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In this paper, an approach to the control of continuous-time chaotic systems is proposed using the Takagi—Sugeno

(TS) fuzzy model and adaptive adjustment. Sufficient conditions are derived to guarantee chaos control from Lyapunov

stability theory. The proposed approach offers a systematic design procedure for stabilizing a large class of chaotic

systems in the literature about chaos research. The simulation results on Rossler’s system verify the effectiveness of the

proposed methods.
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1. Introduction

Chaos has been found in many engineering sys-
tems. It is irregular, complex and unpredictable.
In many practical systems, removing chaos can im-
prove system performance, avoid fatigue failure of
system, and lead to a predictable system behaviour.
Various methods have been employed to control
chaos,! =19 since Ott, Grebogi and Yorke proposed a
method of controlling chaos, i.e. the well-known OGY
control.ll. Among those methods, the adaptive adjust-
ment mechanism (AAM) proposed by Huang, > that
was extended by Bu et al,[® and Zheng,'? is one of
the most widely used methods mainly because it uti-
lizes neither priori knowledge of the system itself nor
extra external control.

On the other hand, fuzzy logic has received much
attention from the theorists in control theory as a
powerful tool for the chaos control. An approach to
controlling chaos via linear matrix inequality (LMI)
based fuzzy control system design has been suggested
in Refs.[16-18], where the key idea is to use the well-
known Takagi—Sugeno (TS) fuzzy model to represent
typical chaotic systems and then design a controller
for the fuzzy model. The stabilization of the overall
fuzzy system is determined by solving a set of linear
matrix inequalities (LMIs). It is required that a com-

mon positive-definite matrix P can be found to sat-
isfy the LMIs for all the local models. However, this
is a difficult problem to be solved since such a matrix
might not exist in many cases, especially for highly
nonlinear complex systems.

In the present paper, a novel approach to con-
trolling chaotic systems is proposed that has the ad-
vantages of both the fuzzy control and the AAM. The
approach represents a chaotic system by linear models
in different state space regions based on the TS fuzzy
model and then stabilizes the linear models in differ-
ent state space regions by adaptive adjustment mech-
anisms. Therefore, it has a convenient analytic struc-
ture so that some well-established conventional linear
systems theory can be easily applied to the theoreti-
cal analysis of the overall closed-loop controlled sys-
tem. Our approach to choosing the adaptive param-
eters is different from Huang’s method that is based
on linearizing the system in the neighbourhood of a
fixed point and evaluating the eigenvalues of the cor-
responding Jacobian matrix.

The rest of this paper is organized as follows. In
Section 2, the brief description of the TS fuzzy model
is given. Section 3 is devoted to the procedure for
controlling chaotic systems via the TS fuzzy model
and AAM. Simulation study is given in Section 4, and
conclusions are drawn in Section 5.
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2. TS fuzzy model

The TS fuzzy model 819 is described by fuzzy
IF-THEN rules in which each rule locally represents a
linear realization of the system over a certain region
in the state space. The overall system is then an ag-
gregation of these local linear system models. Suppose
that the TS fuzzy model is given in the following form:

Rule i : IF 21(¢) is Mz and ... and z,(¢) is M;,
THEN i(t) = Ajz(t), i=1,2,...,r,

(1)
where M;; (j = 1,2,...,p) is the fuzzy set and r is
the number of IF-THEN rules, z(¢) € R" is the state
vector, A; € R"*", z1(t) — z,(t) are the premise vari-
ables. Each consequent linear equation represented by
A;x(t) is called a subsystem. The final output of the

fuzzy system is inferred as follows:

Z w;(2(t)) Az (t)

= H M;j(2;(t)) (3)

for all ¢, with M;;(z(t)) being the grade of membership
of zj(t) in M,;, and w;(=(t)) satisfying the following
conditions:

wi(z(t) >0, i=1,2,...,r
By introducing h;(z(t)) = w;(2(t))/ Yi_; wi(2(¢)) in-

stead of w;(2(t)), the expression (2) is rewritten as

- Z hi(z(t)) Aiz(b). (4)
Note that
g (1) = 1,

1
hi(z(t)) > i=1,2,...,7,

for all ¢, where h;(z(t)) can be regarded as the nor-
malized weights of the IF-THEN rules.

