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Dynamics of solitons in Bose–Einstein condensate

with time-dependent atomic scattering length*
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The evolution of solitons in Bose–Einstein condensates (BECs) with time-dependent atomic scattering length in

an expulsive parabolic potential is studied. Based on the extended hyperbolic function method, we successfully obtain

the bright and dark soliton solutions. In addition, some new soliton solutions in this model are found. The results in

this paper include some in the literature (Phys. Rev. Lett. 94 (2005) 050402 and Chin. Phys. Lett. 22 (2005) 1855).
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1. Introduction

Research on the nonlinear property of matter

wave has received much attention due to the ex-

perimental realization of Bose–Einstein condensates

(BECs) in weakly interacting atomic gases.[1] The gen-

eration as well as the dynamics of solitary wave pulses

in BECs is one of the most important related prob-

lems. Experimental observations of dark and bright

solitons have recently been reported.[2,3] Theoretically,

several methods of creating solitary waves have been

proposed.[4] In the case of nonlinear matter waves,

bright solitons are expected only for attractive inter-

action (a > 0), whereas dark solitons are expected

to exist for repulsive interaction (a < 0). Recently,

experiments have demonstrated that variation of the

effective scattering length (SL), even including its

sign, can be achieved by utilizing the so-called Fes-

hbach resonance.[5−7] In Ref.[8], it has been demon-

strated that the variation of nonlinearity of the Gross–

Pitaevskii (GP) equation via Feshbach resonance pro-

vides a powerful tool for controlling the generation of

bright and dark soliton trains starting from periodic

waves. Sinusoidal variation of the scattering length

also has been used to form patterns, such as Faraday

waves.

As is known, the condensate wavefunction is de-

scribed by the GP equation. In the physically im-

portant case of cigar-shaped BECs, it is reasonable

to reduce the GP equation to a one-dimensional (1D)

nonlinear Schrödinger equation (NLSE),[9−12]

i
∂u(x, t)

∂t
+
∂2u(x, t)

∂x2
+ 2a(t)|u(x, t)|2u(x, t)

+
1

4
λ2x2u(x, t) = 0. (1)

In Eq.(1), time t and coordinate x are measured in

units 2/ω⊥ and a⊥, where a⊥ = (h̄/mω⊥)1/2 and a0 =

(h̄/mω0)
1/2 are linear oscillator lengths in the trans-

verse and cigar-axis directions, respectively. ω⊥ and

ω0 are corresponding harmonic oscillator frequencies,

m is the atomic mass, and λ = 2|ω0|/ω⊥ ≪ 1. The

Feshbach-managed nonlinear coefficient reads a(t) =

|as(t)|/aB, where aB is the Bohr radius. In Ref.[13],

Liang et al presented a thorough analysis of the dy-

namics of a bright soliton of BECs with time-varying

atomic scattering length in an expulsive parabolic po-

tential by using the Darboux transformation.[14,15]

Their results showed that in a safe range of param-

eters, the bright soliton can be compressed into very

high local matter densities by increasing the absolute

value of the atomic scattering length. In Ref.[16],

based on the extended tanh-function method, Zhang

et al obtained both bright and dark solitons of Eq.(1).

However, the construction of the exact solutions
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of nonlinear partial differential equations (NLPDEs) is

one of the most important and essential tasks in non-

linear science. With the help of exact solutions, when

they exist, the phenomena modelled by these NLPDEs

can be better understood.[17−21] They can also help

to select the experimental parameters, to analyse the

stability of the solutions and to check numerical anal-

ysis for these NLPDEs. In this paper, by using the

extended hyperbolic function method, [22−28] we not

only obtain bright and dark solitons solutions, but also

find two new families of soliton solutions. The results

in this paper can include those in Refs.[13] and [16].

The rest of this paper is organized as follows. In

Section 2, we simply introduce the extended hyper-

bolic function method. In Section 3, applying the

method, with the aid of Maple, we obtain four families

of exact solutions of Eq.(1). Then we further investi-

gate the main features of various analytical solutions

obtained by using direct computer simulations. The

last section is a short summary and discussion.

