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Under an external uniform electric field, the dielectric response of graded cylindrical composites having generalized

dielectric profile inclusions is investigated. The generalized dielectric profile of graded cylindrical inclusion is expressed

in the form, €;(r) = c(b + r)*ef” where r is the radial variable of the cylindrical inclusions and ¢, b, k and G are

parameters. The local potential solution of generalized dielectric profile graded composites is derived by means of the

power series method and the effective dielectric response is predicted in the dilute limit. Moreover, from the result of

generalized profile, the analytical solutions of local potentials and the effective responses of graded composites having

three cases of dielectric profiles, i.e., the exponential profile &;(r) = ce®”, the general power law profile &;(r) = (b +r)*

and the profile ¢;(r) = crkePT | are sorted out, respectively. In the dilute limit, our exact results are used to test the

validity of differential effective dipole approximation (DEDA) for estimating the effective response of graded cylindrical

composites, and it is shown that the DEDA is in excellent agreement with the exact result.
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1. Introduction

Physical properties of composites have attracted
much attention because of their applications to the

material science.[1=9]

As one kind of composites,
the physical properties of a graded composite are
investigated for their specific needs of designing
new functionally graded materials, such as electric
property, optical property, mechanical and thermal
properties.[1°~1%] For example, the mechanical proper-
ties of a graded composite can be designed by changing
their microstructure and/or inclusion particle physical
properties along the radial direction of the cylindri-
cal or spherical inclusions. Recently, many authors
have focused their attention on studying the proper-
ties of graded composites because the classical effec-
tive property formulas of homogeneous and isotropic
composites are not suitable to predict the proper-
ties of graded composites.['=22] In graded composites,

the differential physical property profiles of inclusions

play different roles in controlling the overall properties
of the graded composites, such as the simple power-
law, linear, and exponential profiles.['5:22:23] For in-
stance, with different dielectric profiles of the inclu-
sions, the distributions of local electric potential and
electric field induced by external electric field result

[24] In

in some different interesting optical properties.
fact, the more parameters in a gradient profile offer
more freedom in the control of the effective material
properties. More importantly, the analytical results
of graded composites give an insight into the property
of graded composite. Therefore, it is one of our aims
to find a suitable grading profile with more freedom
parameters for a specific engineering application. In
addition, using our exact results, we have tested the
validity of differential effective dipole approximation
(DEDA) to estimate the effective response of arbitrary

graded profiles in practice applications.[18—20]

As a theoretical model, we will investigate the

exact local potential and the effective response of a
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graded cylindrical composite having the generalized
dielectric profile £;(r) = c(b + r)¥e”". This gener-
alized dielectric profile of inclusion has the coupling
properties of the general power-law, linear and expo-
nential profiles, and the dielectric response of graded
composites with generalized profile is very different
from that of the simple graded composites. From our
generalized model, we have sorted out the analytical
potentials and effective responses of graded compos-
ites having the exponential profile &;(r) = ce”", the
general power-law profile €;(r) = c(b + r)* and the
product profile g;(r) = erFe”", respectively.

2.Potential

cylindrical graded composite

distributions in a

with generalized profile

For a linear constitutive relationship D = e FE be-
tween the electric displacement D and the electric
field E of both the host and the inclusion regions,
we investigate the potential distribution in a com-
posite material having generalized dielectric profile of
cylindrical inclusions in an external uniform electric
field. Under the quasi-electrostatic condition, the cor-
responding governing equations are V - D = 0 and
V x E = 0. The boundary conditions are the conti-
nuities of the local electric potentials and the normal
components of the electric displacement at the inter-
face between the inclusions and the host medium. At
infinity the potential must match that of the external
applied electric field.

Let us consider a long cylindrical fibre having a
generalized dielectric profile &;(r) = c(b + r)ke”" em-
bedded in a homogeneous and isotropic host having
dielectric constant e, where the radius of the long
cylindrical fibre is a, and r is the radial variable of
a cylindrical inclusion in cylindrical coordinates. The

equations of local potentials @, in whole composite
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regions are written as follows:
Vea(r) V&, +eq(r)V2o, =0, in 02,, (1)

where the subscripts @ = i,h are the quantities in in-
clusion and host regions, respectively. @, and 2, are
the potentials and the regions of the o type material,
respectively.

