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This paper focuses on studying non-Noether conserved quantities of Lie symmetry and of form invariance for a

mechanical system in phase space under the general infinitesimal transformation of groups. We obtain a new non-

Noether conserved quantity of Lie symmetry of the system, and Hojman and Mei’s results are of special cases of our

conclusion. We find a condition under which the form invariance of the system will lead to a Lie symmetry, and, further,

obtain a new non-Noether conserved quantity of form invariance of the system. An example is given finally to illustrate

these results.
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1. Introduction

The symmetries of mechanical and physical sys-

tems are closely related to the conserved quantities.

There have been proposed mainly two methods of

seeking the conserved quantities of mechanical and

physical systems: Noether symmetry method[1] and

Lie symmetry method.[2] The Noether symmetry is

an invariance of the Hamilton action under the in-

finitesimal transformation of groups, and the Lie sym-

metry is an invariance of the differential equations

under the infinitesimal transformation of groups. In

2001, Mei presented a new theory of symmetry:[3]

namely, the form invariance of mechanical and phys-

ical systems. The form invariance is an invariance

under which transformed physical quantities such as

Lagrangians, Hamiltonians, non-potential generalized

forces and generalized constrained forces, etc still sat-

isfy original dynamical equations.

As is known, the Noether symmetry can always

lead to a conserved quantity, but generally the Lie

symmetry and the form invariance cannot. Tradi-

tionally, the finding of conserved quantity by using

the Lie symmetry is to utilize the Noether identity

to obtain its Noether conserved quantity, and so is

the finding of form invariance. In 1992, Hojman gave

a direct method of finding a conserved quantity by

using the Lie symmetry, and obtained a new con-

served quantity,[4] which is a non-Noether conserved

quantity. Recently, much attention has been paid to

the investigation of the non-Noether conserved quan-

tities of some mechanical systems by using Hojman’s

direct method.[5−13] But the above-mentioned stud-

ies are restricted to the special infinitesimal trans-

formation of groups, in which the time parameter is

not variable. By using this direct method, the non-

Noether conserved quantity of Lie symmetry of a me-

chanical system in configuration space under the gen-

eral infinitesimal transformation of groups has been

studied.[14,15] In the present paper this direct method

is used to study the non-Noether conserved quantities

of Lie symmetry and of form invariance of a mechani-

cal system in phase space under the general infinites-

imal transformation of groups. We derive a new non-

Noether conserved quantity of Lie symmetry of the

system. Then we give a condition under which the

form invariance of the system leads to a Lie symme-

try, and, further, obtain a new non-Noether conserved

quantity of form invariance of the system. Finally, an

example is given to illustrate these results.

2. New non-Noether conserved

quantity of Lie symmetry

Let the position of a mechanical system be de-

termined by the n generalized coordinates qs(s =

1, . . . , n) and n generalized momenta ps. The motion
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of the system is described by the Hamilton canonical

equations of the form

q̇s =
∂H

∂ps

, ṗs = −

∂H

∂qs

+ Qs, (s = 1, · · · , n), (1)

where H is the Hamilton function of the system, Qs

is the non-potential generalized forces. Equations (1)

can be expressed as follows:

q̇s = gs(t, q, p), ṗs = hs(t, q, p),

(s = 1, · · · , n). (2)

Introduce the general infinitesimal transforma-

tions of groups

t∗ = t + εξ0(t, q, p),

q∗s(t∗) = qs(t) + εξs(t, q, p),

p∗s(t
∗) = ps(t) + εηs(t, q, p), (3)

where ε is an infinitesimal parameter, and ξ0, ξs and

ηs are the generators of infinitesimal transformation

of groups.

According to the theory of invariance of differ-

ential equations under the infinitesimal transforma-

tion, the invariance of Eqs.(2) under the infinitesimal

transformations (3) leads to the following determining

equations:

d̄ξs

dt
− gs

d̄ξ0

dt
= X(0)(gs),

d̄ηs

dt
− hs

d̄ξ0

dt
= X(0)(hs),

(s = 1, · · · , n), (4)

where

d̄

dt
=

∂

∂t
+ gs

∂

∂qs

+ hs

∂

∂ps

,

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs

+ ηs

∂

∂ps

. (5)

If the infinitesimal generators ξ0, ξs and ηs satisfy

Eqs.(4), then the corresponding transformations are

called the Lie symmetrical transformations of the sys-

tem (1).

