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The result of one-mode quadrature-amplitude measurement for some generalized two-mode squeezed states has

been studied by virtue of the entangled state representation of the corresponding two-mode squeezing operators. We find

that the remaining field-mode simultaneously collapses to the single-mode squeezed state with more stronger squeezing.

The measurement result caused by a single-mode squeezed state projector is also calculated, which indicates quantum

entanglement in squeezing.
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1. Introduction

Since the publication of the paper of Einstein,
Podolsky and Rosen (EPR) in 1935,!!) arguing the in-
completeness of quantum mechanics, the conception
of entanglement has become more and more fascinat-
ing and important as it plays a central role in quantum
communication and quantum computation.2—?! As is
known, by entanglement one means that two-particle
state does not factor into a product of single parti-
cle states, but is a sum of at least two terms, each of
which is a product. One may recapitulate the entan-
glement in more mathematical language: A bipartite
pure state is said to be entangled if its Schmidt num-
ber is greater than one. When two particles are so
entangled, neither particle separately has a state, be-
cause the particles in an entanglement do not have
states or even some properties, independent of each
other.

tem as a simple entity. The two-mode squeezed state

One thus must consider a two-particle sys-

itself is an entangled state which entangles the idle

mode and signal mode in the frequency domain as
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an outcome of a parametric-down conversion process
(in a non-degenerate parametric ampliﬁer).[s] To put
it in another way, the correlations between the idler
mode and signal mode give rise to two-mode squeez-
ing. This is an evidence that in two-mode systems
there are a richer variety of quantum phenomena since
there exists the possibility of quantum correlations be-
tween the modes. Theoretically, squeezed states are
generated by operating the two-mode squeezing op-
erator on the vacuum state.l”) In Ref.[8] a one-sided
two-mode squeezed state is constructed and in Ref.[9]
the one- and two-mode combinatorial squeezed state
is proposed which may exhibit more stronger squeez-
ing. A question thus naturally arises: If one makes a
single-mode quadrature-amplitude measurement, say
|),, (x|, |z), is the eigenvector of the quadrature op-

al—l—a];

erator = X1, on the two-mode squeezed state

or on a generalized two-mode squeezed state, then
what does the another field-mode become after the
collapse? This problem has physical meaning, since

the two field modes in a squeezed state are originally
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entangled. To our knowledge, this problem has not
been fully solved and the exact result has not been
reported in the literature before, because some com-
plicated forms of generalized squeezing operators hin-
der the processing. In this paper we shall show that
the calculation can be greatly simplified by virtue of
the entangled state representation'® (denoted by |n))
or the coordinate representation of the various gener-
alized squeezing operators, or the coherent state rep-
resentation (1112 accompanied with a mathematical
integration formula, and the exact solutions can be
derived exactly and analysed physically. This paper
is arranged as follows. In Section 2, after explaining

that the two-mode squeezing operator has a natural

representation in |n) = |1;,72) representation!'?]
S =exp[A(aias — alal)]
d2n
—u [ ) (ol
/’L:eAvn:nl'i'iT]Q: (1)

where p is the squeezing parameter, we introduce a
squeezed state U(u,v)|00) generated by the general-

ized squeezing operator

Utu) = Vi [ o) o, @)

and then discuss how this squeezed state collapses
when a measurement |z),, (z| is operating on it. We
see that when u = v the collapse results in enhance-
ment of squeezing of the remaining field mode. In
Section 3 we carry out calculations for the case of the
so-called one- and two-combinatorial squeezed state

generated by the squeezing operator
V(Al, AQ) = exp[—i()\lePg + AngPl)], (3)
and discuss the collapse of V(A1, A2) |00}, and

ai—i—al _ai*az

XiE 21/2 9 PZ:W‘ (4)

In Section 4 we examine the collapse of the gen-
eral 3-parameter SU(1,1) squeezed state which under-
goes a measurement | ), (x| . The measurement result
caused by a single-mode squeezed state projector is
also calculated, which indicates that quantum entan-
glement in squeezing, i.e. the second-mode field will
be controlled by the first mode’s squeezing parameter.
For details of squeezed state see Refs.[14-16].

