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We develop a microscopic theory of the nematic phase with consideration of the effect of the collective excitation

on properties of nematic liquid crystals. The model is based on the Heisenberg’s exchange model of the ferromagnetic

materials. Since the orientation of the molecular long axis and the angular momentum of the molecule rotating around

its long axis have the same direction, operators can be introduced to research the nematic liquid crystals. Using the

lattice model and the Holstein—Primakoff transformation, the Hamiltonian of the system can be obtained, which has the

same form as that of the ferromagnetic substance. The relation between the order parameter and reduced temperature

can be gotten. It is in good agreement with the experimental results in the low temperature region, the accordance

is better than that of the molecular field theory and the computer simulation. In high temperature region close to

the transition point, by considering the effect of the higher-order terms in the Hamiltonian, theoretical prediction is in

better agreement with the experiment. That indicates the many-body effect is important to nematic liquid crystals.
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1. Introduction

As far as the microscopic theoretical description
of the nematic liquid crystals (NLC)~7 is concerned,
two aspects should be included: one is the micro-
mechanism which result in the molecular orientational
order, the other is the statistical method. Since the
pioneering work of Onsager and Ann,® Flory!®! and
Maier—Saupe,['%1!] a large number of molecular the-
ories of nematic order have been proposed, and all
but a very few of them fall into one of the follow-
ing two groups: (1) The Maier—Saupe theory and its
extensions and variants, which assume that nematic
long-range order results primarily from orientation-
dependent intermolecular attractions. (2) The hard-
rod and van der Waals theories, in which the ne-
matic order is assumed to result from the orientation-
dependence of the very short-ranged intermolecular

repulsion. The method adopted in the Maier—Saupe

theory resembles the one treating the mean field in the
ferromagnetic theory. The method of cluster expan-
sion of the imperfect gas statistic theory is adopted
in the hard-rod theory, and the two-particle group is
considered only. Certainly, the development of the
microscopic theory of NLC should include the above
two aspects, such as Rajan and Woo who adopted the
method of Born-Green-Yvon in liquid theory.['2! But
this modification cannot reflect sufficiently the influ-
ence of the collective excitation. The collective exci-
tation is a kind of many-body effect, which deals with
the correlation of the molecular motion. We know that
the coulomb potential between electrons in metal will
be shielded owning to the collective effect, and liquid
helium shows the superfluid phenomenon due to the
collective effect. Because NLC is the many-body sys-
tem that contains a large number of molecules, we be-
lieve that for NLC, collective effect should be consid-

ered, which can influence the molecular orientational
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order.

Spin wave theory was proposed in 1930 by Bloch.
There is a kind of the significant elementary excita-
tions in solid-state theory arising from the interactions
between local spins. For a spin system composed of
N lattice points, only considering the exchange in-
teractions of the nearest neighbour lattices and as-
suming that the exchange integrals J are the same,
then the interaction of the spins can be expressed as
V=-2J5% S - ,§j = —2 3% V;j, where > denotes

(4,9) (4,9) (4,4)
the sum over all nearest pairs of molecules. That is
Heisenberg’s exchange model.[*3] Using the model, the
correlation of the molecular motion can be included
and the intermolecular interaction potential of NLC
can be obtained. A five-dimensional vector is intro-
duced to denote the order parameter tensor in the
second part of this paper. Every component of the
five-dimensional vector can be expressed using the an-
gular momentum operators. Then, let the operators
act on the orientational quantum state |n) = |I,m)
and make the Holstein—Primakoff transformation,!*4
the two-body interaction potential can be expressed
with the creation operator and the annihilation oper-
ator. For researching the influence of the collective
excitation on the system properties, expression of the
creation operator and the annihilation operator in mo-
mentum space can be gotten using the Fourier trans-
formation. These operators can operate on all the
lattice point and represent the collective coordinates.
By using Bose—Einstein statistics and numerical cal-
culation, the relation of the order parameter and the
reduced temperature can be obtained. The results we
obtained by our theory are in good agreement with
those of the experiment, especially in the low temper-

ature region. Next, by considering the influence of the

G (

higher-order items, the modified relation of the order
parameter and the reduced temperature can be got-
ten. It is shown that in high temperature region, the
numerical results approach the experimental points.
Our results fall between the results of Maier—Saupe
and HJL, and the tendency of the curve is the same
as theirs. That indicates the many-body effect is im-
portant to NLC. At last, the molecular field is used
to solve the transition point in high temperature re-
gion. By calculating a self-consistent equation that
the order parameters satisfy, we obtain that the order
parameter is 0.4111 at the transition point, which is
close to the Maier—Saupe’s result of 0.4289.