2. Summary of the extended

method

In Ref.[22], we present an extended hyperbolic

function method to construct new soliton solutions of

NLPDEs. The key idea in this method is to take full

advantage of the solutions of an auxiliary ordinary dif-

ferential equation. The auxiliary equation reads

φ′
2

= b0 + b1φ+ b2φ
2 + b3φ

3 + b4φ
4, (2)

where φ′ := dφ/dξ, ξ = ξ(x, y, z, t) and b0, b1, b2, b3,

b4 are constants. Equation (2) has the following solu-

tions:

————————————————————————————
|

φ1(ξ) = ±
√

−b2
b4

sech(
√

b2ξ), b1 = b3 = 0, b0 =
b22
4b4

, b2 > 0, b4 < 0;

φ2(ξ) = ±
√

− b2
2b4

tanh

(

√

−b2
2
ξ

)

, b1 = b3 = 0, b0 =
b22
4b4

, b2 < 0, b4 > 0;

φ3(ξ) = ±1

2

√

b2
b4

[

1 + tanh

(√
b2
2
ξ

)]

, b0 = b1 = 0, b23 = 4b2b4, b2 > 0, b4 > 0;

φ4(ξ) = ±
√

b2
b4

2sech2

(
√
b2
2
ξ

)

4 −
(

1 − tanh

(√
b2
2
ξ

))2 , b0 = b1 = 0, b3 = 4b2b4, b2 > 0, b4 > 0;

φ5(ξ) =

√

− b2
2b4

tanh(
√
−2b2ξ)

1 ± sech(
√
−2b2ξ)

, b1 = b3 = 0, b0 =
b22
4b4

, b2 < 0, b4 > 0. (3)

|————————————————————————————

A nonlinear NLPDE with two variables x and t is

given as follows:

P (ux, ut, uxx, utt, uxt, . . .) = 0. (4)

Step 1 We assume Eq.(4) has the following so-

lutions:

u(x, t) =

n
∑

i=0

biφ
n(ξ), (5)

where bi = bi(x, t), (i = 0, 1, . . . , n), ξ = ξ(x, t) are all

unknown functions of x, t,φ(ξ) satisfying Eq.(2).

The parameter n can be found by balancing the

highest order derivative term and the nonlinear term

in Eq.(4) (n is a positive integer).

Step 2 Substituting Eq.(5) along with Eq.(2)

into Eq.(4), and extracting the numerator of the re-

sulting system, we can obtain a set of algebraic poly-

nomials for φi(ξ)(i = 0, 1, . . .). Setting the coefficients

of these terms φi(ξ)to zero, we have a system of over-

determined PDEs with respect to unknown functions

{bi(i = 0, 1, . . .), ξ}.

Step 3 Solving the above system by use of sym-

bolic computation system-Maple, we would end up

with the explicit expressions for bi, (i = 0, 1, . . . , n)

and ξ or the constraints among them.

Thus according to Eqs.(3), (5) and the conclu-

sions in Step 3, we can obtain many families of exact
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solutions for Eq.(4).

3. Results and discussion

In order to obtain some exact solutions of Eq.(1),

first we make the transformation

u(x, t) = ψ(x, t)exp(iθ(x, t)). (6)

Then substituting Eq.(6) into Eq.(1) and setting the

real and imaginary parts of the resulting equation

equal to zero, we obtain the following sets of partial

differential equations:

− ψθt + ψxx − ψθ2x + 2a(t)ψ3 +
1

4
λ2x2ψ = 0, (7)

ψt + ψθxx + 2ψxθx = 0. (8)

Balancing the highest order derivative term ψxx with

the nonlinear term ψ3 in Eq.(7) yields n = 1. There-

fore by the use of the extended hyperbolic function

method we assume the solutions of Eqs.(7) and (8) to

be in the following special forms:

ψ(x, t) = f(t) + h(t)φ(ξ), ξ = k(t)x+ η(t), (9)

θ(x, t) = ∆(t)x2 + Γ (t)x+ Ω(t), (10)

where f(t), h(t), k(t), η(t), ∆(t), Γ (t) and Ω(t) are

functions of t to be determined, with φ(ξ) satisfy-

ing Eq.(2). Substituting Eqs.(9), (10) and (2) into

Eqs.(7), (8) and collecting the coefficients of power

of xkφl, and
√

b0 + b1φ+ b2φ2 + b3φ3 + b4φ4 (k =

0, 1, 2; l = 0, 1, 2, 3) with the aid of Maple, then set-

ting each of the coefficients to zero, we can obtain a

set of over-determined ordinary differential equations

(ODEs) with respect to the unknown derivative func-

tions {a(t), f(t), h(t), k(t), η(t), ∆(t), Γ (t), Ω(t)} as

follows:

h′ + 2h∆ = 0, (11)

h(k′ + 4k∆) = 0, (12)

f ′ + 2f∆ = 0, (13)

h(η′ + 2kΓ ) = 0, (14)

