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A new model in nonholonomic mechanics, the Rosen–Edelstein model, has been studied. We prove that the

new model is a Lagrange problem in which the action integral
R

t1

t0
Ldt can be made stationary. The theoretical basis

of nonholonomic mechanics is investigated and discussed. Finally, we give the range of practical applications of the

Rosen–Edelstein model.
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1. Introduction

German scholar Hertz divided constraints sys-

tems into holonomic and nonholonomic in 1894.[1]

From then on, nonholonomic mechanics was establ-

ished.[2−6] There are two different familiar theories for

nonholonomic mechanics systems. One is traditional

nonholonomic model, namely, Gauss–Appell–Chetaev

model, which is a perfect and popular theory based

on the differential variational principles. The other is

Vacco model presented by Kozlov[7] in 1983, which is a

new model to study unintegrable dynamics. Kozlov‘s

method is using variation with one fixed end. The mo-

tion satisfies constraint equations, and the equations

of motion always have the form of Hamilton principle

under this variation. Scholars who support this model

think that there should be many different models ei-

ther in mechanics with limited degrees of freedom or

in continuum mechanics. The two different models

have aroused furious disputes.

Israeli scholars Rosen and Edelstein presented

a new model[8] which is different from the Gauss–

Appell–Chetaev model and the Vacco model. This

is a new equation obtained by using the general-

ized Hamilton principle and generalized Lagrangian.

German scientist Hagedorn thought that the Rosen–

Edelstein equation can be applied only to holonomic

systems, not to nonholonomic constraints.[9]

It is beyond doubt that the Rosen–Edelstein

model can be used for holonomic systems, but there

are still many questions to be solved. In this paper,

the Rosen–Edelstein model is studied. We will prove

that the new model is a Lagrange problem in which

the action integral
∫ t1

t0
Ldt can be made stationary.

Furthermore, we will investigate the theoretical basis

of nonholonomic mechanics. Finally, we discuss the

practical application of the Rosen–Edelstein model.

2. Rosen–Edelstein model and its

theoretical basis

A mechanical system with n generalized coordi-

nates qs(s = 1, · · · , n) to determine its position is sub-

jected to g nonholonomic constraints

fβ(qs , q̇s , t) (β = 1, · · · , g; s = 1, · · · , n). (1)

Lagrangian of the system is L(qs , q̇s , t); and the

adjustable constraint is

Φβ = ωḟβ + εfβ, (2)

where ω and ε are constants.

Construct the generalized Lagrangian

Ld(qs , q̇s , t) = T − V − λΦβ , (3)

where T is the kinetic energy of the system, T =

T2 + T1 + T0, V is potential energy, and λ is an un-

determined multiplier. According to the generalized
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Hamilton principle, we have

∫ t1

t0

δLdt = 0. (4)

Substituting L in Eq.(4) by Ld, we obtain

∫ t1

t0

δ(L − λΦβ)dt = 0. (5)

Exchanging the order between the variation and

integration yields

δ

∫ t1

t0

(L − λΦβ)dt = 0. (6)

Using the step-by-step method of integration and

the exchange relationship presented by Hölder, we

have

−

d2

dt2

(

∂Ld

∂q̇s

)

+
d

dt

(

∂Ld

∂q̇s

)

−

∂Ld

∂qs

= Qext

or

d2

dt2

(

∂Φβ

∂q̈s

λβ

)

+
d

dt

(

∂T

∂q̇s

−

∂Φβ

∂q̇s

λβ

)

−

∂T

∂qs

+
∂V

∂qs

+
∂Φβ

∂qs

λβ = Qext. (7)

Equation (7) is a new model different from the

traditional Gauss–Appell–Chetaev model and also dif-

ferent from the Vacco model.

The theoretical basis of the new equation (7) is

the integral principle of nonholonomic mechanics—the

generalized Hamilton principle. By exchanging the or-

der between variation and integration, we can obtain

Eq.(6) from Eq.(5). Therefore, the Rosen–Edelstein

model is such a Lagrange problem in which the action

integral
∫ t1

t0
Ldt can be made a stationary one among

all the paths, and this model is an Euler equation ob-

tained by using the variational approach. So the new

model and the Vacco model both belong to the same

type of equations. In the new model, the inserted term

in the Hamilton principle (4) is the adjustable con-

straint (2). On the other hand, in the Vacco model,

the inserted term is the constraint equations (1). So

the two models are not equivalent.

Theorem 1 The Rosen–Edelstein model is a La-

grange problem in which the action integral
∫ t1

t0
Ldt

can be made a stationary one among all the paths.

Rosen–Edelstein model is an Euler equation obtained

by using the variational approach.

Usually, there exist the undetermined multipliers

λ̈β and λ̇β in the new equation (7), so other initial

conditions should be given:

λβ(t0) = λ0
β ,

λ̇β(t0) = λ̇0
β . (8)

Even if λβ can be eliminated, the order of equa-

tions become high, except for some special cases. Thus

other initial conditions also should be given:

q̈sβ(t0) = q̈0
sβ ,

...
q sβ(t0) =

...
q 0

sβ . (9)

The solutions obtained from the Gauss–Appell–

Chetaev model can satisfy the determinate conditions

of classical mechanics, namely, the states of motion of

the systems can be determined by the states of motion

of a point on the orbit. On the other hand, the so-

lutions obtained from the Rosen–Edelstein model can

only satisfy weak deterministic conditions, namely, the

states of motion of the systems can be determined by

the states of motion in some intervals of time.

3. The theoretical basis of non-

holonomic mechanics

The variational principle of mechanics can be

divided into two types: (1) differential variational

principle; (2) integral variational principle. It is

proved that all the differential variational principles

can be used both in holonomic and nonholonomic

constraints.[10] However, it is still not clear if integral

variational principle, such as the Hamilton principle,

can be used in nonholonomic systems .