2.0perator expression of the or-

der parameter tensor in NLC

2.1. Intermolecular interaction potential and
operator expression of the order parame-
ter tensor
For the rod-like nematic molecules, only consid-

ering the interactions of the nearest neighbours, the

interaction potential between the ith and the jth

molecules can be expressed as
Vij =U(rij) Pa(cos 0i;) = U(ri;) Pa(£2; - 2;)

=U(r;;) {; cos® 0;; — %] , (1)
where U(r;;) is only related to the molecular centre-
of-mass position, so it is called the radial interaction
potential; P»(cos6;;) is the second Legendre polyno-
mial, it is only related to the molecular orientation; §2;
and f2; are orientation unit vectors of the molecular
1 and 7, respectively; 6;; is the angle between 2; and

;.

J
Usually, the order parameter tensor is defined as

o] (ua) (ar-t) (tna) |

(on)

where (2, = sinfcosp, {2, = sinfsinyp, 2, = cosb,
Using addi-

tive formula of spherical function and substituting into

< ... > represents statistical average.

1
) (-3

|
Eq.(1), we have

VYij - %U(T‘”) ZQ}LV(Z)Q}LV(J) (3)

For the rigid rod-like molecule, the unit vector of
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the molecular long axis is defined as orientation 2. We define the orientation operator
Assuming that the molecule rotates around its long R .
axis, the direction of angular momentum L also lies 0= % = (4)
along the long axis, therefore 2 and L have the same L] {1+ 1)h
direction, as shown in Fig.1.
R L, R L
= —=2—-, )= —=2%—,
VIl+ DR VIl+ DR
. L.
N, = —. (5)
I+ 1n

In this way, the unit vector {2 can be expressed with

operators, which is very crucial in our theory. Then

the solid-state quantum theory can be used to research
NLC. Substituting Eq.(5) into Eq.(2) and making it

symmetrical, the order parameter tensor @ can be

Fig.1. Sketch of the rod-like molecule. written as
|
3. 1 3 4 - PO 3, . - A
SL2 - Zl(l+ V)R S(LeLy+ LyL,)  =(L,L,+L.L,)
2 2 4 4
1 3, & PR 3. 1 3,4 - Ao
=——— | Z(L,L,+L,L 21+ (L, L,+ L.L 6
? 11+ 1)h? 4( yla v) 27 2(+ ) 4( ylz+ v) (6)
3 .~ & s 2 3, - F 7 3 72 1 2
—(LyLy+ L,L.) —(LyLy+ LyL,) —-L:—-ll+1)k
4 4 2 2
\
Obviously, as shown in the definition Eq.(6), the ﬁi _ ii _ l(ii + IA/2_)’
order parameter tensor is symmetric and traceless, i.e. 1 2 1
Quu:QuuaTrQZO- L, = §(L++L—)a Ly: E(L-F_L—)' (8)
2.2. 7 vector and its operator expression
Because the order parameter tensor Q is a sym- From Eqs.(6)—(8), the operator expression of 7
metric and traceless second rank tensor, it can be de- (k =0,%1,+2) can be obtained:

noted by the five-dimensional column vector T as fol-

lows:
3.3~ 1
S[SL2 - Zl(I+1)R?
3 . \/;[2 =+ DR
7'0:\/;(2337 T = —iQa3 + Q31, Ty =714, (14 1)h?