2h(ah2 + b4k
2) = 0, (15)

3

2
h(4afh+ b3k

2) = 0, (16)

− 1

4
h(4∆′ + 16∆2 − λ2) = 0, (17)

− h(Γ ′ + 4Γ∆)) = 0, (18)

− h(Ω ′ + Γ
2 − b2k

2 − 6af2) = 0, (19)

fΩ ′ + fΓ 2 − 2af3 − 1

2
b1hk

2 = 0. (20)

Solving Eqs.(11)–(20) by means of Maple, we obtain

the following results.

Case 1

f(t) = b1 = b3 = 0, b0 =
b22
4b4

, k(t) = C1a(t),

h(t) = ±C1

√

−b4a(t),

Γ (t) = C2a(t), ∆ = − a′(t)

4a(t)
,

Ω(t) = (b2C
2
1 − C2

2 )

∫

a(t)2dt+ C3,

η(t) = −2C1C2

∫

a(t)2dt+ C4,

a(t) =
2λeλt

C5e2λt − C6
, b4 < 0, a(t) > 0, (21)

where C1, C2, C3, C4, C5, C6 are arbitrary constants,

a′(t) =
da(t)

dt
.

Case 2

f(t) = b1 = b3 = 0, b0 =
b22
4b4

, k(t) = C1a(t),

h(t) = ±C1

√

−b4a(t),

Γ (t) = C2a(t), ∆ = − a′(t)

4a(t)
,

Ω(t) = (b2C
2
1 − C2

2 )

∫

a(t)2dt+ C3,

η(t) = −2C1C2

∫

a(t)2dt+ C4,

a(t) =
2λeλt

C5e2λt − C6
, b4 > 0, a(t) < 0. (22)

Case 3

k(t) = C1a(t), h(t) = ±C1

√

−b4a(t),

f(t) = ±b3C1

4

√

−a(t)
b4

,

Γ (t) = C2a(t), ∆ = − a′(t)

4a(t)
,

Ω(t) = −−8b2b4C
2
1 + 3b23C

2
1 + 8b4C

2
2

8b4

∫

a(t)2dt+ C3,

η(t)=−2C1C2

∫

a(t)2dt+ C4,

a(t) =
2λeλt

C5e2λt − C6
, b33 − 4b2b3b4 + 8b1b

2
4 = 0,

b4 > 0, a(t) < 0, (23)
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Case 4

k(t) = C1a(t), h(t) = ±C1

√

−b4a(t),

f(t) = ∓b3C1

4

√

−a(t)
b4

,

Γ (t) = C2a(t), ∆ = − a′(t)

4a(t)
,

Ω(t) = −−8b2b4C
2
1 + 3b23C

2
1 + 8b4C

2
2

8b4

∫

a(t)2dt+ C3,

η(t) = −2C1C2

∫

a(t)2dt+ C4,

a(t) =
2λeλt

C5e2λt − C6
, b33 − 4b2b3b4 + 8b1b

2
4 = 0,

b4 < 0, a(t) > 0, (24)

Therefore from Eqs.(3), (6), (9), (10), (21)–(23),we

obtain following soliton solutions of Eq.(1):

————————————————————————————
|

Family 1 Bright soliton solution (b2 > 0, b4 < 0, a(t) > 0):

u1 =C1

√

b2a(t)sech

[

√

b2(C1a(t)x− 2C1C2

∫

a(t)2dt+ C4)

]

· exp

[

i(− a′(t)

4a(t)
x2 + C2a(t)x+ (b2C

2
1 − C2

2 )

∫

a(t)2dt+ C3)

]

. (25)

Family 2 Dark soliton solution (b2 < 0, b4 > 0, a(t) < 0):

u2 =C1

√

b2
2
a(t) tanh

[

√

−b2
2

(C1a(t)x − 2C1C2

∫

a(t)2dt+ C4)

]

· exp

[

i

(

− a′(t)

4a(t)
x2 + C2a(t)x+ (b2C

2
1 − C2

2 )

∫

a(t)2dt+ C3

)]

. (26)

Family 3 New soliton solutions (b2 < 0, b4 > 0, a(t) < 0):

u3 =C1

√

b2
2
a(t)

tanh[
√
−2b2(C1a(t)x − 2C1C2

∫

a(t)2dt+ C4)]