Hereafter, we give a new non-Noether conserved

quantity of Lie symmetry of this system.

Theorem 1 If the generators ξ0, ξs and ηs of

the infinitesimal transformations (3) satisfy the de-

termining equations (4) and there exists a function

µ = µ(t, q, p) satisfying the following equation:

∂gs

∂qs

+
∂hs

∂ps

+
d̄

dt
lnµ = 0, (6)

then the system (1) has the Lie symmetrical non-

Noether conserved quantity as follows:

I =
1

µ

∂(µξ0)

∂t
+

1

µ

∂(µξs)

∂qs

+
1

µ

∂(µηs)

∂ps

−

d̄ξ0

dt
= const. (7)

Proof We have

d̄I

dt
=

d̄

dt

(

1

µ

∂µ

∂t
ξ0

)

+
d̄

dt

∂ξ0

∂t

+
d̄

dt

(

1

µ

∂µ

∂qs

ξs

)

+
d̄

dt

∂ξs

∂qs

+
d̄

dt

(

1

µ

∂µ

∂ps

ηs

)

+
d̄

dt

∂ηs

∂ps

−

d̄

dt

(

d̄ξ0

dt

)

;

(8)

d̄

dt

∂ξ0

∂t
=

∂

∂t

d̄ξ0

dt
−

∂ξ0

∂qk

∂gk

∂t
−

∂ξ0

∂pk

∂hk

∂t
,

d̄

dt

∂ξs

∂qs

=
∂

∂qs

d̄ξs

dt
−

∂ξs

∂qk

∂gk

∂qs

−

∂ξs

∂pk

∂hk

∂qs

,

d̄

dt

∂ηs

∂ps

=
∂

∂ps

d̄ηs

dt
−

∂ηs

∂qk

∂gk

∂ps

−

∂ηs

∂pk

∂hk

∂ps

. (9)

Substituting Eqs.(9) into Eq.(8) and using Eqs.(4), we

obtain

d̄I

dt
=

d̄

dt

(

1

µ

∂µ

∂t
ξ0

)

+
d̄

dt

(

1

µ

∂µ

∂qs

ξs

)

+
d̄

dt

(

1

µ

∂µ

∂ps

ηs

)

+
∂gs

∂qs

d̄ξ0

dt
+

∂hs

∂ps

d̄ξ0

dt
+ ξ0

∂2gs

∂qs∂t
+ ξ0

∂2hs

∂ps∂t

+
∂2gs

∂qs∂qk

ξk +
∂2gs

∂qs∂pk

ηk

+
∂2hs

∂ps∂qk

ξk +
∂2hs

∂ps∂pk

ηk. (10)

Performing the partial derivative of Eq.(6) with re-

spect to t, qk and pk respectively, and substituting

the resulting equation into Eq.(10), we have

d̄I

dt
=

d̄

dt

(

1

µ

∂µ

∂t
ξ0

)

+
d̄

dt

(

1

µ

∂µ

∂qs

ξs

)

+
d̄

dt

(

1

µ

∂µ

∂ps

ηs

)

− ξ0
∂

∂t

d̄

dt
(lnµ)

− ξk

∂

∂qk

d̄

dt
lnµ − ηk

∂

∂pk

d̄

dt
lnµ −

d̄ξ0

dt

d̄

dt
lnµ

=
∂

∂qk

lnµ

(

d̄ξk

dt
− ξ0

∂gk

∂t
− ξs

∂gk

∂qs

− ηs

∂gk

∂ps

)

+
∂

∂pk

lnµ

(

d̄ηk

dt
− ξ0

∂hk

∂t
− ξs

∂hk

∂qs

− ηs

∂hk

∂ps

)

+
d̄ξ0

dt

∂

∂t
lnµ −

d̄ξ0

dt

d̄

dt
lnµ. (11)
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Noting Eqs.(4), we can obtain

d̄I

dt
= 0. (12)

3. New non-Noether conserved

quantity of form invariance

Under the infinitesimal transformations (3), H =

H(t, q, p) and Qs = Qs(t, q, p) become H∗ =

H(t∗, q∗, p∗) and Q∗
s = Q∗

s(t
∗, q∗, p∗). Expanding H∗

and Q∗
s, one has

H∗ =H(t∗, q∗, p∗)

=H(t, q, p) + ε(X(0)(H)) + O(ε2),

(13)

Q∗
s =Q(t∗, q∗, p∗)

=Q(t, q, p) + ε(X(0)(Q)) + O(ε2). (14)

Definition If the Hamiltonian H = H(t, q, p)

and non-potential generalized forces Qs = Qs(t, q, p)

satisfy the Hamilton canonical equations (1) under the

infinitesimal transformations (3), i.e.

q̇s =
∂H∗

∂ps

, ṗs = −

∂H∗

∂qs

+ Q∗
s, (s = 1, · · · , n),

(15)

then the invariance is called form invariance of the

system (1).