2.Brief review of the relation be-
tween |n) and the squeezing op-

erators

Based on EPR’s idea that two particles’ relative
coordinate X; — X5 and the total momentum P; + P>
are commutative, so they possess the common eigen-

vector

1, 0
) = exp[—5 [nl” +nal —n*a} + alal] [00) = ny, ma)
(5)
where 7 = 11 + iny is a complex number, |00) is the

two-mode vacuum state, |n) obeys

(X1 = X2)[n) = V2ni[n), (Pr+ P2)In) = V2man).

(6)
Note that for two-mode optical fields, the quadra-
ture operators characteristic of quantum fluctuations

of various states are

T i
ar+azx+a;+ay; 1
23/2 = 5(X1+X2)’
T i
a1 +ax—a; —ay; 1
e = (P +Py). (7)

It just happens that the two-mode quadrature oper-
ator (P; + P»)/2 is one of the object operators dis-
cussed by EPR, and the two-mode squeezing operator

squeezes in a standard way, i.e.

1 1
S§(X1 + X5)S™1 =§(X1 + Xo)e,

1 1
Si(Pl + P)S ! :5(131 + Py)e . (8)

Thus there must exist an intrinsic relation between
S and the common eigenvector [n) of X; — X, and
P; + P,. In Ref.[13] such a remarkable relation was
found as shown in Eq.(1), which indicates that S ac-
tually squeezes the EPR entangled state |n) to u|un)

in a natural way, i.e.
Sln) = plun), p=e (9)

Using the normal product form of the vacuum projec-
tor [00) (00| =: exp[—ala; — alas] : and the technique
of integration within an ordered product (IWOP) of
operators!' 718! to the integration in Eq.(1) we obtain

the normally ordered expansion of S,
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d?n ‘77|2 2
=p | — :ex - —((1+
/ e p{ 5 ( w)

+n(pal — az) +n* (a1 — pal)

+ aJ{a; + ajas — aJ{al — a;ag} :

_ 2 W f
T14 2 'eXp{l—l—/ﬂ (ayp — az)(ar — pay)

-~ (w — ]} - an) | :

—alal

il T
—e 1% tanh )\e(alal +ajaz+1)In sech)\ealaz tanh )\, (10)

where :: denotes normal ordering. When u =1,

d3n
— =1 11
/ — [m) (] =1, (11)
so the set of |n) is complete. The two-mode squeezed

vacuum state is
S|00) = sech)\exp[aia; tanh A]|00) . (12)

The more generalized two-mode squeezed state is in

the form of
C’exp[A(a]lL2 + a;z) + Baiag] |00) , (13)

where C' is the normalization constant determined by
A and B. Then an interesting question naturally
arises: what is the second-mode field after the mea-
surement of this state by |z),, (z|?

To solve this problem, we replace A and B by an-
other two independent parameters p and v in the way

of

L=2(1+p*)(1+v%), C= 2\/%, (14)

since from Eq.(14) one can solve p and v from the
known A and B. Then Eq.(13) can be recast into the

form
2 2
o PP
2(1 — p2v?)
) ooy = 1), (1)

It seems hard to calculate the result of measurement

by |z),, (x|, since 1 (z|| ), , is difficult to evaluate.

v

3. Measurement performed on
U(p,v)|00) by |x)y; (x|

The difficulty can be solved when we notice that

| >u ., can be expressed as(14]
K

1) = Uln,v) [00)

i [ s 00 19

Note that U(p,v) is unitary, since

1 -
7;) =U 1(“7”)' (]‘7)
U squeezes the two-mode quadratures as

U(X1+ X2)U™! =v(X1 + Xo),

P+ P
U(Py 4+ P)U =222 (18)
v
and
UP, — P)U ' = pu(P, — P),
X, — X
UX,— X)) U 1= 22 (19)
I
Now we can directly calculate 1 (z|U|00) (i.e. its
collapse result after the measurement). Using the
Schmidt decomposition!*?!
m =m +inz)
—e im2m / dz |w>1 ® ‘x — \/5171> eiﬁnzz,
s 2
(20)
where
1/4 12
1 1 !
|z), = (_> exp{ - §x2 +V2za] - ‘%}m (21)
T

is the coordinate eigenvector in Fock space, we derive
d?n
(2l 0100) = /i, (ol [ S oy, ) (] 00)
d277 (2 2
—i Gal [ 2 v e 2
d?n
=i [ e~ aum),
« V22w o —(n+n3) /2 g=inzm (22)
Performing the integration over dns,
/ dnzexp[—n3 /2 — inonipw + iV2np20)

