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We investigate the quantum motion of two ions stored in a Paul trap and interacting with a time-periodic laser field.

In the pseudopotential approximation and large detuning condition, we find that the relative motion is independent

of the laser field, but the exact centre-of-mass motion is closely related to the laser field. By adjusting the laser

intensity and frequency, we can well control the quantum motion of the centre-of-mass. We illustrate some physical

properties described by the centre-of-mass states, such as the squeezed coherent property, the widths and heights of the

wavepackets of probability density, the classical-quantum correspondence, the resonance ladders of expectation energy

and the transition probabilities between time-dependent quantum levels.
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1. Introduction

The Paul trap has been applied in many fields of
science and technology.!!! Especially, in recent years,
the Paul trap as a powerful tool has been exten-
sively used in the investigations of quantum logic
operations,[%ﬂ quantum computation,[4_6] quantum

79 and the state preparations.10—13]

information, |
The interaction of a trapped ion with the laser beam
has received much attention.'*=23] When the laser in-
tensity is small, the effect of the laser can be treated
as a perturbation to the system. With the increase of
the intensity, the motion becomes more and more com-
plex, so we must seek new methods to solve it. The
Green function method was applied to treating the
quantum transition of a harmonically trapped parti-
cle in a strong external field." In the Lamb-Dicke
limit and rotating wave approximation, Jiang et al[??
have investigated the dynamics of a trapped ultra-cold
ion in the standing-wave laser with a time-dependent
external potential. Qu and co-workers(®3 have illus-
trated the interaction between a trapped ion with a
single-mode quantized radiation field. Due to the loss
of validity of the perturbation technique, it is very
important to obtain a set of exact solutions!'®~18! for
the considered systems. The two trapped ions in-

teracting with the laser beam has also aroused much

(24-30] Munro et al[24 have described how en-

interest.
tangled qubits can be encoded as entangled coher-
ent states of two-dimensional centre-of-mass vibra-
tional motion for two ions in an ion trap. Feng et
al gave some series solutions of two trapped ions.[25-26]
Solano et al*”] made the rotating-wave approximation
(RWA) with respect to the vibrational frequencies to
obtain the interaction Hamiltonian. Yin et al*®! used
the split-operator method to analyse the energies and
the eigenstates of the two trapped ions. Li et all?°]
discussed the controlling rotation (CROT) operation
to handle the two laser beams with different intensi-
ties, which illuminate two different ions in a harmonic
trap for studying the quantum logic gate operation
between different ions in a trap. They found that un-
der certain conditions, the interaction could realize a

universal two-qubit operation.

In this paper, we consider a one-dimensional sys-
tem of two trapped ions interacting with a time-

periodic strong laser field.[31 =33

In the pseudopo-
tential approximation and large detuning condition,
by using the variable-separation technique and test-
function method,'®=36 we obtain n exact solutions
of the relative motion and the centre-of-mass motion.
Through theoretical analysis and numerical calcula-
tions, we find the relative motion to be independent

of the external field. We demonstrate some interesting
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physical properties of the centre-of-mass motion, such
as the generalized squeezed coherent states, classical-
quantum correspondence, resonance ladders of the ex-
pectation energies, quantum transitions, and the con-
trol of the probability wave-packet-trains.

The rest of this article is organized as follows. In
Section 2, we construct the exact solution of a quan-
tum system and analyse the squeezed coherent prop-
erty of the exact state. In Section 3, we investigate the
quantum transitions and resonance ladders of the ex-
pectation energy via the exact solutions of the centre-
of-mass motion. In Section 4, we discuss how to re-
alize the control of wave-packet-train by adjusting an
external field. Finally, in Section 5, we make some

concluding remarks.

2. Exact solution of the system

We investigate the exact solution of a time-
dependent one-dimensional system that is associated
with two Paul-trapped ions interacting with an exter-
nal laser field. In the pseudopotential approximation
and large detuning condition, the Hamiltonian gov-
erning this system reads!”!