T0 =

)

3 . . F
S(LLo+L-L)

T—_1 = )

1 . *
T2 = 5(@11 = Qa2) +iQ12, T2 =775, (7) l(l+1)h2
3~ - A A
~ ~ ~ _(LZL+ + L+LZ)
We introduce the step operators Ly = L, +iL,. For Fi = 4 5 ,
convenience, the origin of coordinates is chosen at the 1+ 1A
molecular centre-of-mass, and then we can get the re- 2 [A,ﬁ_
. & o= ,
lations 2 I+ 1)h2
A a - 3.
[La, L,) = —ihL., 2
PN . Tio = 9
[L.,L.]=%hiy, [Ly L ]=—2hrL,, 2T+ 1)K ©)
Babe =02 P25 hi.,
Ez]iy + nyEE _ zi(i’i _ IA/2_)’ This definition satisfies the equation MZQWQW =
1 17
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7.7, thus Eq.(3) can be written as

Viy =50 [r @) ()
—5U ) [Fa(0)7-2())
+ 741(8)7-1(J) + Fo(1) 70 (4)
+71(D)741(0) + 7o2()T42()].  (10)

Supposing the orientational quantum state {|I,m;)

1,m;)} is a set of eigenvectors in (L?,L.) repre-

sentation, using L.|l,m) = mhll,m), Lill,m) =
1
Clml,mF1), C™ =[(1 £ m)(I F m + 1)]2, we have,
3.3
—[zm? — —l(l +1)]
. 2°2 2
7'0|l)m> = l(l T 1) |l7m>a
3(2m+1)Ctm
1|l =-——"—1|] 1
Talbm = gy B
_3(2m-1)C"
Thall,m) iw\l - 1),
T—2|lvm> = l(l + 1) |l)m+ 2>7
13 molm—1
42|l \/;205_ o l 2 11
Aualtym) = 422 pm =), ()

2.3. Holstein—Primakoff transformation

|l,m> represents a orientational quantum state,
Let n=1—-m

then the single molecule orientational quantum state

where [ is invariable, m is variable.

can also be expressed as |n) = |I,l — n). Creation
operator and annihilation operator are introduced as

follows:

&|n> = \/E|7’L - 1>v

atln) = vVn +1jn+ 1),
[a,a"] =1, a'aln) = nln), (12)

where a' is the quasi-particle creation operator, @ is
the quasi-particle annihilation operator, aa is the
quasi-particle number operator. Applying these op-

erators to the orientational quantum state, we have

aln) =all,l — n) = a|l, m)
=VI—mll,l = (n—-1)) =

afln) =a'|l,1 —n) = a'|l,m)
=VI—m+1|l,l - (n+1))
=VI—m+1ll,m—1). (13)

VIi—m|lym+1),

So 7, can be expressed by a' and a,

N 1 /3 1
To — 5\/;m[l(2l —

320 —1—2afa
Fo= 2R 224 o Gtaa,

1) — 321 —afa)a'al,

4 I(I+1)
320+1—2afa

Fog= /2l —ata + la

T41 1 l(l+1) a'a+ la',

1\/2l —afaaa,

. 3 /1 1 =
T_9 = 5\/;m\/21—a a —

R 3 /1 1
m—iﬁmm‘

Equation (10), the intermolecular interaction poten-

ata+2v/20 — ata + 1atal

(14)

tial, can be rewritten with the creation operator and

the annihilation operator as

2 9 i ata
Vij gU(rij) W(alalajaj—{—azaia;a})
9 ata oo~ ot
+ Z(aiaj + ady)
3 it
+ ﬁ(l 3a,a;)(l — 3a ) (15)

3.System Hamiltonian in lattice

model

3.1. System Hamiltonian in primary approxi-
mation
It can be estimated that [ > 1. This estimation

can be proved as follows: for L = [w, rotational ki-

netic energy can be expressed as 1Iwz = —kgT, where
I is rotational inertia of the molecule. So we have
L2 = IkgT, (I + 1)h*® = IkgT. Using approximation,
when [ is comparatively large, the formula can be ap-

1
ﬁ(IkBT)%. For NLC molecules,
I approximately equals to 1074 ~ 10~*"kg-m?,[1]

proximated as [ =

at room-temperature, taking numerical estimation we

can get [ ~ 10 ~ 102. So the assumption [ > 1 is rea-
n

sonable. With this estimation, we have 7 < 1, and

using Eq.(14), 7 can be approximately expressed as

- G A ot
IR —a, T —a',
YTvar Tt T v
N 13, . 13...
T_9 R \/;Yaa, T2 ~ ETaTaT (16)