When an external uniform electric field £, = EyZ
is applied to the graded composites along Z-direction,
the differential equations of potentials in the whole re-
gion reduce to a two-dimensional problem in cylindri-
cal coordinates because the electric field of 2-direction

is a constant,

o o]
10 10924(r, Lp)}

-2 -0
r dp r dp ’

()

Clearly, with equation (2) and boundary con-
dition at infinity, the potential solution of host re-
—(r + Br~Y)Eycos(p). The

local potential of inclusion region is expressed by

gion is Py(r,¢) =

means of the method of separable variables &;(r, ¢) =
> R, (r)cos(ny). Substituting @; into Eq.(2), we
n=0

have the equation of radial part R,(r) of inclusion

potential,

[ei(r)Rn(r)] = 0. (3)

r

10 OR,,(r) n?

;akmrar]‘ﬁ
For a cylindrical inclusion with dielectric profile

gi(r) = c(b+r)*eP", Eq.(3) is rewritten in the form

% +[1/r+k/(b+7r)+ 5] 812;(T)
—n?r7?R,(r) = 0. (4)

Here, we shall use the Frobenius method to solve
Eq.(4) by letting R, (r) = r? 3" a;7*.[? Substituting

1=0
the power series of R,(r) into Eq.(4), we have

(bp* — bn?)ar™ + > " [(p? + pd — p — n?)a; + b(i + 1)(2p + )azyq|rP
[Bpai + (i +1)(2p + d)ait1 + b(i + 2)(i + )agyo]r?* 2

(i + 1)[(i + 2)aip2 + Baip]r? T =0, (5)
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where d = b + k 4+ 1. The characteristic exponent p
is determined when we let the coefficient of the lowest

power term rP+? be zero,
b(p* —n?)ay = 0. (6)

In Eq.(6), we assume that the constants ag and b are
not zero (the case of b = 0 will be discussed in next
part of this section). Thus, for the case of b # 0, we
have p = +n. In Eq.(5), if we set the coefficient of
the power term rPTit3 to be zero, the iteration rela-
tionship between the constants a;, a;+1 and a;ya, is

obtained:

aiv2 ={[n* —i(i+1) —d(p+i+1)
—p(p+2i+1)]aiy
— Bp +4)ai} /b(p +i +2)* — n?],
(i=0,1,2,...) (7)

where a; = p(1 — d)ao/b|(p + 1)? — n?], and ay is a
constant. Generally, we give, ag = 1. Furthermore,
it can be demonstrated that the power series solu-
tion of radial part R,(r) is convergent in the region
r < |b|. Because the potential of inclusion is a con-

stant at the polar point r = 0, the solution of radial
S .

part is R, (r) = r™ Y. a;r* (i.e. p = n). The solu-
i=0

tions of potentials in inclusion and host regions are

determined by using the boundary conditions
&;(r, ) :A1T<Zai7‘i> cos(p)Eg, r<a<|b (8)
i=0

Pu(r,p) = —(r+ Br t)cos(p)Eo, r>a  (9)

where

Ay =—2¢y/ [c(b + a)ke® Z(z + 1)a;a’ + EhZaicﬂ} ,

i=0 =0

B=—-d (1 + A Zaiai)
i=0

Therefore, for the generalized dielectric profile, the so-
lutions of potentials in both inclusion and host regions
are given by Egs.(8) and (9) if the radius of a cylindri-
cal fibre is less than the absolute value of parameter
b.

Now, we demonstrate that Egs.(8) and (9) can be
reduced to the classical formula of homogeneous me-
dia having ¢; = ¢ if we take the limit £ — 0,8 — 0
to potential solutions of the generalized dielectric pro-

In this case, we have lim a; =

file composites.
k—0,8—0

0 (where ¢ # 0), lm Ay = —2e,/(c + &),

k—0,3—0

lim B = a?*(ep, — ¢)/(c + en). Using these lim-
k—0,8—0

its, equations (8) and (9) become the known Maxwell
formulae of cylindrical homogeneous composites with
g = C.[26]

Next, from the potential solutions (8) and (9) of
the generalized profile graded composites, we shall dis-
cuss the analytical potentials of graded composites for
three cases of dielectric profiles.