H _n + il +V(z1) + V(x2)

2m  2m

62

P pa— +e(zy + x2) coswt, (1)
where V(z;) denotes the confining potentials along
the z-axis, which is symmetric, V(z;) = V(—a;),
the final term on the right-hand side of Eq.(1) is
the time-dependent linear potential generated by a

;[31,32]

strong lase with € and w respectively being the

strength and frequency of laser, where the Kramers—
Henneberger transformation has been employed.[34:3]
We denote by . the separation between the ions at
the equilibrium position. Using the centre-of-mass
and relative coordinates, x. = (21 + 22)/2, x, =
—Te, Pe = P1+p2, and pr = (p2—p1)/2, and ex-

panding around the equilibrium position . = z, =0

T2—T1

up to the second order,®! we obtain the Hamiltonian

operator
- 92 K 9P N 5 o
= — - ——— + —Mmw:x]
2m. Ox 2m, 0z 2 °
1 2 2
+ M T + 2ex. coswt. (2)
Here m¢ = 2m, my = m/2, wc, are the corresponding
frequencies in the harmonic approximation,!®! w? =

1.0°V
2 _ 2
a2|cq,andwr—(.«Jc—i- 5
Me Tegma?

The motion of the ions is dominated by the time-
dependent Schrodinger equation

aw R? 0% h® 9% N 5 o
- — mcwcxc
Bt 2m. 6:102 2m, 0x2 2
1
+ 2mr x24) + 21, cos witip. (3)

As the trap potential is independent of time, we can
assume the relative wavefunction to be of stationary
state, which implies

z)e wL(4)

where 1., ¢, and FE, are called the centre-of-mass

w(xmxrat) = Q/Jc(xc, t)"/’r(

wavefunction, relative wavefunction and relative en-
ergy respectively. Applying them to Eq.(3) yields

awc L 1 K% 8%
wc Pe 2me 3352

1
— —mcwfxg — 2ex, coswt

2
1 K2 924,
= it o tamedn B 0)

The left side of this equation is only related to z. and
t, and the right side is only dependent on z;, while
Ze, Ty and t are all independent variables. So in the
equation, both the left side and right side are equated
to the same constant, where we assume the constant
to be zero, thus Eq.(5) can be separated into the fol-
lowing two equations:

O B Y

in ot 2m, 922 + 2mcw a2 + 26w, cos witte,
2 2 (6)
he 0%y 5 9
B = 5 " 7
’Q/J 2mr 8$2 + 2 r‘rrw ( )

The relative motion governed by Eq.(7) is of a
one-dimensional linear harmonic oscillator, from the
elementary quantum mechanics we can obtain the

wavefunction[3”]

1 1/2 -
Yr(r) = (m) e Hy (L), (8)

h

MWy
this well known solution, since it is independent of

. We do not discuss more about

where [, =

the external laser field, but we pay our attention to
the centre-of-mass motion.
For simplicity, we first transform Eq.(6) into the

dimensionless form

O 32%
Yor T 2012 2C

wc + €0%c cos 2t1)e. (9)
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Here we have adopted the natural units with m. =
h = w. = 1 so that the space-time coordinates x.
and t are respectively in units of the harmonic os-

cillator length I. = \/h/(m.w.) and inverse frequency
w; L. The laser frequency is normalized by w,, and the

4
=3 5E- Applying the
mehw3

well-known technique to solving the time-dependent

laser intensity becomes gy =

Schrodinger equation,!*® we construct the n exact so-
lutions of Eq.(9) as (see the Appendix)

Yo = lpn(xmt) = Rn(%i)exp[i@n(%af)]a
n=0,1,2,..., (10)

where the real function R, (z.,t) and 6, (z.,t) read

Fatrt) =[] e~ 1),

p(t)

O (e, t) :mxc + 0" (t)we
+/ [b 2(“ _b ;ﬂdt_ <% +n)9(t),
£(ze,t) :\/p%”)”c Y (\t/)cﬁo(t). (11)

In Eq.(11), \/co is an integration constant, p(t) and
0(t), b'(t) and b"(t) are real functions in the following
forms:

p(t) =/ A2 cos?(t + a) + B2 cos?(t + f3),
Beos(t + )
Acos(t+ )’
b sin 0
= +

0(t) = arctan

b cos §
p P
in 0
_ oo / cos 2tp cos Odt

b'(t)

gogcosf

/ cos 2tpsin 6dt,
_bycosf  bysind
P P
0
_ oo’ /cos 2tp cos Odt

b// (t)

gosiné

/cos tpsin 6de, (12)

where A, B, b, bj, o and § are some real con-
stants associated with initial conditions. It is notice-
able that there exist the relations between p and 6:
pcosf = Acos(t + «), and psind = Bcos(t + ).