Thus, the intermolecular interaction potential func-
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tion of Eq. (15) can be expressed approximately as

2 9 .
Vij =3U(rij)l5; (afa; + a;al)
3
+ 2l(l—3a a; — 3al 5a5)]- (17)

The lattice model is adopted in our theory. Sup-
posing NLC system is composed of N lattice points.
There is a molecule at each lattice point. Only con-
sidering their nearest neighbours, using Eqs.(10) and
(16), the Hamiltonian of the system can be written as

N 1 2«9
H, %gU(ﬁ'j)?)Z [21( Yairs +a; aT+5)

,L7

3
+ = 51 (1— 3a a; — 3a +5a1+5)}

ZNU( ri;) — 3U(T” ZZ il a;

) S @lngs + wialy), (18)

.0

)

where we suppose that the molecules between two lat-

tices have the same U(r;;); N is number of molecules

1
of the liquid crystal system, the factor 3 is required
to avoid counting intermolecular interactions twice,
>~ represents that the summation is exclusive of the
0o
terms with 6 = 0. Because of U(r;;) < 0, replacing
U(rij) by —|U|, then Eq.(18) can be rewritten as

H, E0—|—3Z ‘Z“TA
Bl
| 'z (@lass +aial),  (19)

where By = —ZN|U|/2.

Hamiltonian of ferromagnetism is

In spin wave theory, the

Hy=—ZN|J|S* +2Z|J|S Y aja
l

IS (@fares +awal,s).  (20)

1,5
It is clear that the forms of Eq.(19) and Eq.(20) are
in good agreement. Transferring Eq.(19) from coordi-
nate space to momentum space, the Hamiltonian can

be rewritten as

A Ul 1 | o
Hy=E, + 3ZT Z N Zexp (i(k — k') - Ri)bz,bk

% kK’

3 U 1
| |ZI Z (exp (—ik" - R;)exp (ik - RZ_,_(;)bk,bk +exp (ik - R;)exp (—ik - Rl+5)bkbk,)

7,0 k,k’

=Fq + Z hwki)LIA}k,
k

U] _ 1
] (=), 7 = ZZeX

é

where hwy, = 37
Y—k-

p (ik-8) =

Crystals have the property of inversion symmetry.
Different crystals have different =4, so the relation be-

tween frequency of spin wave and wave vector k can

hwy, = ( Zexp (ik - 5>

where a is the lattice constant.

3.2. The modification to the Hamiltonian by

considering the higher-order items

From the Eq.(14), for ? < 1, using the Taylor

(21)

be calculated by combining the symmetry of the crys-
tal in ferromagnetic theory. Under low temperature
circumstances, by using long wave condition to ex-
pand i, we can solve hiwy. Because the long wave
dispersion relation of sc, bec and fec are the same, we

have

N’lw

U] U] 242
l;ka_:sl k2, (22)

2
n
expansion and saving to the higher order item <7> ,

A"‘ ~ /\T ~

ataa'a . . .
ie. —z > Wecan obtain the two-body interaction
potential
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Vij=— ;\UH’?H(Z')?LQ(J') + 711 (0)7_1(4) + To()T0(F) + To1(8) 741 (J) + To2(8) T2(5)]

3 9 4. .. it ot 9 it . N
_ —U|{ [ 5] (aTaJ + aia;r. — a}ai — a;r.aj) + ﬁ(ajajajaj + azaza;a;)
. it ata 45 v v, . U et ta
+ E(aTalaTal + a;aja;aj) — @(aja;ajaj + ajaia;raj + aza;a]a; + aIazaza;)
27 .+ o+l
+ ﬁajaia}aj}. (23)
Only considering the interaction of the nearest neighbours (j = 7 + §), the Hamiltonian of the system can be
written as
H=H, + I
:——U|Z{[ aaH(;—l—aZ L_&_aTaz—aL&aHa)
9 atats St ot ts t
+ ﬁ(aiaiaﬁsaﬁa +@iaia;, 50;,5) + 5 YIE (a; aza a; +a, +6a1+5a1+5a1+5)
45 .+ Lo s 27 4. 1 .
- 8?( al I+5az+6az+6 + a a aTaH_(; + a; aj+5az+6a;r+5 +a a aiai+5) + 53 212 Ia a;r+sai+5}v (24)
where
\Z { (af Jits + s aj+5 - aTal - a:r+5a2+5)} (25)