Criterion For the mechanical system (1), if the

infinitesimal generators ξ0, ξs and ηs satisfy the fol-

lowing determining equations:

∂

∂ps

(X(0)(H)) = 0,

∂

∂qs

(X(0)(H)) − X(0)(Qs) = 0, (16)

then the system is of form invariance under the in-

finitesimal transformations (3).

Proof Substituting Eqs.(13) and (14) into

Eqs.(15), noting Eqs.(1), and ignoring ε2 and higher

infinitesimal terms, we can obtain Eqs.(16).

Compared Eqs.(4) with Eqs.(16), it is apparent

that the form invariance is different from the Lie sym-

metry. The form invariance of the system (1) can lead

to a Lie symmetry or not, for which we have the fol-

lowing theorem.

Theorem 2 If the mechanical system (1) is of

form invariance under the infinitesimal transforma-

tions (3), and satisfies condition

d̄ξs

dt
− gs

d̄ξ0

dt
+

∂H

∂t

∂ξ0

∂ps

+
∂H

∂qk

∂ξk

∂ps

+
∂H

∂pk

∂ηk

∂ps

= 0,

d̄ηs

dt
− hs

d̄ξ0

dt
−

∂H

∂t

∂ξ0

∂qs

−

∂H

∂qk

∂ξk

∂qs

−

∂H

∂pk

∂ηk

∂qs

= 0, (17)

then the form invariance of the system can lead to a

Lie symmetry.

Proof Since

∂

∂ps

(X(0)(H))

=X(0)

(

∂H

∂ps

)

+
∂H

∂t

∂ξ0

∂ps

+
∂H

∂qk

∂ξk

∂ps

+
∂H

∂pk

∂ηk

∂ps

,

∂

∂qs

(X(0)(H))

=X(0)

(

∂H

∂qs

)

+
∂H

∂t

∂ξ0

∂qs

+
∂H

∂qk

∂ξk

∂qs

+
∂H

∂pk

∂ηk

∂qs

.

(18)

Substituting Eqs.(16) into Eqs.(18), and noting

Eqs.(1) and (2), one has

X(0)(gs) +
∂H

∂t

∂ξ0

∂ps

+
∂H

∂qk

∂ξk

∂ps

+
∂H

∂pk

∂ηk

∂ps

= 0,

X(0)(hs) −
∂H

∂t

∂ξ0

∂qs

−

∂H

∂qk

∂ξk

∂qs

−

∂H

∂pk

∂ηk

∂qs

= 0.

(19)

Substituting Eqs.(19) into Eqs.(17), we can obtain

Eqs.(4).

The new non-Noether conserved quantity that the

form invariance leads to under the general infinitesi-

mal transformation of groups can be given by the the-

orem below.

Theorem 3 For the mechanical system (1), if

the generators ξ0, ξs and ηs of the infinitesimal trans-

formations (3) satisfy Eqs.(16) and (17), and there

exists a function µ = µ(t, q, p) satisfying Eq.(6), then

the form invariance of this system can lead to the non-

Noether conserved quantity (7).

We can easily obtain Theorem 3 by using Theo-

rem 1 and Theorem 2.

4. Conclusions and discussion

In this paper, we have given new non-Noether

conserved quantities of the Lie symmetry and of the

form invariance for a mechanical system in phase

space under the general infinitesimal transformation
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of groups. The result is possessed of more general

significance. Particularly, if ξ0 = 0 in Eqs.(3), and

ps = q̇s, ηs =
d̄

dt
ξs, then Theorem 1 in this paper

reduces to Hojman’s theorem.[4] If ξ0 = 0 in Eqs.(3),

then Theorem 1 reduces to the result in Ref.[8]. If

the mechanical system is a Hamiltonian system, then

Eq.(7) becomes

I =
∂ξ0

∂t
+

∂ξs

∂qs

+
∂ηs

∂ps

−

d̄ξ0

dt
= const. (20)

The conserved quantity (20) is the same as the result

in Ref.[16].