The module R, (z.,t) of the exact solution for
any quantum number n describes the wavepacket train
consisting of n + 1 packets. When the system param-

eters are taken as the values in a wide range, we can

obtain some different kinds of quantum states, which
can be used to treat various physical problems. For
example, take A = B = /cg, = 0 and 3 = —g,
and we will have £ = x — ¥'(t), the corresponding
ground state with n = 0 being the result reported
in Ref.[16]. Because of the property of the orthonor-
malization, the solution of Eq.(10) can serve as a com-
plete basis to investigate more physical systems; say
the Bose-Einstein condensate held in the harmonic
potential.[?6] The function p(t) in Eq.(11) can be called
the function of width and height of the wave-packet-
train.l?0l Taking @ = 0, 8 = —7/2 and A = B, p(t)
will be a constant, which means that in a particular
case the width and height of wave-packet-tain do not
change with time. In other cases, the function p(t)
periodically varies with time, causing the correspond-
ing changes in width and height of wave-packet-train,
which are identified with the so-called breathing and
oscillation of wave-packets.[3¥ The orbit of the centre
of the wavepacket train z.(x, t) is given by £=0. Using
Egs.(11) and (12), from £=0 we have the orbit

Po(t)
Co
+ ¢ 'by B cos(t + 3)

V = cytbpAcos(t + a)

+ e0AB cos(t + «) / cos 2t cos(t + [)dt

—g9AB cos(t + ) / cos 2t cos(t + a)dt.
(13)

This is just the classical orbit of the driven harmonic
oscillator governed by . = —x. + g cos £2¢t. Equation
(13) indicates that the centre of wave-packet-train os-
cillates periodically like a classical harmonic oscillator.

Making use of the orthonormalization condition
(U,| Wy) = dppny and the formulae

§ =e(t)x — f(1),
EW, =\/n/2W, _1e7 0 +\/(n+1)/20,, 16,
2620, =\/n(n — 1) ¥, _se 2 1+ 2n+ 1),
+ V(0 +1)(n+2) ¥, 263

1 6Hn o Hn—l _ ./ —if
H_na—é' lpn =2n Hn !pn = 2n!pn—le ’ (14)

we calculate the expectation values of coordinate x.
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and the momentum p, as!?¢l

02
Te =( Vx| Wn> = gb/ = 19,

|;v >_b'/+£p’@:§c,

2 Co

f@ﬁﬂ@q

15)

Interestingly, we find that the expectation value of po-
sition in Eq.(15) is equal to the centre coordinate of
wave-packet-train in Eq.(13), and the expectation mo-
mentum is its time derivative. Therefore, the expec-
tation ‘quantum orbit’ agrees with the corresponding
classical orbit, which demonstrates a good classical-
quantum correspondence.

From Eq.(15) we obtain the variations in position

and momentum as

) _2127/’(15) 1
A%@%4%—wJ/‘_??Vn+§,

Apo(t) = —2 1/2

,/ % (16)

It is well known®7! that for the dimensionless z. and

pe the energy eigenstates of a harmonic oscillator are

1
associated with Ax. = Ap. = {/n + 3 and in a co-

herent state of harmonic oscillator we have Az, =

1
Ap. = 75 From Eq.(16), we find that in the exact

states in Eq.(10) of the driven harmonic oscillator the
Az, and Ap. vary with time. However, they are in-
dependent of the time-dependent external field, since
the function p(t) governing their time evolutions does
not depend on the external field. Note that a state
is called the 1squeezed statel[39] if the variations sat-
V2 V2
parameter be Vi(t) = v2AS(t) for (S = x,p.), we
determine the instantaneous squeezing states which

isfy Aze < or Ap. < Letting the squeezing

obey Vs(t) < 1 at some time ¢t. The oscillating ampli-
tude of p(t) is determined by the parameters A and
B, and the oscillating phase depends on the parame-
ters o and . Adjusting the system constants A, B, «,

and [, we can obtain a series of interesting squeezed
coherent states, and the squeezing parameters Vg pe-
riodically vary around 1 with different amplitudes and

phases. For example, when taking ¢g = 1,n = 0
and p = V0.5cos2t + 1.2sin’t = /1.2 — 0.7 cos2 ¢,