3.1.Differential variational principle

Differential variational principles mainly include:

A d‘Alembert–Lagrange principle

N
∑

i=1

(Fi − mir̈i) · δri = 0. (10)

B Jourdain principle

N
∑

i=1

(Fi − mir̈i) · δṙi = 0. (11)

C Gauss principle

N
∑

i=1

(Fi − mir̈i) · δr̈i = 0. (12)
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For the d‘Alembert–Lagrange principle, we must

define the restriction of constraints to virtual displace-

ment δqs, then the well known definition of Chetaev

is given by
N

∑

i=1

∂fβ

∂q̇s

δqs = 0. (13)

By using the d‘Alembert–Lagrange principle (10)

and the definition of Chetaev (13) and Lagrange mul-

tiplier, we can obtain the traditional equation of non-

holonomic systems

d

dt

∂L

∂q̇s

−

∂L

∂qs

=
r

∑

β=1

λβ

∂fβ

∂q̇s

(s = 1, · · · , n) . (14)

By using the d‘Alembert–Lagrange principle (10)

and Niu‘s definition[11]

N
∑

i=1

∂fβ

∂q̇s

δq̇s = 0, (15)

Eq.(14) can also be obtained.

Take derivative of Eq.(1) with respect to t, we

have
∂fβ

∂qs

δq̇s +
∂fβ

∂q̇s

δq̈s +
∂fβ

∂t
= 0. (16)

By using Eq.(16) and Gauss variation

N
∑

i=1

∂fβ

∂q̇s

δq̈s = 0, (17)

and Lagrange multiplier, we can also obtain Eq.(14).

From the analysis above, it is easy to know

that the traditional model of nonholonomic system

(Gauss–Appell–Chetaev model) is compatible with

these differential variational principles. Without ques-

tion, the theoretical basis of nonholonomic mechanics

should be the differential variational principle.

3.2. Integral variational principle

By integral variational principle is mainly meant

the Hamilton principle.

Applying generalized coordinates to the

d‘Alembert–Lagrange principle (10) and integrating

with respect to t and considering the boundary con-

ditions, we have

∫ t2

t1

{

δL +

n
∑

s=1

∂L

∂q̇s

(

d

dt
(δqs) − δq̇s

)

}

dt = 0. (18)

Equation (18) is the universal form of Hamilton

principle. It depends on the exchange relationship if

Hamilton principle of nonholonomic systems has the

same form as holonomic systems . There are two dif-

ferent exchange relationships. One is given by Suslov

d

dt
(δqσ) − δq̇σ = 0,

d

dt
(δqε+β) − δq̇ε+β =

ε
∑

σ=1

T ε+β
σ δqσ. (19)

Substituting Eq.(19) into Eq.(18), we have

∫ t2

t1

{

δL +
n

∑

s=1

∂L

∂q̇s

ε
∑

σ=1

T ε+β
σ δqσ

}

dt = 0. (20)

Equation(20) is the Hamilton principle of the

form of Suslov which is obviously different from that

of holonomic systems.

The other is the exchange relationship of Hölder

d

dt
(δqs) − δq̇s = 0. (21)

Substituting Eq.(21) into Eq.(18), we can obtain

the Hamilton principle of the form of Hölder
∫ t2

t1

δLdt = 0. (22)

Equation(22) has the same form as the Hamilton

principle of holonomic system, but δqs are not inde-

pendent of each other.

By using Hamilton principle Eq.(22) and La-

grange multiplier, it is easy to obtain the traditional

equation of nonholonomic system (14).

Theorem 2 The theoretical basis of nonholo-

nomic mechanics is the differential variational princi-

ple and Hamilton principle.

From the analysis above, we know that the the-

oretical basis of nonholonomic mechanics can also be

the Hamilton principle. What we must pay attention

to is that the Hamilton principle of nonholonomic sys-

tems Eqs.(20) and (22) cannot express the fact that

the action integral
∫ t1

t0
Ldt is the stationary one among

all the paths satisfying the equations of constraints.

But it does not mean that the Hamilton principle of

nonholonomic systems is not the stationary action un-

der any conditions. The sufficient and necessary con-

dition to make Eq.(22) a stationary action principle

is[2,3]

n
∑

s=1

g
∑

β=1

Kβ

(

∂fβ

∂qs

−

d

dt

∂fβ

∂q̇s

)

δqs = 0. (23)

The sufficient and necessary condition to make

Eq.(20) a stationary action principle is

g
∑

β=1

∂L

∂q̇ε+β

T ε+β
σ = 0. (24)
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What needs to point out is that nonholonomic

systems which satisfy conditions Eqs.(23) and (24) are

only exceptions, such as the Appel–Hamel constrained

system.

4. Range of practical application

of the Rosen–Edelstein model

From the analysis above, we know that the

Rosen–Edelstein model is a Lagrange problem in

which the action integral
∫ t1

t0
Ldt can be made a sta-

tionary one among all the paths. Therefore, its range

of practical application is: (A) holonomic systems;

(B) nonholonomic systems which satisfy conditions

Eq.(23) or Eq.(24).

5. Conclusions

In this paper the Rosen–Edelstein model of non-

holonomic mechanics has been studied. We have anal-

ysed the theoretical basis of nonholonomic mechanics

and prove that the Rosen–Edelstein model is essen-

tially a Lagrange problem in which the action integral
∫ t1

t0
Ldt can be made a stationary one among all the

paths. We prove that the theoretical basis of nonholo-

nomic mechanics is the differential variational princi-

ple and Hamilton principle. Finally, we give the range

of practical application of the Rosen–Edelstein model.

———————————————————————————
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