d;

(8)

y1d = Anyd, ε1y = Cnyd, φy =
κAC

2
n2y2

d; (9)
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ω1(z) = ω0

[

A2 −
(

B2/q2
0

)]1/2
. (10)

Equation (6) represents the propagation formula of

off-axis HChG beams with rectangular symmetry in

general. The formula can reduce to some particular

cases, for example, when b = 0, it reduces to the

expression of off-axis HG beam propagation;[5] when

p = 1, one can obtain the ChG beam propagation;[6]

if b = 0 and p = 1 are satisfied at the same time, the

familiar off-axis Gaussian beam propagation can be

obtained.[4]

As a particular case, the beams propagate

through a thin lens with focal length f followed by

a free space. The corresponding ABCD matrix can

be expressed as





A B

C D



 =





1 z

0 1









1 0

−1/f 1





=





−∆z f(1 + ∆z)

−1/f 1



 , (11)

where z is the propagation distance after the lens and

∆z is determined by

∆z =
(z − f)

f
. (12)

Substituting Eq.(11) into Eq.(6) yields

————————————————————————————
|

Emn(x′, y′, ∆z) =
iπNf

1 + ∆z(1 − iπNf )

[

−1 + ∆z(1 + iπNf )

1 + ∆z(1 − iπNf )

]p/2

Hp











√
2πNf (x′ + ∆zmx′
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[
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]1/2








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× exp

{

− iπNf (1 − iπNf )
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[
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d)

2
+ (y′ + ∆zny′
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2
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+ i2πNf (mx′
dx′ + ny′
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}

× exp

{
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iπNf∆z (mx′
d)

2
+ (ny′

d)
2
]

+
b2 (1 + ∆z)

4 [1 + ∆z(1 − iπNf )]

}

× cosh

[

iπNfb (x′ + ∆zmx′
d)

1 + ∆z (1 − iπNf )

]

, (13)

|————————————————————————————

where the normalized parameters are determined as

follows:

x′ =
x1

ω0
, y′ =

y1

ω0
; x′

d =
xd

ω0
, y′

d =
yd

ω0
, (14)

and the Nf = ω2
0/λf is the Fresnel number associated

with the beam.

Now, the field profile of input beam at any prop-

agation plane can be obtained from Eq.(13) with the

normalized parameters. From the analytical expres-

sion one can find that, generally speaking, except at

∆z = 0 plane the resulting beam profile is dependent

on number of beams, the decentred parameter, the or-

der of Hermite polynomial, the propagation distance

and the separation between the beams.

3. Numerical examples and com-

parison analysis

Usually, there are two ways to combine beams,

which are coherent and incoherent modes. For the in-

coherent case, the irradiance of the composite beam is

described by

I(x, y, z) =
∑

m

∑

n

Emn(x, y, z)E∗
mn(x, y, z). (15)

The calculation parameters are M = 8, N = 4,

Nf = 5, p = 4, x′
d = y′

d = 1.5 and b = 1.5 unless oth-

erwise stated. Figures 2 and 3 show the irradiances of

the resulting beam at ∆z = −0.5 and ∆z = −0.05 for

the incoherent case, respectively.
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Fig.2. Relative irradiance profiles of resulting beam focused by a lens for the incoherent combination

at ∆z = −0.5. (a) I(x′, y′,∆z)/I(0, 0, ∆z) versus x′ and y′, (b) I(x′, y′, ∆z)/I(0, 0,∆z) versus x′,

(c) I(x′, y′,∆z)/I(0, 0, ∆z) versus y′.

Fig.3. Relative irradiance profiles of resulting beam focused by a lens for the incoherent combination

at ∆z = −0.05. (a) I(x′, y′, ∆z)/I(0, 0,∆z) versus x′ and y′, (b) I(x′, y′,∆z)/I(0, 0, ∆z) versus x′,

(c) I(x′, y′,∆z)/I(0, 0, ∆z) versus y′.



No. 11 Propagation properties of off-axis Hermite–cosh–Gaussian beam ... 2613

In particular, the irradiance profile of the composite beam at the focal plane is simplified into

I(x′, y′, ∆z = 0) = MNπ2N2
f H2

p

(√
2πNfx′

)

exp
[

2π2N2
f

(

x′2 + y′2
)]

cosh2 (iπNf bx′) (16)

and the corresponding distributions are plotted against normalized coordinates in Fig.4.