1
Eq.(16) implies that Az, can vary between v/1.2x —

1 vz
and v0.5 x —.
V2

Given Eq.(16), the Heisenberg un-
certainty relation becomes

Aze(t) A pe(t) :\/[%g%t) + 1} (" + %)

> (n + %) . (17)

This general relation contains the harmonic case
Aze(t) A p(t) = (n +
—g, and A = B. When taking

n = 0 and p = constant, from Eq.(17) we arrive at the

1
5) for the constant p, with

parameters a = 0,5 =

minimum uncertainty of the general coherent state,
namely Az.(t) A p.(t) = %
the squeezed coherent state is similar to the result in
Refs.[40,41].

Combining Eq.(14) with Eq.(15) and using the

quantum-mechanical definition of average energy in

The conclusion about

the state ¥,, we arrive at

.0
By =( iz )
1 C1 1
(5 i ”> o Tl

where ¢1 = (p% + c2/p® + p?)/2 is another integra-

+ T2] + €07, cos £2t,
(18)

tion constant. It is quite interesting that the time-
dependent average energy in Eq.(18) is composed of
classical and quantum parts with the final term being
the contribution of external field, which is different
from the expectation energy of the known coherent
state. However, the external field does not affect the
quantum part of the energy. From Eq.(18) we eas-
ily acquire the adjacent energy level spacing AE =
- FE, = C—l, which is a constant determined by

co
the integration constants ¢; and ¢y. When we take the

EnJrl

constants as a« = 0,0 = —z, and A = B =1, leading
to ¢co = ¢1 = 1, the quantum level becomes the well
known level of the stationary state harmonic oscilla-
tor, AE =1 (hw).
mechanics, the ions can transit between the different

From the viewpoint of quantum

quantum states, and this will be discussed in detail
below.
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3. Transition probabilities and

energy ladders

For a weak laser field with small strength, the
quantum transition can be treated approximately by
using the quantum perturbation theory.*” When the
laser field is strong enough, we cannot use the tradi-
tional perturbation theory and must seek the effective
nonperturbative methods, such as the Green’s func-
tion method™ and the exact-solution method. In
fact, once the exact solutions are given, we can di-
rectly calculate the transition probabilities between
the stationary states. To do so, we expand the ex-
act quantum states ¥, (x.,t) by adopting the energy
eigenstates of harmonic oscillator as

¥y (e, t) = Z Cnm(t)wm(xcy (19)

As an example, we take the parameter set a = 0,3 =
™ €0

—E,A:B:cozl,bg:O,b679¢1:ﬁand

bo.0=1 = %0 so that Eq.(12) gives p = 1, and b'(0) =
b”(0) = 0. And the initial state ¥y (z¢,0) = ¢y, (z¢) is
just the energy eigenstate of harmonic oscillator,

1
Un(x) = NpHy (2 )exp { — 5172] , (20)
where the z. is dimensionless coordinate, N, =

1/2

1

(W is the normalization constant. Multi-
T2"n!

plying both sides of Eq.(19) by ¢, (z.), we integrate
the resulting equation to yield the transition ampli-
tude from state n to state m

+oo
Com(t) = / Az’ () Un(zet)  (21)

with the initial condition C,,(0) =

the computation, the orthnormalization condition,
—+oo

Yt (o) Y (2c)dTe = Om,ms, has been employed.

Onm- In

— 00
The corresponding transition probability reads

Pn,m(t) :| Cn,m(t) |2 . (22)
By applying the exact solution in Eq.(10) with the
initial state W, (z¢,0) = 1, (z.) to Egs.(21) and (22),
we can exactly compute the transition probability
P, m(t) induced by the time-dependent laser field.
We now numerically illustrate the transition prob-
ability and average energy for the given parameters
used previously. At first we are interested in the reso-
nance case. Inserting such parameters and resonance
frequency 2 = 1(w) into Egs.(10), (21) and (22), we
have the time evolutions of transition probabilities as

shown in Figs.1(a) and 1(b), where the external field
strength is set as eg = 0.9. In Fig.1(a) the transition
probabilities Py 1(t) and Py 4(t) show that their peaks
correspond to the time t = w and ¢ = 27 respectively,
but plots of probabilities Py 2(t) and Py s(¢) indicate
that the times associated with their peak values devi-
ate from the integer times of 7. In Fig.2(b), we show
the transition probability P 3(t) for a stronger laser
field. The solid curve corresponds to g = 60 and
the dotted curve to g9 = 20. All these plots show
that the transition probabilities P, ,(t) tend to zero
as t — oo. In particular, with the increase of the laser
intensity, the curves are translated towards the left
and the transition probabilities more early approach
to zero. On the other hand, for the same parameters
of Fig.1(a), Egs.(12), (15) and (18) give p* = ¢p = 1,

