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Based on entanglement swapping, a scheme for the secret sharing of an arbitrary two-particle entangled state is

proposed. If the controllers do not co-operate with the eavesdropper, the eavesdropper’s successful probability decreases

with the number of the controllers increasing. In addition, only the Bell-state measurements are required to realize the

secret sharing scheme.
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1. Introduction

In the fascinating application of quantum me-
chanics theory to quantum information, in recent
years there have been many interesting develop-
ments, such as quantum teleportation,!!'~7 quan-
tum dense coding (QDC),!® quantum key distribu-
tion (QKD),% quantum secure direct communi-
cation (QSDC)," quantum secret sharing (QSS),[?
and so on. The basic theory of secret sharing, in which
usually one dealer and n players are involved, pro-
posed by Shamir*® and Blakley™¥ independently in
1979, is that one dealer wants to distribute secret in-
formation to n players, among them ¢ or more than
t players can cooperate to reconstruct the secret in-
formation, but the remaining ¢t — 1 or less than ¢ — 1
players have no knowledge about the secret informa-
tion even if they cooperate. This is called a (¢, n)-
threshold scheme.

The theory of secret sharing was first applied
to the quantum scenario by Hillery et al using
Greenberger-HorneZeilinger (GHZ) states.!'?l Since
then, various methods of implementing the quantum
information secret sharing have been proposed.!*®—26!
Entanglement swapping, as an important method in
quantum information process,?” has already been ap-

plied to quantum secret sharing.?$73% Zhang and

Man®! and Li et all®* proposed the QSS proto-
cols via entanglement swapping using the Bell-state
measurements and GHZ-basis measurements, respec-
tively. Deng et all®!] suggested a scheme for the mul-
tiparty quantum state sharing of an arbitrary two-
particle entanglement with Einstein—Podolsky-Rosen
(EPR) pairs, in which multi-particle GHZ-state mea-
surements are necessary.

Here we propose a scheme for the quantum secret
sharing of an arbitrary two-particle entangled state via
entanglement swapping using the Bell-state measure-
ments. A comparison of our protocol with the scheme
in Ref.[31] shows that the former consumes a few par-
ticles and performs the easy Bell-state measurements
instead of the difficult-to-perform multi-particle GHZ-
state measurements. In Section 2, the QSS protocol
with two agents is discussed in detail, and the gener-
alization to N agents is given in Section 3. A concise
summary of the present study is given in Section 4.

2. Secret

trary two-particle

sharing of an arbi-
entangle-

ment with two agents

We consider a system consisting of Alice, Bob,
and Charlie (see Fig.1). Bob and Charlie are Alice’s
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two agents in a remote place. Particles p, ¢, 1 and 3
belong to Alice, particles 4 and 5 belong to Charlie,
and particles 2 and 6 belong to Bob. The state of
particles p and ¢, an arbitrary two-particle entangled
state, which Alice wants to send to Bob and Charlie,

|¥)pg = (a]00) + Bl01) +7[10) +6[11))pg, (1)

where «, 3, v, and ¢ are unknown coefficients, and
they satisfy || + |32 + |7]? + |6]* = 1. The states
of particles 1 and 2, particles 3 and 4 and particles 5
and 6 are all in EPR pairs. An EPR pair is in one of
the following four Bell states:

- = i2<|oo> 1)), (2)

165 Y = %uon 4 10)) 1, (3)

where |0) and |1) are the eigenvectors of the operator
0.. Here we suppose that all the EPR pairs are in the
states of [¢)F)n.
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Fig.1. [llumination of particles distribution. Particles
p,q, 1, and 3 belong to Alice, particles 4 and 5 belong
to Charlie, and particles 2 and 6 belong to Bob. The
bold lines connect the two particles in an EPR pair or
an arbitrary two-particle entangled state. The dashed
lines connect the two particles on which the Bell-state
measurements are to be performed (Supposing that
Bob wants to recover the unknown state).

The joint state of the eight particles can be ex-
pressed as

[U) = | W)y @ [T )12 @ [T )30 ® [T )56, (4)

Firstly, Alice performs the Bell-state measure-
ments on the particles p, 1, and ¢, 3, respectively, and
then she informs Bob and Charlie of her measurement
results via a classical communication. If Alice’s mea-
surement results are [)7),1 and |¢T )43, the states of
particles 2, 4, 5, and 6 collapse into

[¥)aiss = (al01) + 5100) + 7111}

+8[10))24 ® [t )56. (5)

So the quantum information has been transferred
to Bob and Charlie successfully via entangled swap-
ping. The distribution of quantum information is com-
pleted.

We can see that neither Bob nor Charlie can re-
cover the state |¥),, by performing any local op-
eration themselves without communication between
themselves. If they agree to cooperate with each other,
only one of them can recover the desired state for the
no-cloning theorem. We rewrite the state in Eq.(5) as

4—\1/§[I1/)+>45(6|00> + 6110)

+al01) +7[11))26

+ [%7)45(8[00) + 6[10) — |01) — 7(11))26

+ [67)45(8101) + [11) + ]00) +~[10))26

+ 167 )45(8]01) + §|11) — |00) — 7|10))26]-
(6)

If any one of them (say, the first one) is assigned to re-

| T)ou56 =

cover the state | ¥),,, the second one needs to perform
the Bell-state measurement on his two particles and
informs the first one of his measurement result. Ac-
cording to the second one’s measurement result, the
first one can recover the state.