5. Example

The Lagrangian of a mechanical system is

L =
1

2
(q̇2

1 + q̇2
2) + q1 − q2, (21)

and the non-potential generalized forces are Q1 = −q̇1

and Q2 = −q̇2. Now we study the non-Noether con-

served quantities of the Lie symmetry and of the form

invariance for the system in phase space. One has

p1 =
∂L

∂q̇1
= q̇1, p2 =

∂L

∂q̇2
= q̇2. (22)

H = psq̇s − L =
1

2
(p2

1 + p2
2) − q1 + q2. (23)

From Eqs.(1) and (2), we can obtain the equations of

motion of the mechanical system as

g1 = q̇1 =
∂H

∂p1
= p1,

g2 = q̇2 =
∂H

∂p2
= p2,

h1 = ṗ1 = −

∂H

∂q1
+ Q1 = 1 − p1,

h2 = ṗ2 = −

∂H

∂q2
+ Q2 = −(1 + p2). (24)

The determining equations (4) of Lie symmetry give

d̄ξ1

dt
− p1

d̄ξ0

dt
= η1,

d̄ξ2

dt
− p2

d̄ξ0

dt
= η2,

d̄η1

dt
− (1 − p1)

d̄ξ0

dt
= −η1,

d̄η2

dt
+ (1 + p2)

d̄ξ0

dt
= −η2. (25)

The determining equations (16) of form invariance

give

∂ξ1

∂p1
−

∂ξ2

∂p1
− p1

∂η1

∂p1
− p2

∂η2

∂p1
− η1 = 0,

∂ξ1

∂p2
−

∂ξ2

∂p2
− p1

∂η1

∂p2
− p2

∂η2

∂p2
− η2 = 0,

∂ξ1

∂q1
−

∂ξ2

∂q1
− p1

∂η1

∂q1
− p2

∂η2

∂q1
− η1 = 0,

∂ξ1

∂q2
−

∂ξ2

∂q2
− p1

∂η1

∂q2
− p2

∂η2

∂q2
− η2 = 0. (26)

From Eqs.(17), one has

d̄ξ1

dt
− p1

d̄ξ0

dt
−

∂ξ1

∂p1
+

∂ξ2

∂p1
+ p1

∂η1

∂p1
+ p2

∂η2

∂p1
= 0,

d̄ξ2

dt
− p2

d̄ξ0

dt
−

∂ξ1

∂p2
+

∂ξ2

∂p2
+ p1

∂η1

∂p2
+ p2

∂η2

∂p2
= 0,

d̄η1

dt
−(1 − p1)

d̄ξ0

dt
+

∂ξ1

∂q1
−

∂ξ2

∂q1

− p1
∂η1

∂q1
− p2

∂η2

∂q1
=0,

d̄η2

dt
+(1 + p2)

d̄ξ0

dt
+

∂ξ1

∂q2
−

∂ξ2

∂q2

− p1
∂η1

∂q2
− p2

∂η2

∂q2
=0. (27)

Equation (6) yields

d̄

dt
lnµ − 2 = 0, (28)

with the solution being

u = e2t. (29)

Taking

ξ0 = 1, ξ1 = −et(p1 − 1)2,

ξ2 = −et(p2 + 1)2,

η1 = et(p1 − 1)2,

η2 = et(p2 + 1)2, (30)

Eqs.(25) are satisfied, but Eqs.(26) are not. Therefore,

for generators (30), the system has the Lie symmetry,

but not form invariance. From Theorem 1, we obtain

the Lie symmetrical non-Noether conserved quantity

of the system as follows:

I = 2 + 2et(p1 + p2) = const. (31)

Taking

ξ0 = t, ξ1 = q1, ξ2 = −p1,

η1 = 1, η2 = 0, (32)

then Eqs.(26) are satisfied, but Eqs.(27) are not.

Therefore, for generators (32), the system has the form

invariance, but from Theorem 3, the form invariance

cannot lead to a non-Noether conserved quantity.
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Taking

ξ0 = 1, ξ1 = ξ2 = (q1 + p1 − t)2,

η1 = 0, η2 = 0, (33)

then Eqs.(26) and (27) are satisfied. From Theorem

3, the form invariance of the system leads to a non-

Noether conserved quantity as follows:

I = 2 + 2(q1 + p1 − t) = const. (34)

———————————————————————————
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