T. = V() = iso[cost — cos®t — sint(t + sint cost)],

P = Te = —%ao(tcost +sint) and E,(t) =n+ 0.5+
£3(0.0625 + 0.125t% — 0.0625 cos(2t) — 0.125¢ sin(2t)).
Based on these, we plot the time evolutions of av-
erage energies Fy, F; and Eg for the external field
strength ey = 0.9 and resonance frequency 2 = 1 as
shown in Fig.1(c). This figure shows that there exist
some interesting plateaus of the energy curves, which
are similar to the spatial ladders of the Wannier—
Stark potential.[*?l The centres of energy ladders are
some inflexion points, which appear at t = 7wk for
k=0,1,2,3,..., where E,(t) = ia%t(l —cos(2t)) =0
and E,(t) = 0. The resonance ladders of average en-
ergy result from the classical part of Eq.(18), however,
the values of energy plateaus approximately satisfy the
quantized relationship E,(t) = n+ 0.5+ 0.12572k%¢3,
for k =1,2,3,.... From this formula, we can see that
when the laser strength is set as gy = \/g/w ~ 0.9, the
values of energy ladders obey E, (rk) = n + 0.5 + k2,
which appear at t = «wk for £ = 0,1,2,3,.... Si-
multaneously, the resonance leads the centre position
in Eq.(13) of wavepacket train to infinity, indicating
the lose of stability. The resonance lose of stability is
therefore the reason for the transition from the initial
state to any final state. These results approximately
agree with the corresponding results obtained by the
Green function method.['¥ Although there may be
some small differences between them, our results from
the exact solution are more accurate. Particularly, a
comparison between our exact results and those re-
sults from quantum perturbation theory shows that
the selection rulel®”) 2 — w = +1(w) of transitions is
no longer valid for the strong field case.
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(a)

Fig.1. (a) The time evolutions of transition probabilities from Egs.(10), (21) and (22) for the resonance case
2 = 1(wc) with the laser strength eg = 0.9. The solid lines expresses the probability Py 1(t) from n = 0 state
to m = 1 state. The dotted line, middle-dashed and long-dashed lines represent Py 2(t), Po,4(t) and Py g(t)
respectively. (b) The transition probability Py 2(t) for two different values of laser strengths. The solid line
is associated with €9 = 60, and the dotted line with ¢g = 20. (c) The time evolution of average energy
for the resonance case with parameters 2 = 1, and €9 = 0.9. The solid line represents the average energy
Ey(t) of ground state, the dotted line denotes the average energy Ej(t) and Eg(t), and the long-dashed lines
indicates the centres of energy ladders, Eo(rk) = 0.5+ k2, which appear at t = 7k for k = 0,1,2,3,.... The
space and time variables  and ¢ are in units of [ and wot respectively.

(a) (b)
0.2 0.2
& 0af &01
0 0
0 2 4 6 0 2 4 6
¢ ¢
0.2
«.
&01
. (©
0 2 4 6

t

Fig.2. The time evolution of transition probability P; 3(¢) in the non-resonance case for the param-
eters (a) 2 =3 and g9 = 4, (b) 2 =3 and e¢g = 8, and (c)2 = 5 and ep = 8. The same units as
those in Fig.1 are used.

For the non-resonance case {2 # 1(w), we can also  and amplitudes. The results for the non-resonance

directly calculate the transition probabilities by us- case indicate that the transition probability P 5(t)
ing our exact solutions. Figure 2 shows the transition  periodically evolves and exists for all the time. For

probabilities P; 3(t) for the different laser frequencies  the larger laser strengths, the maxima of transition
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probabilities can reach the values of the resonance
peaks in Fig.1. A comparison between Fig.2(b) and
Fig.2(c) displays that using the larger frequency dif-
ference {2 — w can produce more probability peaks.

