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By using the solutions of an auxiliary Lamé equation, a direct algebraic method is proposed to construct the exact

solutions of N-coupled nonlinear Schrodinger equations. The abundant higher-order exact periodic solutions of a family

of N-coupled nonlinear Schrédinger equations are explicitly obtained with the aid of symbolic computation and they

include corresponding envelope solitary and shock wave solutions.
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1. Introduction

Propagation of optical soliton in a single mode
fibre is governed by the well-known nonlinear
Schrodinger equation (NLSE) of the form

8u 0%u

- 2 —
T +82+2|u|u 0, (1)

where u(t, z) is the slowly varying envelope of the ax-
ial field. The soliton solutions and abundant periodic
solutions of Eq.(1) have been presented in Ref.[1-5].
For handing more channels it is necessary to prop-
agate more fields simultaneously. In 1974, Manakov!®
derived the coupled nonlinear Schrodinger equations
(CNLSEs) from the NLSE by considering that the
total field was composed of two fields. In the same
work he presented the linear eigenvalue problem as-
sociated with the CNLSEs and the soliton solutions
using the inverse scattering transform. The Painlevé
analysis of the CNLSEs was carried out by Sahade-
van et all”l Soliton solutions using the Hirota bilin-
ear method for CNLSEs were presented by Radhakr-
ishnan and Lakshmanan.[® Porsezian and Nakkeeran
have generated the soliton solutions for CNLSEs using
In Ref.[10]

we presented abundant Jacobi elliptic function solu-

the Bicklund transformation method.[®!

tions for CNLSEs using the auxiliary elliptic equation
method. When we consider the simultaneous propa-
gation of N nonlinear waves in a fibre, the wave dy-

namics of the system will be governed by N-CNLSEs
of the form

Ouy, (?un
IW_F <Z|um|)un—0 n=12,...,N,

(2)

where the |uy,| denotes the modulus of the wy,.
For N =1, Egs.(2) are just Eq.(1).
For N = 2, Egs.(2) give CNLSEs of the form:[>~—9]

Du PP
i+ S+ 2w o+ us s = 0,

Duy PP

i+ S 2w sz = 0. (3)

The Painlevé analysis of N-CNLSESs has been car-
ried out in Ref.[7]. The Lax pairs for N-CNLSESs have
been presented by Fordy and Kulish.'!! Solitary wave
and periodic solutions for N-CNLSEs have been stud-
ied partly in Refs.[12-14]. In this paper, we propose
a new method to construct the exact periodic solu-
tions of N-CNLSEs based on an auxiliary Lamé equa-
tion. The abundant exact periodic solutions of N-
CNLSEs are explicitly obtained. Particularly, some of
the third-order Jacobi elliptic function solutions are
obtained that have not ever been presented before. In
a limiting case, they give corresponding envelope soli-
tary and shock wave solutions.
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2. Auxiliary Lamé equation O _ ) _ 2% — 3+ /4 — TkZ + 4k2
1 — /5 ’
5
For solving Eqs.(2), we use a form of Lamé equa-

tion with a kernel function, expressed in terms of dn?¢, NN O k? =3+ V4 —k2+ k1

dzAslp) (5) 2 6 5 )

— - T+ Ddn®(€) = BPJAP (€) =0,

3 @ @ 2k — R
p=1,2,..., n=12,....2p+1. (4) T30T T 5 (5)

Here AP (&) is the nth-order eigenfunction of Lamé
equation (4), corresponding to the eigenvalue B,(lp ),
For p=1,2, and 3, a full set of eigenfunctions A%p ) €3
and eigenvalues Bflp ) of Eqgs.(4) is given in Table 1,
where sn(€), en(§) and dn(€) are Jacobi elliptic sine
function, cosine function and Jacobi elliptic function

where k(0 < k < 1) denotes the modulus of Jacobi
elliptic functions.