1 + sech[
√
−2b2(C1a(t)x− 2C1C2

∫

a(t)2dt+ C4)]

· exp

[

i

(

− a′(t)

4a(t)
x2 + C2a(t)x+ (b2C

2
1 − C2

2 )

∫

a(t)2dt+ C3

)]

, (27)

u4 =C1

√

b2
2
a(t)

tanh[
√
−2b2(C1a(t)x − 2C1C2

∫

a(t)2dt+ C4)]

1 − sech[
√
−2b2(C1a(t)x− 2C1C2

∫

a(t)2dt+ C4)]

· exp

[

i

(

− a′(t)

4a(t)
x2 + C2a(t)x+ (b2C

2
1 − C2

2 )

∫

a(t)2dt+ C3

)]

. (28)

Family 4 New kink soliton solutions (b2 > 0, b4 > 0, a(t) < 0):

u5 =
C1

2

√

−b2a(t)
[

2 + tanh

(
√
b2
2

(C1a(t)x − 2C1C2

∫

a(t)2dt+ C4

)]

· exp

[

i

(

− a′(t)

4a(t)
x2 + C2a(t)x− 1

2
(b2C

2
1 + 2C2

2 )

∫

a(t)2dt+ C3

)]

, (29)

u6 =
C1

2

√

−b2a(t)
[

5 − 8

3 − tanh

[
√
b2
2

(C1a(t)x− 2C1C2

∫

a(t)2dt+ C4)

]

]

· exp

[

i

(

− a′(t)

4a(t)
x2 + C2a(t)x− 1

2
(b2C

2
1 + 2C2

2 )

∫

a(t)2dt+ C3

)]

. (30)

|————————————————————————————

In Families 1–4, a′(t) =
da(t)

dt
, a(t) =

2λeλt

C5e2λt − C6
, and C1, C2, C3, C4, C5, C6 are arbi-

trary constants. The solutions (25) and (26) have been

obtained also in Ref.[16] by applying the extended

tanh-function method. But to our knowledge, the
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other solitons have not been reported earlier. Specifi-

cally, as an example for discussion, we select C5 = 0,

C6 = −2λ

g0
, the scattering length is a(t) = g0exp(λt),

i.e. the Feshbach-managed nonlinear coefficient. Then

from Eqs.(25)–(30), we obtain

————————————————————————————
|

Family 1 Bright soliton solution (b2 > 0, b4 < 0, (g0 > 0)):

u1 =C1

√

b2g0e
λt

2 sech

[

√

b2

(

C1g0e
λtx− 2C1C2g

2
0

λ
e2λt + C4

)]

· exp

[

i

(

− λ

4
x2 + C2g0e

λtx+
g2
0(b2C

2
1 − C2

2 )

2λ
e2λt + C3

)]

. (31)

Family 2 Dark soliton solution (b2 < 0, b4 > 0, g0 < 0):

u2 =C1

√

b2g0
2

e
λt

2 tanh

[

√

−b2
2

(

C1g0e
λtx− 2C1C2g

2
0

λ
e2λt + C4

)]

· exp

[

i

(

− λ

4
x2 + C2g0e

λtx+
g2
0(b2C

2
1 − C2

2 )

2λ
e2λt + C3

)]

. (32)

Family 3 New soliton solutions (b2 < 0, b4 > 0, (g0 < 0)):

u3 =C1

√

b2g0
2

e
λt

2

tanh

[√
−2b2

(

C1g0e
λtx− 2C1C2g

2
0

λ
e2λt + C4

)]

1 + sech

[√
−2b2

(

C1g0eλtx− 2C1C2g
2
0

λ
e2λt + C4

)]

· exp

[

i

(

− λ

4
x2 + C2g0e

λtx+
g2
0(b2C

2
1 − C2

2 )

2λ
e2λt + C3

)]

. (33)

u4 =C1

√

b2g0
2

e
λt

2

tanh

[√
−2b2

(

C1g0e
λtx− 2C1C2g

2
0

λ
e2λt + C4

)]

1 − sech

[√
−2b2

(

C1g0eλtx− 2C1C2g
2
0

λ
e2λt + C4

)]

· exp

[

i

(

− λ

4
x2 + C2g0e

λtx+
g2
0(b2C

2
1 − C2

2 )

2λ
e2λt + C3

)]

. (34)