:\/ﬂexp[ (\/5901/ — 771#”)2] (23)

1
2

and then substituting Eq.(23) into Eq.(22), we have
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2
n
(x| U|00) \/2/w/ 1/4\/_ { - ?1(1 + 122+ 20%) + V2 p(Pz + = — V/2ad)

12

1
+ \/ia:a; —2%? — §w2 - ai} |0),

- Lol F 2 w 2 )2
_<u2u2+2u2+1> 7r1/4eXp{1+u2U2+2u2(y @+ o~ v2ay)

1 al?
+V2zal — 2?0? — Z2? — i} |0),

2 2
2 uv 1 2 2 2 2
_ — 2 1
mi/4) u2u2+2u2+1exp{ 2(M2V2+2u2+1)[( VAt
—-2(1- u2u2)\/§aza; - -1- u2u2)a;2} [0),, (24)

which shows that after the collapse the second-mode field becomes a single-mode squeezed state which is related

with both p and v. In particular, when p = v, U(p,v) — S, Eq.(24) becomes

1 2 2 | V2zab(1-p?) (11— p?)%al?
1 <'7’l| S|00> _71_1/4 1 +ugexp{ - ? + N2 +1 - 2(N2 + 1) |0>2

2 12
:7r1/4sech/\eXp{ - % — V/2zal tanh \ — %tanh2/\} 0)y, (25)

12
%tanhz)\ in Eq.(25) (note that the original two-mode

(26)  squeezed state has a term alal tanh ), see Eq.(12)).

The result of Eq.(25) can be further checked by re-

calling the coordinate representation of the two-mode

where in the last step we have set
-1 2

p=e, tanh\ = L, sech\ = K
n2+1 n2+1

Equation (25) indicates that the second-mode field is

a single-mode squeezed state, and the squeezing is en-

9 . squeezing operator[2’]
hanced from tanhA —tanh®), referring to the term

-l = / /°° dzidzs |71 cosh A + zg sinh A, 25 cosh A + 27 sinh A) (21, 24, (27)
so
(x| S~1|00) = / /00 dadab(z — 2] cosh A — @) sinh ) |2} cosh A + & sinh A), (27, z5] 00)
=sech\ / dz), |zhsech\ + z tanh A), ((wsechA — x}, tanh \), z5| 00) . (28)

Using Eq.(21) we have

_ 1 > da! 1 al’
1 (x| S71|00) :sech)\(;)l/‘l/ T;exp{ — 22 + V2alsech\zh, — 23: +V2zal tanh A — 7} |0),

— 00

2 12
:7r1/4sech/\exp{ - % + V2zal tanh A — a;tanhQ/\} |0)5 - (29)
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Let S — S, tanh A — — tanh \, Eq.(29) turns to be
the same as Eq.(25).

4. Measurement performed on

V{00) by |z}, (x|

Now we consider the one- and two-mode combi-

V =exp[—iA(e” X1 Py + e "X Py))

natorial state in Eq.(3). Using A; = Ae?, Ay = Ae™ 7,
Eq.(3) becomes

V' 100) = exp[—iA(e” X1 Py + 77X, P;)]]00). (30)

It seems difficult to calculate ; (x| V |00) . However, as
shown in Ref.[9], V has its representation in the two-

mode coordinate eigenstate space,

= / / dz;dzy ‘xl cosh A + z2e7 7 sinh A\, x5 cosh A + x1e” sinh )\> (x1,x2]. (31)

Using Egs.(31) and (21), we have

1 (z|exp[—iA(e” X1 P, + 77 X, P1)] |00)

= // dzidzyd(x — 2 cosh A — zhe™” sinh A) |25 cosh A + z}e” sinh A), (2], 25| 00)