(5)

3. Controlling chaotic systems
via TS fuzzy model and AAM

Suppose that a chaotic system can be exactly rep-
resented by the TS fuzzy model (1). In order to sta-

bilize the TS fuzzy model (1), by AAM we denote the
following adjusted system:

Rule i : IF 21(t) is M1 and ... and zp(t) is M,
THEN z(t) = (1 — v)Aiz(t) — yz(t),
i=1,2,...,m (6)

The final output of the fuzzy system (6) is inferred as
follows:

L —y)Aiz(t) —vixt)],  (7)

where «; is the positive controlling parameter, and
referred to as the adaptive parameter named after
Refs.[5, 6].
the same equilibrium point x = 0 as that of the sys-
tem (1).

The following theorem gives a sufficient condition

It is easy to see that the system (6) has

for the stability of the adjusted system (7) and a con-
venient guide to the choice of the adaptive parameters.

Theorem 1 Let I be an n X n unit matrix and
AN =12,

symmetric matrix

r,) be the eigenvalues of the

(L —y)AT + (1 =) A
2

— v, (t=1,2,...,7).

If max {)\(

1<i<r
ally asymptotlcally stable about the equilibrium point

", < 0, then the system (7) is glob-

x = 0, that is, the chaotic orbits of the original system
(1) can be stabilized to the equilibrium point = 0
by AAM.

Proof Assume that the symmetric matrix

(1 - FYZ)A
2

(1 - ”YZ)Al

— I
is similar to

A; = diag W\ A A0
by the operation of an orthogonal matrix U;, that is,

_ ~)AT —_~)A.
Uz'T (1—)A; ;‘(1 7i) A — I |U = 4.

Choose the Lyapunov function
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and the derivative of V along trajectories of (7) will
be

N e | L WAL + (1= 3) A
=m0 :

—w}x(t)
_E:h (U AU 2 (t)
—Zh a(t)T AU (t)
< max ("} 1Zh (1)U (1)
< max (AP 2T (1) (t) < 0. (9)

1<:i<lr

Furthermore, V = 0 if and only if z = 0. So z(t) — 0
as t — 00. The system (7) is globally asymptotically
stable about the equilibrium point z = 0, that is, the
chaotic orbits of the original system (1) can be stabi-
lized to the equilibrium point x = 0 by AAM.
Remark 1 In order to stabilize a chaotic system

Rule 1:
Rule 2:

IF z1(t) is

where x(t) = [21(t), x2(t), z3(t)]7T,

0-1-1
Ay=1|1a 0 |,
b 0 —d]
[0 -1 —1]
Ay=1|1a 0 |,
b 0 d |

and the fuzzy sets are Fi(z1(t)) = (1/2)(1 + (¢ —

z1(t))/d), Fa(x1(t)) = (1/2)(1 — (¢ — 21(t))/d) with
d > 0. In this paper, a = 0.34, b = 0.4, ¢ = 4.5 and

Fl(xl

IF 24 (t) is Fy(21(t)) THEN

represented by the TS fuzzy model (1), we only need
to choose ~; such that the eigenvalues of the symmet-

ric matrix

(1- %‘)A;r +
2

(1 — ) A;

—vil

are less than zero by Theorem 1. Fortunately, it can
be achieved by Hurwitz’s Theorem.

4. Simulation study

Simulation of controlling Rossler’s system is per-
formed here to show the effectiveness and feasibility
of the proposed method. The chaotic Rossler’s system
is described by

@1 (t) = —x2(t) — x3(t),
(10)

Assume that
x1 € [—d,d] and d > 0, let the premise variable be x1,

where a, b and ¢ are the parameters.

then Rossler’s system can be exactly represented by

the TS fuzzy model as follows:8]

(t)) THEN #(t)

(1)

= Al,T(t);
= AQI(t),

z3(t)

Fig.1. Chaotic behaviour of Rossler fuzzy system.