Family 4 New kink soliton solutions (b2 > 0, b4 > 0, g0 < 0)):

u5 =
C1

2

√

−b2g0e
λt

2

[

2 + tanh

(√
b2
2

(C1g0e
λtx− 2C1C2g

2
0

λ
e2λt + C4

)]

· exp

[

i

(

− λ

4
x2 + C2g0e

λtx+
g2
0(b2C

2
1 − C2

2 )

2λ
e2λt + C3

)]

. (35)

u6 =
C1

2

√

−b2g0e
λt

2

[

5 − 8

3 − tanh

[
√
b2
2

(

C1g0eλtx− 2C1C2g
2
0

λ
e2λt + C4

)]

]

· exp

[

i

(

− λ

4
x2 + C2g0e

λtx+
g2
0(b2C

2
1 − C2

2 )

2λ
e2λt + C3

)]

. (36)

|————————————————————————————

In order to understand the main soliton proper-

ties of these solutions expressed by Eqs.(31)–(36), we

plot them in Figs.1–6. Figure 1 shows the dynamics of

the Feshbach-resonance-managed bright soliton in the

expulsive parabolic potential. As shown in Fig.1, with

increasing absolute value of the scattering length,the

bright soliton has an increase in peak value and a de-

crease in width, which is in agreement with the result
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in Ref.[13]. The properties of other solitons expressed

by Eqs.(32), (33), (35) and (36) are similar to those

of the bright soliton.

Fig.1. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u1|. The parameters are given as follows: C1 = 3,

C2 = 1, C4 = 0, b2 = 1, g0 =
1

4
, λ =

1

5
.

Fig.2. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u2|. The parameters are given as follows: C1 = 3,

C2 = 1, C4 = 0, b2 = −2, g0 = −
1

4
, λ =

1

5
.

Fig.3. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u3|. The parameters are given as follows: C1 = −3,

C2 = 1, C4 = 0, b2 = −2, g0 = −
1

4
, λ =

1

5
.

Fig.4. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u4|. The parameters are given as follows: C1 = −3,

C2 = 1, C4 = 0, b2 = −2, g0 = −
1

4
, λ =

1

8
.

Fig.5. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u5|. The parameters are given as follows: C1 = −4,

C2 = 1, C4 = 0, b2 = 2, g0 = −
1

4
, λ =

1

5
.

Fig.6. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u6|. The parameters are given as follows: C1 = −4,

C2 = 1, C4 = 0, b2 = 2, g0 = −
1

4
, λ =

1

5
.

As scattering length a(t) contains two arbitrary

constants, we are inclined to consider that besides

selecting the scattering length a(t) = g0exp(λt) in
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the experiment, we may also select other scattering

length a(t) expressed in Eq.(21). For example, when

we select C5 = −C6 = 1, the scattering length is

a(t) = λsech(λt). Meanwhile, the bright soliton so-

lution of Eq.(1) reads

u7 =C1

√

b2λsech(λt)sech[
√

b2(C1λsech(λt)x

− 2C1C2λ tanh(λt) + C4)]

· exp

[

i

(

λ

4
tanh(λt)x2 + C2λsech(λt)x

+ (b2C
2
1 − C2

2 )λ tanh(λt) + C3

)]

. (37)

Figure 7 shows the dynamics of bright soliton with

the scattering length a(t) = λsech(λt) in the expulsive

Fig.7. The dynamics of the Feshbach-resonance-

managed soliton in the expulsive potential given by

|u7|. The parameters are given as follows: C1 = 3,

C2 = 1, C4 = 0, b2 = 1, g0 =
1

4
, λ =

1

5
.

parabolic potential. As shown in Fig.7, with increas-

ing absolute value of the scattering length, the bright

soliton has a decrease in peak value and an expansion

in width. This result is contrary to that in Ref.[13].

4. Summary

In this paper, making use of the extended hyper-

bolic function method, we have successfully obtained

four families of exact solutions of the BECs with

time-dependent nonlinear coefficient in an expulsive

parabolic potential, including the results in Ref.[16].

As an example for discussion, we select the Feshbach-

managed nonlinear coefficient as a(t) = g0exp(λt),

and obtain the results which can include those in

Ref.[13]. We also select other scattering length a(t) =

λsech(λt) and obtain some new soliton solutions. To

our knowledge,the new soliton solutions have not been

found before. The properties of the soliton solutions

for Eq.(1) are shown by Figs.1–7.
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