We describe the process in detail. We suppose
that Alice assigns Bob to recover the quantum state
| #)pq, then Charlie must perform the Bell-state mea-
surement on the particles 4, 5, and inform Bob of his
measurement result via a classical communication. If
Charlie’s measurement result is |[¢)™ )45, the states of

particles 2 and 6 collapse into
|¥)26 = (8100) +[10) — |01) = y[11))26.  (7)

Under this condition, Bob can recover the unknown

state by performing the local operation I? ® iog on

particles 2 and 6
I3 @iog| ¥)26 = (a]00) + B|01) +7]10) +6[11))26. (8)

So Bob recovers the state |1)),, with the help of Char-
lie.

We continue to discuss the security of the scheme.
Suppose that there exists an eavesdropper (either Bob
or Charlie). The eavesdropper (say, Bob) wants to
eavesdrop Alice’s information, with no cheat detected.
If Alice assigns Bob to receive the state and Charlie
agrees to cooperate with Bob, then Bob can eavesdrop
the secret with a successful probability of 1, and the
cheat will not be detected. If Alice assigns Bob to
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receive the state and Charlie does not agree to coop-
erate with Bob, so there appear two possibilities: (I)
Charlie does not tell Bob his measurement result, in
this case Bob can also eavesdrop the state, but the

1
successful probability is only T he will receive noth-

ing with a probability of § (IT) Charlie lies about his
measurement result to Bo% or he does not make a mea-
surement on his two particles, in this case Bob cannot
recover the state with a probability of 1. On the other
hand, Alice and Charlie can prevent Bob from obtain-
ing any information about the secret using a special

technique. This case is analysed in Ref.[32].

3. Secret

trary two-particle

sharing of an arbi-
entangle-

ment with N agents

It is easy to generalize the secret sharing scheme
to the case of N agents. Supposing that Charlie;
(i =1,2,...,N — 1) and Bob are Alice’s N agents
in a remote place. Alice still possesses four particles,
D, q, 1, and 3. Each agent possesses a pair of particles.

Alice
Bob

Charlie;

Charlies

Charlie;

Charliey ; 2N+1| @kgz------- @ |2v

2N+2

Bob

Fig.2. Illumination of the particles distribution. Par-
ticles p, ¢q, 1, and 3 belong to Alice, particles 4 and
5 belong to Charlie;, and particles 6 and 7 belong
to Charlies,..., particles 2N and 2N 4+ 1 belong to
Charlieyy 1. Particles 2 and 2N + 2 belong to Bob.
The bold lines connect the two particles in an EPR
pair or an arbitrary two-particle entangled state. The
dash lines connect the two particles on which the Bell-
state measurements are to be performed (Supposing
that Bob is designed to recover the unknown state).

The particle distribution is described in Fig.2 in de-
tail. An arbitrary two-particle entangled state that
Alice wants to transfer to Charlie; and Bob is still in
the form of Eq.(1). N+1 pairs of particles 2j+1, 2j+2
(=0,1,2,...,N) are all in the states of | ).

The joint state of the particles p, ¢, 1, 2,..., 2N+2
can be expressed as

N

|0) = |@)pg @ [ ] 124125 42- 9)
=0

Firstly, Alice performs the Bell-state measurements on
particles p, 1 and ¢, 3, respectively, and publishes the
measurement results to Charlie; and Bob via a clas-
sical communication. Then the N agents can obtain
the state of their 2N particles. And the state contains
all the information of | #),,. Any one of the N agents
can recover the unknown state if the remaining N — 1
agents agree to cooperate with him. We suppose that
Bob is assigned to recover the state |¥),,. Then the
N — 1 controllers, Charlie; (i =1,2,..., N — 1), need
to perform the Bell-state measurements on their N —1
pairs of particles, respectively, and inform Bob of the
measurement results via the classical communication.
According to the measurement results from Alice and
the NV —1 controllers, Bob can recover the state | #),,
by performing appropriate local operations on his two
particles 2, 2N + 2.

The security of the secret sharing scheme with
N agents is the same as that in Section 2. We dis-
cuss only the security for a special case. We suppose
that Bob is the eavesdropper and Alice has already
published her measurement results to the N agents.
If any one of the N — 1 controllers does not agree
to inform Bob of his measurement result, Bob has a

1
probability of = to eavesdrop the secret. And if any e

(e < N—1) people from among the N —1 controllers do

not agree to inform Bob of their measurement results,
€

1
Bob has a probability of (Z) to eavesdrop the secret.

When € is large enough, Bob’s successful eavesdrop-
ping probability approaches zero. So Bob’s successful
eavesdropping probability decreases with the number
of the controllers increasing if Bob cannot obtain any
help from the controllers.

4. Summary

We have proposed a scheme for the secret shar-
ing of an arbitrary two-particle entangled state via
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entanglement swapping. We find that eavesdropper’s

successful eavesdropping probability decreases with

the number of the controllers increasing if the eaves-

dropper can not receive the help from the controllers.

When the number of the controllers is large enough,

the eavesdropper’s successful eavesdropping probabil-

ity approaches zero. In the present scheme, only the

Bell-state measurements are required in order to real-

ize the secret sharing.
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