Case (A) exponential profile ;(r) = ce”"; Case (B)
the general power law profile &;(r) = c(b + r)*; Case
(C) the product profile &;(r) = cr¥ef".

Case (A) exponential profile e;(r) = cef™. We

get the following formulas if we take the limit

k — 0 to Egs.(8) and (9): aj1 = —Ba;/(i +
3) (or aiz1 = (—B)*lag/(3)iz1, where (a); =
ala + 1)@ + 2)---(a + 7 — 1), (a)o = 1),

o0

S adt = F(1,3,-Ba), S (i + 1)asa’ =F(2,3, —Ba)
1=0

i=0

and Y a;r' = F(1,3,—3r), where F(a,7, z) is Kum-
i=0
mer function.?” Substituting these limits into equa-

tions (8) and (9), we have potentials of graded com-

posites with exponential profile,

¢i(ra ()0) = AITF(]-asa 7ﬁ7‘) COS(‘P)EOa T S a (10)

Oy (r,p) = —(r+ Br Y cos(p)Ey, r>a (11)

where
A = 725h/(ce“’8v1 + enva),

B = d®*(epve — ce“ﬂvl)/(ce“ﬁvl + enve),
1 = F(253a _aIB)7
vy = F(1,3,—ap).
Here, we should note that the potentials (10) and (11)
are analytical solutions of graded composites having
the exponential profile because the Kummer function
is analytic over the whole complex plane, which is not

limited by the parameter b. This conclusion has also
been given in Ref.[22, 23].

Case (B) the general power law profile &;(r)

c(b + r)*. Taking the limit 3 — 0 to Egs.(8

and (9), we obtain the following limits: a;
1\’ ,

< - b> (a1)i(B1)i/(m1)ia! (where oy = (2 +k —

VE2+4)/2, 81 =2+ k+ Vk2+4)/2, 1 = 3),

[e%S) ' a
Zaial = F<a17ﬂ17717_g>7
i=0

~~—
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. . . . _ P _
Zairl _ F(al,ﬂl,”/l,—g) radial part of potential is R, (7) r Z a;r'
i=0

and

iz—{—l )a;a

=0

F(alaﬂh’}/la >

a« a
1181F<0{1+1,ﬂ1+1,’)/1+1,—5>,

b m

where F(ay, 4,

function.?”] With these limits, we have

~v1,z) is the hyper-geometric

IN
S

r r
Pi(r,p) = —A ZF(auﬂl,’h - E) cos(p)Ey, r

12
Dy (r, @) = —(r + Br ) cos(p)Ey, 7> a ElS;
where
Ay = —2aey, /[cvr + epva],
B =d*(A1F/b—1),
€= —afb,

F = F(a1, B1,7156),
Fi = F(ar+ 1,8 + 1,71 + 1;€),
=(b+ a)k(ﬁF-l-fzalﬂl’Ylel)a
vg = EF.

It is also noted that Egs.(12) and (13) are the analyt-
ical solutions of general power law graded composites
since the hyper-geometric function is analytic over all
Thus, the

potential solutions are convergent in whole complex

complex plane except its singular points.

plane.

Case (C) the product profile &;(r) = cr*ef". In this
case, it is invalid to take the limit b — 0 to Egs.(8) and
(9) because the potential solution of cylindrical inclu-
sion is convergent in the range of r < |b|. However, for
the limit b — 0, the power series solution of graded
composites having dielectric profile &;(r) = crfe”” can
be solved from the Eq.(5).
nent p is obtained by setting coefficient of the low
+kp—n?)ag = 0. So,
(—k £ V&2 + 4n?)/2. Moreover, if we set

the coefficient of the power series term P to be zero,

The characteristic expo-

power term rPT1 to be Z€ro, (p2

we have p =

the iteration relationship between the constants a; and
a;_1 is obtained, a; = —B(p+i—1)a;_1/i(2p+ k +1)
or a; = (=B3)(p)i/i'(2p + k + 1);.

series Y a;r" is convergent in the whole space. The
i=0

Clearly, the power

P F(p,2p+k+1,—pr), where p = (m k)/2,
and F(p,2p + k + 1,—0r) is the Kummer function.