Fig.4. Relative irradiance profiles of resulting beam focused by a lens for the incoherent combination

at ∆z = 0. (a) I(x′, y′, ∆z)/I(0, 0, ∆z) versus x′ and y′, (b) I(x′, y′,∆z)/I(0, 0, ∆z) versus x′, (c)

I(x′, y′,∆z)/I(0, 0, ∆z) versus y′.

For the coherent case, the irradiance of the composite beam is given by

I(x, y, z) = E(x, y, z)E∗(x, y, z), (17)

where

E(x, y, z) =
∑

m

∑

n

E(x, y, z). (18)

When the parameters are the same as those of incoherent combination, and irradiance distributions of the

resulting beam are shown in Figs.5 and 6.

In the far field, the expression of the irradiance of coherent combination can reduce to

I(x′, y′, ∆z = 0) =π2N2
f H2

p (
√

2πNfx′)exp (−2πNfx′) cosh2 (iπNfbx′
d)

× [1 − cos(2πNfmx′
dx′)] [1 − cos(2πNfny′

dy
′)]

[1 − cos(2πNfx′
dx′)] [1 − cos(2πNfy′

dy′)]
. (19)

The corresponding intensity distributions are depicted in Fig.7.
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Fig.5. Relative irradiance profiles of resulting beam focused by a lens for the coherent combination

at ∆z = −0.5. (a) I(x′, y′,∆z)/I(0, 0, ∆z) versus x′ and y′, (b) I(x′, y′, ∆z)/I(0, 0,∆z) versus x′,

(c) I(x′, y′,∆z)/I(0, 0, ∆z) versus y′.

Fig.6. Relative irradiance profiles of resulting beam focused by a lens for the coherent combination

at ∆z = −0.05. (a) I(x′, y′, ∆z)/I(0, 0,∆z) versus x′ and y′, (b) I(x′, y′,∆z)/I(0, 0, ∆z) versus x′,

(c) I(x′, y′,∆z)/I(0, 0, ∆z) versus y′.
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Fig.7. Relative irradiance profiles of resulting beam focused by a lens for the coherent combination

at ∆z = 0. (a) I(x′, y′, ∆z)/I(0, 0, ∆z) versus x′ and y′, (b) I(x′, y′,∆z)/I(0, 0, ∆z) versus x′, (c)

I(x′, y′,∆z)/I(0, 0, ∆z) versus y′.

From Figs.2–3 and 5–7 it can be seen that the ir-

radiance profiles of the resulting beams are changing

during propagation and cannot preserve the HChG

shape in the x′-direction and the Gaussian pattern in

the y′-direction for both the coherent and incoherent

cases at the planes ∆z = −0.5 and –0.05, and for co-

herent combination mode at the focal plane. These

propagation properties are similar to those of HG and

ChG beam combinations.[4,6] For the incoherent com-

posite beam at the focal plane as shown in Fig.4, the

composite beam resembles a single HChG beam in the

far field in shape as shown by Fig.1 in Ref.[10], three

main lobes exist in the x′-direction and Gaussian-like

in the y′-direction. Further, the irradiance profile is

independent of separations x′
d and y′

d from Eq.(16),

which can be explained by imaging principle of ge-

ometry optics. For the coherent composite beam, the

irradiance profiles, for the most part, can keep a flat-

top-like shape in the two directions from the input

plane to ∆z = −0.35; for the incoherent composite

beam, the irradiance distribution, however, keeps HG

shape only in the x′-direction. A comparison between

the far field distributions illustrated in Figs.4(b) and

7(b) shows that there exist three main peaks in the x′-

direction and the distance between the first and third

peaks is almost equal but the intensity of the central

peak is much larger than the intensities of the peaks

on both sides for the coherent case, but the situation

is inverse for the incoherent case. Figures 4(c) and

7(c) illustrate that though there exist two side lobes in

the y′-direction for the coherent combination, the spot

size is much small compared with that for the incoher-

ent combination, so more energy concentrates into the

central lobe as discussed in the next section. By re-

viewing the resulting profiles of HChG, ChG, HG and

Gaussian beam combinations one can find that only if

there exists the Hermite polynomial in the initial opti-

cal field, multiple lobes will occur during propagation.

In other words, the Hermite polynomial term in the

optical field is a chief factor leading to the occurrence

of multiple peaks of composite beams and the deterio-

ration of the beam quality, so preventing the Hermite

term from occurring is necessary in order to obtain a

high peak power and strong energy concentration.