By AAM we denote the following adjusted sys-

d = 10. The chaotic behaviour is shown in Fig.1. tem:
|
Rule 1: IF 21(t) is F1(z1(¢t)) THEN @(¢) = (1 — 11)A12(t) — y12(¢); (12)
Rule 2: IF z4(t) is Fo(z1(t)) THEN &(t) = (1 — v2) Asz(t) — y2z(t).
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1.0
= I
= 0f
8 -\\/
The final output of the fuzzy system (12) is inferred -1.0 , : - .
0 20 40 60 80 100
as follows: 2
2 s 1p
#(t) =Y Fi(x(0)[(1 = v) Ase(t) = yiw(t)].  (13) o
— -1 . . ‘ . ‘ .
=t 0 20 40 60 80 100
For the above parameter set, we can obtain . ;
0.2537 < ;1 < 1 and 0.2537 < 72 < 0.8946 by Theo- l;cé 0%
rem 1 and Hurwitz’s Theorem. ) . L
0 20 40 60 80 100

Figure 2 shows the simulation result of stabilizing
the chaotic Rossler’s system for v; = 0.5 and vy = 0.7.

5. Conclusions

We have proposed approaches to the stabilization
of continuous-time chaotic systems using the TS fuzzy
model and adaptive adjustment. Sufficient conditions
are derived to guarantee chaos control by Lyapunov

t/s

Fig.2. The time series of controlled Rossler fuzzy sys-
tem via AAM.

stability theory. The proposed approach offers a sys-
tematic design procedure for stabilizing a large class of
chaotic systems in the literature about chaos research.
Simulation of control Rossler’s system is made. The
simulation result has validated the effectiveness of the
proposed approach.

References

(1] Ott E, Grebogi C and Yorke J A 1990 Phys. Rev. Lett.
64 1196

2] Li W and Chen S G 2001 Acta Phys. Sin. 50 1434 (in
Chinese)

[3] Yue L J and Shen K 2005 Chin. Phys. 14 1760

[4] Chen G R, Fang J Q and Hong Y G 1999 Chin. Phys. 8
416

[5] Huang W 2000 Phys. Rev. E 61 R1012

(6] Huang W 2000 Phys. Rev. E 62 3455

[7] Fang J Q 1996 Progr. Phys. 16 1 (in Chinese)

[8] Chen G and Dong X 1998 From Chaos to Order—
Perspectives, Methodologies, and Applications (Singa-
pore: World Scientific)

[9] Bu S, Wang S and Ye H 2001 Phys. Rev. E 64 046209

[10] Luo X S, Chen G R, Fang J Q, Zou Y L and Quan H J
2003 Acta Phys. Sin. 52 790 (in Chinese)

[11] Zheng Y A, Nian Y B and Liu Z R 2002 Chin. Phys. Lett.
19 1251

[12] Zheng Y 2006 Chaos Solitons Fractals 30 1069

[13] Tan W, Wang Y N, Liu Z R and Zhou S W 2002 Acta
Phys. Sin. 51 2463 (in Chinese)

[14] Li L X, Peng H P, Lu H B and Guan X P 2001 Chin.
Phys. 10 796

[15] Zhou Y F, Tse C K, Qiu S S and Chen J N 2005 Chin.
Phys. 14 61

[16] Lian K Y, Chiang T S, Chiu C S and Liu P 2001 IEEE
Trans. Fuzzy Systems 9 539

[17] Lian K'Y, Chiu C S, Chiang T S and Liu P 2001 IEEE
Trans. Syst. Man Cyber. Part B 31 66

[18] Tanaka K, Ikeda T and Wang H O 1998 IEEE Trans.
Circ. Syst. 1 45 1021

[19] Takagi T and Sugeno M 1985 IEEE Trans. Syst., Man
Cybern. 15 116