Using the boundary conditions, we have the potential

solutions
dsi(T: (p) = AITpF(p7 2p + k + ]-7 7ﬂ7ﬂ) COS(SD)E(M (]‘4)
¢h(r7 SD) = _(T + B,,,*l) COS(SD)E(N (]‘5)
where
=(Wk%?+4-
A = —25ha1_p/(cakea6v1 + enva),

U1 :pF(p—{—l,Zp—{—k—{—]_,*a,B),
V2 = F(pa2p+ k + ]-afaﬂ)a
B = —ad*(AjaP vy + 1).

It is clear that Eqgs.(14) and (15) are analytical solu-
tions and valid in the whole complex plane because of
the Kummer function, and we have demonstrated this
conclusion in Ref.[23]. In addition, it is easy to derive
the potentials of graded composites having the simple
power law profile ¢; = cr® from Egs.(14) and (15) by
setting B = 0.

3. Effective dielectric response

In the dilute limit, we shall estimate the effective
dielectric responses of graded long cylindrical compos-
ites having the generalized dielectric profile by means
of potentials in inclusion region, where the unidirec-
tional parallel cylindrical inclusions are dispersedly
immersed in a host. We define the effective response ¢,

of graded composites with the volume averages of the

electric displacement and the electric field, D = ¢ E.
Using Landau’s formula, we have!2®!
—/ —¢en)Edv = (¢, — &) E, (16)

where V' denotes the volume of the whole composite
region. Substituting the potential of a single cylindri-
cal inclusion into the equation (16) under the external
uniform electric field E, we obtain the effective re-

sponse formula in the dilute limit
ce = en + fidi(enHy — ca *Hy), (17)

where f; denotes the volume fraction of inclusions and

A; is given in Eq.(8),
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Z 1+ 1 az+1-[z+2 + 2a1Il+1]
=0

j / ri(b—r)*edr, (where i=1,2,3, ).
0

In order to calculate I;, we introduce a linear
r +b to I; so that I, =

efrde, 1,2,3,---

transformation =z =

e~ 0P a+b( —b)ixh where, ¢ =

Thus, we have
a+b

Ii :e_bﬁ/

b

7bﬁ Z Cm

b .
Tor = fba+ i~ tRefrdy. Here, we should

note that, for the given finite value of parameter

i

Z CrgimmrkefT(_p)m | da

mk7

where

k, the value of quantity T, ; is easily calculated in

terms of power series expansion of the exponent term,

eﬁz — i;éo (ﬂ’:') .

Now, we shall directly give the effective dielectric
response of graded composites for three cases of di-
electric profiles by using Eq.(17) or their potentials of
Section 2. In the dilute limit, we have the effective

dielectric responses of the three cases.
Case (A) exponential profile &;(r) = ce®",

e = en + 2fi A1 (enus — ce®Puy),

(18)

where A, is given in Eq.(10).

=(1—-e " —aBe™"?)/ap?,

uy =(e" % +aB —1)/a®32.

In the above derivation process, the Kummer func-
tion F(1,3,—aB) = 2(e”* + aB — 1)/a?B? and
F(2,3,—aB) = 2(1 — e — aBe=)/a?B3? are ap-
plied. If the radius of long cylindrical fibre is the unit
length, our result is that same as that of Eq.(14) of
Ref.[22].

b—|—r

_2b_

iy

alaﬁlvfylv__

Case (B)
c(b+r)*,

the general power law profile ¢;(r) =

€e = €n + 2fi A1 (CU3 — EhU4), (19)

where the coefficient A4, is given in Eq.(12). To calcu-

late the coefficients uz and u4, we define an integration
I(k,0, 8,7 7)
:/ b+ r)kF<a,ﬁ,'y, —C)dr
0 b
a+b r
:/ rkF<a,/3,'y; 1-— —>dr
b b
k+1

_15<n,k,a,ﬁ,7; E)
b
where

’5<’I’L,k,0&,ﬂ,’y; g) :U<Tb,k,a,ﬁ,’7; 1- z)
b b r=a+b

—v<n,k,a,ﬂ,’y;1 - %)
’U<nakaa)ﬁa7;]— - %)

:(—b)”(k)n_lrk_”+1F<a —-n,B-ny—n;1— f)

)
r=b

(k)1 = k(k —

D(k—2)--(k—n+2), (k)o=1.