4. Quality of the resulting beam

Usually, the M2 factor and power in the bucket

are used to characterize the beam quality, but it en-
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counters some difficulty in measuring M2 in a prac-

tical and readily way for the array beams.[19] Some-

times, it seems unreasonable to evaluate the resulting

beam quality in terms of M -squared factor as indi-

cated by the example given by Siegman.[20] The M2

values of coherent and incoherent combinations of six

Gaussian TEM00 beams arranged annularly are about

4.38 and 4.55, respectively, however, the six beams

added together coherently can create a central lobe

that is substantially narrower than that for the inco-

herent Gaussian case, with a central intensity being 6

times larger than that for the incoherent case on con-

dition that total power is the same, so nothing can

been gained by calculating M2 of array additions. In

fact, characterizing the beam quality of array with

composite non-Gaussian beam profile in terms of M -

squared factor is not practical nor the best way due

to the fact that it is difficult to determine the beam

width of beam profile.[21] In application, the engineers

are interested in the power concentration on the tar-

get and how to measure the beam quality in a simple

but accurate way, so the power in the bucket (PIB)

curve is recommended to be used for characterizing

the beam quality of non-Gaussian profile.[22] The PIB

curve reveals the information about the transverse en-

ergy distribution and it is an easy method of practical

measurement, for example, rectangularly scanning in

the x- and y-directions using a knife edge.[20]

PIB is defined as the fraction of power within a

given bucket’s size in the far field and the correspond-

ing expression reads

PIB =

∫ a

−a

∫ b

−b

I(x′, y′, 0)dx′dy′

∫ +∞

−∞

∫ +∞

−∞

I(x′, y′, 0)dx′dy′

, (20)

with a and b being the normalized bucket’s dimen-

sions in the x′- and y′-directions, and I(x′, y′, 0) is

given by Eq.(19) for coherent case and by Eq.(16) for

incoherent case. Figure 8 indicates the PIB curves

of beams after coherent and incoherent combinations

in the x′- and y′- directions, the corresponding cal-

culation parameters are the same as those of Figs.4

and 7. One can see from Fig.8(a) that the PIB for

coherent case in the x′-direction is not always larger

than that for incoherent case, which is similar to the

case for HG beam combinations as shown by Fig.10 in

Ref.[5]. The curve builds up much faster within 0.01

times the waist width for the coherent case because

of the strong central lobe as plotted in Fig.7(c). It

is also apparent, however, that the PIB of coherent

combination is smaller than that of incoherent com-

bination within the range of 0.11 < x′ < 0.14. In this

direction, there exist three crossing points in the PIB

curve, and the central lobe contains 42% of the total

energy for the coherent combination while only 20%

for the incoherent combination. Figure 8(b) shows

that in the y′-direction the PIB of coherent combina-

tion is always larger than that of incoherent combi-

nation because there exists only Gaussian field in this

direction. By reviewing the PIB curves of different

mode structures,[4−6] one can conclude that the ini-

tial field distribution with Hermite polynomial leads

the quality of resulting beam for coherent case not to

be always larger than that for incoherent case, which

is in agreement with the case for irradiance profile as

discussed in Section 3.

Fig.8. The PIB curves of resulting beam focused by a lens for the coherent combination and

incoherent . (a) in the x′-direction and (b) in the y′-direction.
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5. Conclusion

The coherent and the incoherent beam combina-

tions of off-axis HChG beam with rectangular sym-

metry through a first-order optical system have been

studied in detail. The analytical expression of compos-

ite beam propagation has been derived based on the

generalized diffraction integral formula in the form of

ABCD matrix, and corresponding numerical examples

are demonstrated. The PIB curve is chosen to char-

acterize the resulting beam quality. Reviewing the

four mode structures, one concludes that beam qual-

ity of coherent combination is not always better than

that of incoherent combination due to the existence of

Hermite term in the initial optical field, that is to say,

Hermite term of the initial field leads the beam quality

to worsen for the coherent combination, so it is nec-

essary to prevent the Hermite term from occurring by

designing the resonator and pumped configuration. It

should be noted that in this study the beams combin-

ing either coherently or incoherently is under the ideal

condition, so partial coherent case is likely to occur in

practice, which is deserving of further study.
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[5] Lü B D and Ma H 2000 Appl. Opt. 39 1279

[6] Deng D M 2004 Phys. Lett. A 333 485
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