:sech/\/ daf [z} cosh A + (ze? — zfsinh A) tanh A), ((wsechA — ahe™” tanh A), x| 00)

— 00

:sech)\/ da’, |ysechA + we? tanh A), ((wsechA — zhe™” tanh A), ac'2| 00)

— 00

rl/4

—oo\/7_r

1 > dz! 1
=sechA—— / > exp{ - 5:1:'22(1 + sech®X + =27 tanh? A) 4+ v2z,alsechA

12
1
+ xaysechAtanh A(e™ Y —e”) + \/ima;e7 tanh A\ — % - §w2(sech2)\ + €27 tanh? )\)} |0),

= ex
m/4V 1 4+ cosh?)\ + e 27 sinh? A

1 \/ 2 { (a} — 2z tanh Asinh~)?  af?
p

1 + cosh?)\ + e—27 sinh? \ 2

1
+v2zale tanh X — §m2(sech2/\ + €% tanh? )\)} |0), . (32)

This is also a single-mode squeezed state, related to
both A and «; in particular, when v =0, Ay = Ay = A,
Eq.(32) reduces to Eq.(29).

5. Measurement performed on 3-
SU(1,1)
state by |z),, (x| and the single-

parameter squeezed

mode squeezed state projector

In some cases we can also employ the coherent

state representation. For example, the 3-parameter

SU(1,1) squeezing operator is
F(m®) —exp <T*aiag) exp[(alay + alay +1)
s

x 1n(s*)—1]exp< - :—:a1a2>, (33)

where |s|2 —|r|? = 1 guarantees the unitarity of F("%).

The corresponding state is

1 r
—exp(-ala}) [00) (34)

Using the completeness relation of the coherent state
[11,12]

™

d2z,d2z
/%m,zmm 1 (3

and the mathematical formula [20]

d2z
[ em(ClaP + 2 nst 4 £27 4 g7

—(n+ &g+ nzf]
(2 —4fg ’

(36)

1
N

whose convergent condition is either

(2 —4fg

Re(C+ f+9) <0, Re<C+f+g

> <0, (37)
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or 4y
4fg
Re(¢—f—g) <0, Re< ><07 38
( ) - (38)
we have

1 d?z,;d?%z
1 (x| F(*) |00) =1 (] / % |21, 22) (21, 22| eXP( a1a2> |00)

5*

r—1/4 2
= exp{——+\/_a:—a2—
s*

which is the generalization of Eq.(29).

a4 [ d%2d% 2 x 22 (R |
= / = |z2>exp{—7+\/§wz1—?1—|z1|2+8—*z1z2—§|z2|2}

H(z) b (39)

Finally, we consider the case when a measurement for the state (34) is made with the result of first-mode

a
field being in the single-mode squeezed state sech”%‘exp(%

be in the state

1 1/2 af
—sech™/“7 1 (0] exp - tanh 7 |exp
s

12
tanh T> |0), , then the second-mode field must

Yot
aa 00
5*12>|>

1 2 d?z,d?
:—*sech1/2'r 1 (0] exp(é—1 tanh7’> / # |21, z2) (21, 22| exp<ia1a2) |00)
s ™ s

1 d?z,d?
=—sech!/?r M|z2>exp — |z |2 + 22
s* w2

1 d?
:_*sechl/27-/ Zzexp{ — |22|® + 220
™

S

which tells us that the second-mode field becomes a
single-mode squeezed state too whose squeezing not

e
only depends on the original squeezing parameter —
s

r
(the square of —*), but also the squeezing parameter
s

of the first-mode field. This means that the quantum
entanglement is in squeezing. In this sense, the second
mode can be controlled by the first mode.

In summary, we have calculated the result of one-

tanh 7 T 1

2 * %k 2
+ —2z212 — =|2

2 s* 172 2| 2| }

2 (1 b o,

1 tanh 2
:;sech”%‘exp{% <;—*> a;2} |0),,

mode quadrature-amplitude measurement for various
generalized two-mode squeezed states by virtue of the
entangled state representation of the corresponding

We find that the re-

maining field-mode simultaneously collapses to the

two-mode squeezing operators.

single-mode squeezed state whose squeezing is en-
hanced, and may be controlled by the measurement
itself.
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