On Jacobi elliptic functions, we have

en?(€) = 1 —sn?(¢), dn2(§) =1—Kk*n?(¢),

of the third kind with the modulus k(0 < k < 1), and
respectively. d d
The following designations are used here: d—gsn(é) = cn(§)dn(§), d—gcn({) = —sn(§)dn(¢),
AP = S B 2EVIERER d%dn(é) — —K%sn(¢)en(s). (7)
Table 1. A full set of the eigenfunctions A,(lp) (&) and the eigenvalues ng) of pth-order Lamé
equation for p=1, 2, 3.
P n AP () B
1 3 dn(¢) 2 — k2
1 2 cn(§) 1
1 1 sn(€) 1—k?
2 5 dn2(€) + 5 2(k? — 1)/
2 4 cn(€)dn(€) 5 — k2
2 3 sn(€)dn(€) 5 — 4k?
2 2 sn(&)en(€) 2 — k2
2 1 dn2(€) + 2(k2 — 1)/
3 7 dn(€)[dn2(€) + 1] 5(2 — k2) + 2v/1 — k2 + k™
3 6 en(€)[dn2(€) + 48] 7T—2k2 +2VA— K2 K2
3 5 sn(€)[dn2(€) + 77 7 — 5k2 4+ 24 — TkZ + 4K%
3 4 sn(§)en(£)dn(€) 42— k?)
3 3 dn(€)[dn2(€) + ] 5(2 — k2) — 2v/1 — k2 + 4k*
3 2 en(&)[dn2(€) + 157)] 7—2k2 — 24— K2+ kT
3 1 sn(€)[dn2(¢) + ¥ 7 —5k2 — 24 — TRZ + 4kT
The modulus k(0 < k < 1) substantially affects dn(€) — sech(§), when k — 1. (8)

solutions of Egs.(4). When k& — 0 or k& — 1, Jacobi

elliptic functions asymptotically go into trigonometric
or hyperbolic ones:

sn(€) — sin(§), en(§) — cos(€), and
dn(§) — 1, when k — 0;

sn(§) — tanh(§), cn(§) — sech(§), and

When k& — 0 the Lamé equation goes into the equa-
tion of harmonic oscillators. With £ increasing, the
Lamé equation becomes the equation for Legendre-
associated polynomials, periods of elliptic functions
tend to infinity, and all periodical solutions asymptot-
ically turn to spatially localized ones. The detailed
information about Jacobi elliptic functions and Lamé
equations can be found in Refs.[15-18].
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3. Construction of higher-order

solutions of equations (2)

Since N-CNLSEs (2) describe a family of non-
linear wave packets, we can seek their envelope wave
solutions in the following form:

Up = pn(g)eiomxiwnt)v 5 =T — 2Anta

n=12,...,N, (9)

where pp(§)(n = 1,2,...,N) is real amplitude of the
nth component in the family, and A,, and w, denote
its wave number and circular frequency respectively.

Substituting the expression (9) into Eqs.(2) leads
to a set of ordinary differential equations

d*py 2 = 2
3z + (Wn = A)Pn + 200 mz:; Pra =0,
n=1,2,...,N. (10)

Now suppose that the solutions of Egs.(10) are
proportional to eigenfunctions of the pth-order auxil-

iary equation (4) with unknown amplitudes AP ), ie.

= APAP (@),

PP (€) n=12,...

2p+1, (11)

where « is a scale factor, and p=1,2,....
Expanding [A” (a€))?
dn?(ag€) yields

in a power series of

P
(AP (@))? = Y alf) (k)dn®™ (ag),
. 2p+ 1. (12)
According to relationships (6), aSﬁ,)@(k) can be easily
determined for fixed p and n.

Substituting the expressions (11) and (12
Eqgs.(10),
Lamé equation (4), and equating the coefficients at

) into
comparing the equations obtained with

the same power of dn? (af), we obtain N + p indepen-
dent linear equations in [A%p )]2:

N
a?BP) +w, = N2 +2 Y [ADPal) (k) =0,

m=1

N
Z A(p)
m=1

N

Z A(p) =0,

m=1

It is easy to see that the first N equations (13) set
a limit on the ranges of w, and \,, and the next p
equations (14) and (15) determine [Aslp)]?

For each p value, one can construct no more than
(2p+1)x (2p) x (2p— N +2)

1x2x---N

linearly independent solutions of Egs.(10). Since
Eqs.(14) and (15) are linear in [A%’]? and contain p
independent equations, nonzero squared amplitudes

N
CQerl

[A)2 are determined ambiguously for N > p. When
N = p, nonzero squared amplitudes [Aﬁf )]2 are deter-
mined uniquely. It means that there are C5 ., self-
consistent p-component pth-order solutions, which dif-
fer from each other by a choice of the eigenfunctions
AP) of Lamé equation (4). When N < p Egs.(14) and
(15) are over-determined and have no solutions.