= —|U| a al+5az+5 + a;a;a I 5aj s) T (aTaza a; +al 5az+5aj s@its)
212 + + 412 i+ +

45M o o 27 R
- @(al Gl s0itstis +ala;alais + aial, saigsal s+ alaaal ) + T —ala; aj+5ai+5} . (26)

Transferring Eq.(26) from coordinate space to momentum space, then
3 Z

H, = Z|U|W Z [5(Yk—g +Va) = 6Vk—p1—qg — 2 — 47k+k']bz qbk/ﬂbk/bk, (27)
k,k',q

|
1 b 1=t A=
where we use N S expli(k—k')-8] = Sppr, S vk = 0. Sk ks [br, brr] = 0, [bl»blf] =0, we can get
S k

Eq.(27) represents the interaction between the quasi-

PN |U| A

particles, the quantum of k and k' are annihilated, the [br, Ho| = 3ZT(1 = Tk)br, (29)
quantum of k — q and k' + g are created, which is the
typical interaction between the quasi-particles. The
interactions between the quasi-particles have modified [bk, Hl] 5 Z|U2‘ { 2[5(’% + ) — 6y g — 2
effect on hAwy,. 4 NI k',q

From H = I:IO + I:II, the motion equation of bAk - 4’Yk+k’+q]b;rc'+qbk’bk+q
can be established: + 2[5(7’“*‘1 + Y —q) — 6Yg—pr — 2

k'.q
N AP X G
lhabk = [bkaHO] + [bkaHl] = hwk(T)bk, (28) - 4’Yk+k’q]b1];,lqbkqbk’}~ (30)

Taking the linear approximation and using the for-

using the expression of the Hy and Hy, Eqs.(21) X A
mula > ye_w < N S = Ve Y Ve < N >, Eq.(30)
k' K

and (27), and the commutation relations [l;k,i)z,] =



No.1

Molecular theory of nematic liquid crystals viewed as... 169

can be rewritten as

I Z|U]| 15
[br, Hy] = — Tl_z(l - M)
x> (1 =) < blber >1 b (31)
kl

Substituting Eqgs.(29) and (31) into Eq.(28), we get

0 |U|
—by, =37—(1—
iho by =32 (1 =)
A1 250 - ) < blbe > b
Nl — Vi k'Ok! >T k-
(32)
Comparing Eq.(28) with Eq.(32), we get
U 5
hat) =320 1= Jen] .
where e(T") is the renormalization factor,
1 .
e(T) =+ > (1 =) < blbr >
kl
1 .
=¥ > (=) < fu >r (34)
kl

4. Result and discussion

4.1. The relation of the order parameter and

the reduced temperature

Choosing z-axis as the preferred direction of the

molecules in NLC, from Eq.(2) we have

S
2 0 0
2
Q=1 o -2 o |, (35)
2
0 0 S

where S is the order parameter, and S = (Q33>T =

3
(P(cos 0))y. From 7y = \/;Q:),g, we can get

S = <Q33>T = 2

under the primary approximation, we have

S:\/§<\/g%(l—3dj&i)>T

_ 3 1 - : A
=1 7Z<ﬁ2exp(1kz ~Ri)exp(1k-Ri)bk/bk>

kk' T

31 cte
=1— Yﬁzk}bkbm, (37)

according to the Bose—Einstein statistic relation, we

can get
~ia . 1
<bzbk>T = (f) = Then (38)

then,

. 14 4rk?
Z<nk> :(27r)3 / eBhw _ 1dk

k
N (kpTI\?,(3
i (am) €(G) @

Thus, the relation of the order parameter and the re-

duced temperature can be expressed as

3 (kpTI\? /3 2
S=1—- — — | =1-CT2 40
81f<37r|U> 5<2> e (40)

3 (1)\? kgT
here C = — | — ) 2612,V =—-, T = —
R 37r> A
and f is the structural coefficient( for the structure of
simple cubic, f = 1). When [ = 200, the relation of

the order parameters to the reduced temperature T

Na?

can be obtained, which is shown in Fig.2.