It is interesting for us to analytically investigate
the relationship between the transition probability
and average energy. This relationship can be easily
obtained by substituting the wavefunction of Eq.(9)
into the formula of average energy,

E, :<lpn(x67t) | I—:’ | lpﬂ(xflvt»
go cos(£2t)

-y (m+ %)Pn,m(t)—k v
X Z Cn)m(t) Z Cn,m’ (t)(\/ﬁémmz_l
+vm' + 16m)m/+1), (23)

which differs from that of Eq.(18) in form. It exhibits
the relationship between average energy and transi-
tion probability, which is more explicit than that of
Eq.(18).

4. Laser control of the centre-of-

mass motion

We have known that the function p(t) describes
the widths and heights of wavepacket trains and each

0 5 10 15 20
t

Fig.3. The time evolution of function p(t) that ex-
hibits the change period of the wavepacket’s width and
height to be w. The time ¢ is in units of we L.

packet of Eq.(11).'%] The widths and heights vary pe-
riodically with time, however, they are independent
of the time-dependent external field. By taking the
parameter set A=2, B=1,a =0 and 8 = 0.01, we
can obtain the time evolution of p(t) from Eq.(12) as
shown in Fig.3.

In order to investigate the controlling of the
centre-of-mass motion, we go back to the orbit of the
wavepacket-train’s centre. We can see from Eq.(13)
that the centre motion can be controlled by adjusting
the external field. For simplicity, taking the parameter
set by = by =0, a =0, 8 =—-7/2, A=B=1, ¢y = 1,
p =1, and 6 =t and inserting them into Eq.(13), we
can numerically plot the centre motion of wavepack-
ets as shown in Fig.4 and Fig.5. First, we consider
the resonance case {2 = 1(w), the numerical result is
shown in Fig.4(a). We find that the centre orbit xo of
wave-packet-train is very unstable because of the res-
onance, in which the oscillating amplitude becomes
larger and larger. Obviously, the result will lead to
the destabilization of quantum states and the occur-
rence of transition between different states. For the
non-resonance case as indicated in Fig.4(b) and 4(c),
we find that the centre orbit xg oscillates periodically
with time. A comparison between curves in Figs.4(b)
and 4(c) exhibits that the high frequency can lead to
the stabilization of the wave-packet-train. However,
from Figs.5(a), 5(b) and 5(c), we can find that with
the increase of the laser strength g, the amplitude of
centre of wave-packet-train becomes larger and larger,
which means that the strong laser field may lead to an
instability of the wave-packet-train. From the above
numerical analysis, we know that by adjusting the ex-
ternal field parameters (§2 and ) we can effectively
control the centre of wave-packet-train theoretically,
including the position of centre and the stability of
wave-packet-train.
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200} (a) 6F (b)
100 ar
2
g 0 g
O.
~100}
_2.
~200 »
0 10 20 30 40 50 0 5 10 15 20
t t
0.2
(c)
0.1
§ 0
~0.1
0.2k . . .
0 5 10 15 20

t

Fig.4. The centre motion of the wavepackets from Eq. (13) for eg = 10, and (a) 2 =1,

(b) 2 =2, (c) 2 = 10. The space and time variables zg and ¢ are in units of Ic and wg

1

respectively.
6F (a) 60 (b)
4t 40
2 20
o o
8 8
0 0
-2 -20
4 -40
0 5 10 15 20 0 5 10 15 20
t t
600 (c)
400
200 |
g
0
—200
—400 -
0 5 10 15 20
t

Fig.5. The centre motion of the wavepackets from Eq.(13) for £ = 5, and (a) eg = 10, (b)
eo = 100, (c) eo0 = 1000. The same units are adopted as those in Fig.4.

From Egs.(4), (8), (11) and (12) we can acquire
the total probability density as

NG
|w C r(x07x ) )| ﬁ2ncnc'p(t) nc(é-)exp( 5 )
1 1222 772
Xzt )
ne,ny =0,1,2,.... (24)

For simplicity, we take parameter set b, = b =0, o =
0,8=-7/2,A=B=1,¢9p =1, p=1,and 6 =¢. From

Eq.(11) we obtain £ = z. — (g cost [ cos 2t sintdt —
egsint [ cos 2t costdt). By applying it to Eq.(24) we
plot the spacial distributions of the probability density
for different external field frequencies and strengths at
several different times.