Finally, substituting pslp ) (€) into Eqs.(9), one can
obtain the pth-order periodic solutions of N-coupled
nonlinear Schrédinger equations (2). That means that
the pth-order solutions contain the terms of product
of p Jacobi elliptic functions.

For short,
Eqgs.(2), composed of the nyth-, noth-, .. .,

N-component periodic waves of
nyth-order
eigenfunctions of the pth-order auxiliary Lamé equa-
tion (4), are called further the pth-order solution of
nins ...ny-type. It is easy to check that a full number
of possible one-component first-order solutions might
be equal to 3, a full number of possible two-component
second-order solutions might be equal to 10, and a full
number of possible three-component third-order solu-

tions might be equal to 35.

4. Some examples

4.1. The first-order periodic solutions of
NLSE

For NLSE (1), N = 1. According to the analysis
above, when p = 1, the equation has a unique solution.
From the expression (12), we have

1 1
k) =13 A= (16)
1 1
a' (k) =1- 5, ay/(k) =5 (A7)
alg (k) =0,  aS (k) =1. (18)

Substituting the expressions (16)—(18) into
Eqgs.(14) and (15), using Table 1, we obtain
(A2 (A = a?k?, (AR = a2,
(19)

_ —Oé2k2,
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Since both a and k are real parameters and Agl)
is a real function, from the expression (19), Agl) does
not exist. Therefore, NLSE (1) has only the 1st-order
solutions of 2- and 3-type.

Substituting the expression (19) into (11), then
into the expression (9) and using Table 1 , the exact
periodic solutions of NLSE (1) are obtained as follows:

u1s(z, t) =kacn[o(z — 2Xt)] A2~
w— A2
M T
2 2 L
or w<)\,k>§; (20)

1
for w > A2, k2<§

u13(z,t) =adnfa(z — 2Xt)] A7),

w— A2
e
for w > A2 (21)

Notice that when k& — 1, c¢n(§) — sech(€), and
dn(£) — sech(£), the solutions w19 and uq3 degenerate
into the corresponding envelope solitary solutions.

4.2. The second-order periodic solutions
of CNLSEs

For CNLSEs (3), N = 2. According to the anal-
ysis above, when p = 2, the equation has a unique
solution. A full number of possible two-component
second-order solutions might be equal to 10. They are
54-, 53-, 52-, b1-, 43-, 42-, 41-, 32-, 31- and 21-type
solutions respectively.

From the expression (12), we have

ol (k) = V12, o (k) = 2007,
ol (k) = 1; (22)

agy (k) = 7 (23)
|
3)12 (3)
Y 27—y
R e T R e 1

1 2
W = (15 b8P, 0 = (2- 5 )8+
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0 =0, af ) = .

A2 (k) =~ (24)
al) (k) = 0,
o) =1- .
o2 k) = o (25)
afg) (k) = [P,
o} (k) = 245,
afy (k) = 1. (26)

Substituting any two expressions among the ex-
pressions (22)—(26) into Eqs.(14) and (15), then into
the expressions (9) and using Table 1 and the ex-
pression (11), then the 2nd-order periodic solutions
of CNLSEs (2) can be obtained. For example, the
2nd-order solutions of 43-type are

ugs(z,t) = £ V3asn[a(x — 2\ t)]dn[a(z — 2A;t)]

i()\lewl t)
)

for wy — A = —a?(5 — 4k?); (27)

X e

ugq(z,t) = £ V3acn[a(z — 2\ot)|dn[a(z — 2X9t)]
X ei()\mewzt)

)

for wy — A2 = —a?(5 — k?). (28)

Notice that when k& — 1, sn(¢) — tanh(¢),
en(§) — sech(€), and dn(§) — sech(), the solutions
u21 and use degenerate into the corresponding enve-
lope solitary or shock wave solutions.

4.3. The third-order periodic solutions
of 3-CNLSEs

For 3-CNLSEs, N = 3. According to the analysis
above, when p = 3, the equation has a unique solution.
A full number of possible three-component third-order
solutions might be equal to 35. They are 765-, 764-,
763-, ..., 421- and 321-type solutions respectively.