So, using the formula

dF(a—1,8-1,7v —1;2)/dz
:(a o 1)(ﬁ - 1)(’7 - 1)71F(a7/877;z))

we have

) + %rdF <a17i1r,71; _£>]rdr

k—l—l a1, B1, 71 b> — bl (k’al’ﬂl”yl;%)]

_ (ab)*2a1ﬂ1(271)*1 |:I (k +2,a1+ 1,6 +1,v1 + 1; b)

a a
— 9l <k—|—1,a1—|—1,51+1,71+1;g> F 0T (k,a1+1,ﬁ1+1m+1;b)],
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r
1 dF<a17ﬂ17fyl; _g>
a 2! ay, B1 71'75 + =r rdr
R 2 dr
0
a a
~la=? [I<1 at, B1,71; b> - bI<0,041w31,719 g)]
— (ab) a1 f1(2m1)” {1—(2 ar+ 1,5 +1Im+1 b>
- 25[<17041 +1,61+ 1,7+ 1 %) + b1 <0 a1+ 1,6+ 1,7+ 1 b)]
It is noted that I{O0,aq,l1,71; % = a because DEDA method,
Fla, fr,m;2) =1L when k =0 (ie. oy =0). —/ — enE)dv = 2 fibaip(a)en Fo, (21)

Case (C) the product profile &;(r) = crfe?",

k

€e = en + fiA1(enus — ca ePPus + cug), (20)

where us = a? 1 F(p,2p + k + 1, —ap),

Ue :a72/ F(p,2p+k+1,fﬁ’l‘)
0
X eﬁr(k + 5r)rp+kdr

(p+k+1)m

_a;ﬂ+k 1 Z m' 2p+k+1) (a/@)m

(s peithees)
p+k+m+1 p+k+n+2)/)°

It is clear that, for the unit radius of cylindrical inclu-
sion, the equation (20) is the same as that of Eq.(12)
of Ref.[22].

4. Differential effective dipole ap-
proximation for estimating the

effective response

In this section, we shall estimate the effective re-
sponse of graded cylindrical composites by means of
the DEDA method!” and compare this method with
the first-principle approach of Section 3. For three-
dimensional problem, Dong et all'® tested the va-
lidity of the DEDA for linear profile and power-law
profile of spherical inclusions. Furthermore, Dong et
al’ and Huang et al[2% extended the DEDA method
to discuss the electric response of graded composites
having anisotropic gradient profiles of spherical inclu-
sions using the differential equation of dipole factor.
In this paper, for the two-dimensional problem, it is
easy to derive the effective dielectric response formulas
of graded cylindrical composites having the isotropic

gradient profile of cylindrical inclusion ;(r) with the

where V is the volume of the whole composites, and
baip(a) is the dipole factor of graded cylindrical com-
posites at the radius length of cylindrical inclusion
a. For a radius length of cylindrical inclusion, r, the
dipole factor function by;, () satisfies the following dif-

ferential equation,

dbaip(r) _ [1+ baip(r)]*ep — [baip(r) — 1]%&i(r)?
dr 2rene;i(r) ’
(22)
where the initial condition b4;p(0) = [g(0) —
en)/[€i(0) 4+ en]. Considering the Eqs.(16) and (21),
in the dilute limit, we have the effective dielectric re-
sponse formulae of the DEDA method,

Ee/Eh =1+ 2fibdip(a). (23)

Next, we test the validity of Eq.(23) by compar-
ing it with the exact results of Section 3 for four
cases of cylindrical dielectric profiles. Clearly, at least,
the equation (22) can be solved for arbitrary inclu-
sion dielectric profile &;(r) numerically. For four cases
of inclusion dielectric profiles &;(r) = c(b + 7)ke’",
ei(r) = e, &i(r) = c(b+ r)* and &;(r) = crFe’T, the
effective responses obtained from the Eq.(23) of the
DEDA method are compared with the exact results of
In these
figures, the equation (22) is solved numerically by the

Section 3 from Fig.1 to Fig.4, respectively.

fourth-order Runge—Kutta method with the step size
0.01. It is clear that the DEDA method is valid and is
in good agreement with the exact formulas. Therefore,
in the dilute limit, the DEDA is a very useful method
for estimating the effective response of graded com-
posites having complex dielectric function of inclusion

if we cannot get the exact solutions of local potentials.
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1.5 —O— exact, f;=0.05 —o—DEDA, f=0.05—A— exact, fi=0.1