In Fig.6 we illustrate the translations of the prob-
ability wavepackets with the parameters g = 20v/2,
2 =1, n, =2, n. =4 at three different times, which

exhibit the patterns containing three rows and five
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T
. A com-

cial distributions of wavepacket trains |151|* for the  parison between the numerical results in Fig.7 shows

columns of the wavepackets. Figure 7 shows the spa-  different external field parameters at ¢ =

= |

Fig.6. The wavepacket trains of probability density |tn. n,|? versus t from Eq.(24) for 9 = 20v/2, 2 =1, nc = 4,
ny =2, and (a) t =0 (b) t = /4 (c) t = w/2. The space and time variables zc,z,; and ¢ are in units of I, [ and
we e respectively, and the probability density is normalized by lc L

Fig.7. The wavepacket trains of probability density |1n, n,|? from Eq.(24) for t = 7/4, nc = 5, ny = 1, and (a)
g0 =25v2 and 2 =1, (b) gg = 25v/2 and 2 = 10, (c) €0 = 25v/2 and 2 = 100, (d) e = 10v/2 and 2 = 100. The
same units as those in Fig.6 are adopted.



2284 Cai Li-Hua et al

Vol. 15

that in any case, the relative motion is unrelated to
the external field. The numbers of the wavepackets of
the relative motion and centre-of-mass motion are de-
termined by n. and n, respectively, because of the
relative motion being independent of the centre-of-
mass motion. From Fig.7 we can also see that vari-
ation in laser frequency can cause the change in spa-
cial position of probability wave-packet-train in the
low-frequency case, although this operation cannot
change the amplitude of wave-packet-train. In the
high-frequency case (see Figs.7(b), 7(c) and 7(d)), we
can see that the effects of the laser frequency and in-
tensity on the wavepacket are very small. Similarly,
Fig.6(b) and Fig.7(a) indicate that with the increase
of the laser strength ¢, the probability wave-packet-
trains also displace toward the left in the case of the
low-frequency. These results demonstrate that the ex-
ternal field can be used to well control the motion of
the wave-packet-trains theoretically. The controlling
of the positions of wavepackets and the stability of
quantum states are useful for the quantum logic oper-
ations based on the trapped ions.[>43]

5. Discussion and conclusions

In the pseudopotential approximation and large
detuning condition, we have studied the exact quan-
tum motions, including the relative motion and
centre-of-mass motion, for two trapped ions stored in
a Paul trap and subjected to a periodic external field.
The external potential generated by a strong laser field
resides in a time-periodic linear potential, through
the Kramers-Henneberger transformation.l®3% The
same form of the external potential can be obtained
approximately from a laser standing wave with vari-
able amplitude in the Lamb-Dicke regime.l'! In or-
der to avoid the coupling between the internal and
external states, not only the large detuning between
the electronic transition frequency and the laser fre-
quency is necessary, but also the laser strength must
be set to be less than the critical value of multiphoton
ionization.!**) These can be easily realized for the ions
in the internal ground state initially.

Although much work has been done on a two-

ion system, the interaction considered in our case is
brand-new, which gives rise to some new results as
follows. We find that in the above-mentioned ap-
proximation and conditions the relative motion is in-
dependent of the laser field, but the centre-of-mass
motion is closely related to the laser field. We ob-
tain some interesting physical properties from our ex-
act quantum states, such as the expectation energy
composed of classical and quantum parts, the general-
ized squeezed coherent property, and the expectation
values of the centre-of-mass position and momentum
that reveal good classical-quantum correspondence.
The quantum transitions between different centre-of-
mass states are investigated by using our exact solu-
tions. The transition probabilities are calculated ex-
actly that approximately agree with the correspond-
ing results obtained by using the Green’s function
technique." The average energies in the transiting
process are illustrated for the resonance and nonres-
onance cases, and the resonance ladders are found,
which depend on the laser strength and interaction
time. The results hint us how to control the resonance
transitions accurately and timely. Finally, we discuss
how to realize the control of the stability and the cen-
tre position of the wave-packet-train theoretically by
adjusting the external field parameters. Of course, we
discuss only some cases of the special parameters, we
need to further investigate the unknown information
supplied by the exact quantum states, and to seek
their possible applications.