From the expression (12), we have

(3)
1—2y 1
afy () = —51— afl (k) = - (20)
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ag) () =0, o (k) =" a) =247, ek =1 (31)
1 1 2 1 1
afy () =0, 0 (k)= 15— 75, ak) =7~ 5 al(h) =~ (32)
) (3)12 (3)
) 298Y — )] 1 -2y 1
afy (k) = o ol (k) = T af) ) = —5 (k) = - (33)

1 2 1 1 2 1
0 = (1= 5 )bP, a0 = (2= 5 )+ bl oW =1 5+ 2ol a0 = i 30)

aJ(k)=0, o (k) =PVP2 k) =24V, k=1 (35)

Substituting any three expressions among the expressions (29)—-(35) into Egs.(14) and (15) yields unknown

AP which in turn determine the functions p{’ (¢) and u, by the expressions (11) and (9), where the eigen-

functions A (&) are given in Table 1. So, the 3rd-order periodic solutions u, of 3-CNLSEs are obtained.
For example, substituting the expressions (31), (32) and (35) into Eqgs.(14) and (15), the 3rd-order solutions
of 743-type are obtained as follows:

uss(z,t) = Asdn[a(z — 2\t)][dn*[a(z — 2)\,t)] + Wég)] elhrz—wit)
for w; — A = —a®[5(2 — k?) — 2¢/1 — k2 + 4k4); (36)
usq(z,t) = Agsnfa(x — 2 qot)|enfa(x — 2Xqt)]dnfa(x — 2)\2t)]ei()‘2zf“’2t),
for ws — A2 = —4a%(2 — k?); (37)
sz (2, 1) = Ardnfo(z — 22st)][dn?[a(z — 2Ast)] + APl Cer—wst)

for wz — A2 = —a?[5(2 — k?) + 21 — k2 + 4k4), (38)
|
where ORI el R
=
5
Viba [2— k2 4+ 2v1 — k% + 4k*

A32i2k2 1— k2 + 4k? ’ 7(3):2k2—4+ 1— k2 +4k*

7 5 :
Ay = +V15a, Substituting the expressions (30), (32) and (34) into
A V1ba k2 — 2+ 21 — k2 + 4k* Egs.(14) and (15), the 3rd-order solutions of 642-type

T=E 2k2 1— k2 + 4k4 ’ are obtained as follows:

usa(z,t) = Asenfo(z — 201t)][dn[a(a — 2X8)] + A3V ]eldrz—wit)
for wi — A2 =a2(5 — 10k% + 2v/4 — k2 + k4); (39)
uza(x,t) = Agsnfo(x — 2Xot)]enfa(z — 2Xot)|dnfa(z — 2Aqt)]elM2m—w2t),
for wo — A2 = 4a?(1 — 2k?); (40)
use(z,t) = Agenfa(z — 25t)][dn?[a(x — 2X51)] + 4§ JelCarmeat)

for wz — A2 = a?(5 — 10k? — 2\/4 — k2 + k%), (41)
|
where Ay = +V150k?,
A i\/ﬁka —142k24+2V4 — k2 + k2 A i\/ﬁka 1—2k2+ 24— k2 + k4
2 p— 6 pu—

2 Ny ey ’ 2 Vi— K2+ K2 ’
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k2 —3—VI— k21 k*

(3) _
FYQ - 5 )
(3) k2 -3+ V4 —k2+ Kkt
Y6 & = 5 .

To the author’s knowledge, these third-periodic solu-
tions of 3-CNLSEs have not ever been presented be-
fore. When k — 1, sn(§) — tanh(§), cn(€) — sech(),
and dn(§) — sech(€), the solutions degenerate into
the corresponding envelope solitary or shock wave so-

lutions.

5. Discussion and conclusions

Now we summarize the overall conclusions of this
paper.

1) An auxiliary Lamé equation method is pro-
posed to construct the pth-order periodic solutions
for a family of N-coupled nonlinear Schrodinger equa-
tions. It is shown that this method can be used

to construct abundant pth-order periodical solutions

of N-CNLSEs in a unified way. In principle, more
higher-order periodic solutions of N-coupled nonlin-
ear Schrodinger equations can be obtained by this
method.

2) The pth-order periodic solutions depend on
Different
eigenfunctions have different pth-order solutions. Not

the eigenfunctions of the Lamé equation.

all pth-order periodic solutions are realizable. For
example, the second-order solutions of 54-type and
the third-order solutions of 541-type are never self-
consistent.

3) Since Jacobi elliptic functions are more general
than the hyperbolic tangent and secant functions, un-
der the limit condition (m — 1), our results can give
corresponding envelope solitary or shock wave solu-
tions.

4) This method is also a computational method,
which allows us to perform complicated and tedious
algebraic calculation with the aid of symbolic compu-
tation(using MATHEMATICA) on computer.
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