—»—DEDA, f;=0.1 —%— exact, fi=0.2 —e—DEDA, f;=02

Fig.1. The effective dielectric response contrast ra-
tio X = ee/en of graded composites with €;(r) =
c(b + r)kefT as function of the parameter k, where,
c=1,b= 3, 8 = 0.5 and the radius of cylindrical
inclusion a = 1. In this figure, for the volume frac-
tion of inclusion f; =0.05, 0.1 and 0.2, the effective
responses obtained from the exact solution and the

DEDA method are compared, respectively.

1.5 «- O-- exact, f=0.05--o--DEDA, £;=0.05—f—exact, £i=0.1
— % — DEDA, 5;=0.1—0— exact, ;=0.2 —e—DEDA, £;=0.2
1.4}
1.3}
8
1.2}
1.1
1.0L® . . s s
0 2 4 6 8 10

Fig.2. The effective dielectric response contrast ratio
X = e/ep of graded composites with g;(r) = ceP”
as function of the parameter 3, where ¢ = 1 and the
radius of cylindrical inclusion a = 1. In this figure,
for the volume fraction of inclusion f; =0.05, 0.1 and
0.2, the effective responses obtained from the exact so-
lution and the DEDA method are compared, respec-

tively.

5. Discussion and conclusion

As a theoretical model, we have studied the local
potential solutions and effective dielectric response of
graded cylindrical composites having the generalized
dielectric profiles in terms of power series method.
The local potentials of graded composites with gen-
eralized profile are different from that of graded cylin-
drical composites having the simple dielectric profiles

such as general power profile, exponential profile, lin-

1.6

—O— exact, f;=0.05 —o—DEDA, f,=0.05—4— exact, f;=0.1
—»—DEDA, f;=0.1 —%— exact, fi=0.2 —e—DEDA, f;=02

Fig.3. The effective dielectric response contrast ratio
X = ee /ey, of graded composites with &;(r) = c¢(b+r)F
as function of the parameter k, where ¢ = 1, b = 2
and the radius of cylindrical inclusion a = 1. In this
figure, for the volume fraction of inclusion f; =0.05,
0.1 and 0.2, the effective responses obtained from the
exact solution and the DEDA method are compared,

respectively.

1.1

—O—cxact, ;=0.05 —o—DEDA, § =0.05—A— exact, fi=0.1
—%—DEDA, f=0.1 --¥--exact, =0.2 --@--DEDA, £=0.2

0.8r i

0.7 . . . .

Fig.4. The effective dielectric response contrast ratio
X = ee/ey of graded composites with e;(r) = crkef”
as function of the parameter k, where ¢ =1, 8 = 0.5
and the radius of cylindrical inclusion a = 1. In this
figure, for the volume fraction of inclusion f; =0.05,
0.1 and 0.2, the effective responses obtained from the
exact solution and the DEDA method are compared,

respectively.

ear profile and the product of the exponent and the
simple power profiles. In functionally graded materi-
als engineering, the effective response of graded com-
posites having generalized profile will be more con-
trollable than other simple profiles due to more con-
trollable parameters in the inclusion property profiles.
From our results, we have sorted out the effective re-
sponses and the local analytical potentials of graded
cylindrical composites having two cases of profiles, i.e.

the general power-law and the exponential profiles,
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respectively. Therefore, the effective responses and
the local potentials of generalized profile composites
should be useful to modulate the responses of graded
composites from the general power-law profile to the
exponential profile and will be very useful in appli-
cations in nonlinear optical processes, like the non-
degenerate four-wave mixing susceptibility in graded
composites. In addition, in the dilute limit, our ef-

fective response formulas of graded composites hav-

ing four differential profiles have demonstrated that
the DEDA is actually valid for arbitrary gradient
profiles.17=2%] Furthermore, it is easy to investigate
the spherical graded composites having the general-
ized dielectric profiles by the power series method,
and, on the basis of our results, the nonlinear re-
sponses of weakly nonlinear graded composites can be
calculated by combining the perturbation method and

the decoupling approximation.[?-8:2]
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