Appendix: derivation of the ex-
act solution

Following Ref.[36], we set the test-solution of
Eq.(9) as

Un =an (t) Hp (€)explb(t)ze — c(t)x? — f2(1)/2],
€ =e(t)e — (1) (A1)
Here, a,(t),b(t) and ¢(t) are complex functions of time

and e(t) and f(t) are real functions. By directly using
Eq.(A1), we have the calculations
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i% =ia,, [Z—ZHW + (éxe — f)

oy, 0H,

0z —an [68—5

0%y, [ 2 0%H,
=ay, |e

2
Ox?

oH,
9¢

+ (26— élczzcc)ea85

Inserting them into Eq.(9) yields

,02H,,
oe2

+ (ib — 2bc — g cos Qt) e + (4¢ — 2i¢ — 1)333] H, =0.

Hy,
__ - + (b2 _ 2C _ 4.bC£UC + 4021:3)Hn:| e[bwc—cw(%_,lm/?]'

+2(be —if +iéx. — 2cexc)— +2[1a— —iff+
a

T (b — éa? ff)m] elbme—esi=12/2)

+ (b — 2cx.)Hy, elbze—exi—1*/2]

2
——c
n 2

9¢
(A3)

Noticing the Hermitian equation *H,,/9¢? — 260H,, /O¢ + 2nH,, = 0, Eq.(A3) implies

1 .
ic'=202—§, ib = 2bc + eg cos 2t, ié = 2ce — ¢°,

if =be—ef, id,/an =iff —b*/2+ c+ ne’.

The first expressions in Eq.(A4) is a complex Riccati

equation, which can be changed into a complex equa-

tion of a classical harmonic oscillator. Through the
function transformation ¢ = ¢/(2ip), we have

ic= L cp_2

20 2¢%

-2
2 —¥

2c” = 552

(A5)
Inserting them into the first expressions in Eq.(A4)
yields

¢ =—p (A6)
Setting the real and imaginary parts of ¢ as ¢; and
2, respectively, they satisfy the same equation (A6),
thus they have similar general solutions

w1 =Acos(t+ @), @2 = Bcos(t+f), (A7)
where A and B, and « and (3 are some real constants
associated with the initial conditions. In order to keep
1 and @y independent of each other, we need a # 3
at any case. Given the real and imaginary parts of ¢;,

3

we arrive at the solution

o =p1 +1ip2 = p(t)e?®),
p(t) =1/} + @3, 6(t) = arctan :ﬁ—

Real functions p(t) and 6(t) will be used as the known

(A8)

functions in the following calculation.
Returning to the transformation between ¢ and ¢
yields . .

_p 1y p
c=—==0—i—.
2ip 2 2p
Substituting Eq.(A8) into Eq.(A6) yields equations for
the phase 6(t) and module p(t)

(A9)

6 =—20p/p, (A10)

p=pb® —p.
Solving Eq.(A10) produces the first integrations

co = p*0 = 162 — a1 = ABsin(a — ),

1= (7 + Ao+ )2 (A11)

Combining Egs.(A4) with Eq.(A9), and applying the
relations (A11), we can easily obtain
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1 .
=~ (/—iao cos Ntpel?dt + b)) + ibg) =b'(t) +ib"(t),
p
¢ sin®  bjcosd in6 0
v (t) =2 ST p 20087 fofm /cos 2tpcosfdt + f0tos” /cos 2tpsin 6dt,
p p p P
by cosf  bfysinf 0 ind
b (t) =2 COS0 _ 20U £0c08 /cos Dtp cos Odt — el /cos Rtpsin Odt,
p P p
- oo
e :@ = \/57 f = — = —p7
p e Va
A v

Here b)), bj and A are arbitrary integration con-
It is worth noting that p(t) and 6(¢) do
not depend on the external potential,

stants.
and only
b and b” are determined by the external poten-
tial. Inserting these into Eq.(A3) leads to the ex-

act solution ¢, (z¢,t), and the normalization condi-

ton [ [ouPdee = A3/c;" [ HE€exp(~€2)d¢ =

A2\/cy'm2"n! = 1 gives the constant

Ao = [Veo/ (Va2 )] /2. (A13)
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