T T

0.60} - f161 4

experiment results
our results

040

0.30 . :
0.90 1.00 1.10 1.20

Tr

Fig.2. Dependence of the order parameters on the

reduced temperature.

It can be seen from Fig.2 that the order parame-
ter S decreases as the reduced temperature increases,
which shows that the order degree of the system is
destroyed by heat motion of the molecules as the tem-
perature increases. The results we get are in good
agreement with those of the experiments, ] especially
in the low temperature region. It is the first time that
the quantum theory is applied to research NLC. For
review articles and books dealing with this subject,
we may mention that most of the theories about NLC
have solved the order problems close to the transition
point, but in the low temperature region these theo-

ries do not hold. The collective excitation theory of
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NLC we proposed can solve the problem. Just as in
ferromagnetic theory, in order to discuss the relation
between spontaneous magnetization and temperature,
the theory of molecular field and high temperature
expansion approximation method are adopted at high
temperature region close to the Curie point; spin wave

theory is adopted in low temperature region.

When considering the higher-order items, un-
der the long wave approximation, combining with

Eqgs.(33), (34), (37) and (38

tion which the order parameter satisfies can be ob-

), the self-consistent equa-

tained, and the order parameter depends on reduced
temperature. Thus, the relation of the order parame-
ter to the reduced temperature can be calculated nu-

merically, which is shown in Fig.3.

It can be seen from Fig.3 that the higher-order
terms have almost no effect on the relation of the or-
der parameter and the reduced temperature in the
low temperatures, but at high temperatures region,
the slope of the curve increases remarkably and our
Although

the results of Ref.[17] agree well with experimental

results approach the experimental points.

ones, there are adjustable parameters in it. Figure 3
also shows that our results fall between the results of
Maier-Saupel'' and HJL,['7l and the tendency of the
curve is the same as theirs. That shows the many-

body effect is important to NLC.

0.60F

0.50
0 RN 3
e Maier—Saupe’s results!l 4 AN
AN
040 - HJIL’s results(!7] A g
= experimental results!6l R
L unmodified results o
--a-- modified results :
0.30 L L L
0.90 0.95 1.00 1.05 1.10

Tr

Fig.3. Dependence of the order parameters on the re-
duced temperature when considering the higher-order

terms.

4.2. Calculation of the nematic-isotropic tran-

sition point

We use the theory of molecular field[*8:19] to calcu-
late the nematic-isotropic transition point in the high

temperature region close to the transition point. From

Eqgs.(10) and (36), we have

=l > A OIZ(0))

N
- %|U\/gSZ;%O(i). (41)

Equation (41) shows that the system energy is the
summation of the molecule interaction potentials. In
Eq.(41), we adopt a approximation of substituting
7 (7) for (Fp)p

The Hamiltonian of a single molecule can be ex-

A 1 2 .
i = §|U|\/;SZTO, (42)

the statistical average of 7y is

which is the statistical average of 7.

pressed as

313 1
. —l=m?—ZI(l+1)
s Vzlzm o o BE.
~ m=—1 l(l + 1)
() = : L (@3)
Y e=BEn
m=—1
where
1
—=|U SZ 44
o2 ES) (44)
Ul
Defining ¢ = 4Zk T then
S l 3 m2 —gsm?2
S oy s e T+
Z0m=1 1 21(l+1) 1
S == ~ 1 esm? - 5 (45)
SOy e
I=0m=-1

Obviously, S = 0 is a solution of Eq.(45), and none
zero solution must exist. By numerical calculation,
we can find that the order parameter is 0.4111 at the
transition point, which is close to Maier—Saupe’s re-
sult of 0.4289.[17]

In the microscopic theory of NLC put forward in
the paper, quantum theory2%21l is adopted, and the
effect of the collective effect on the molecular orien-
tational order is explored. As is well known, liquid
crystal is considered to be a kind of classical fluid, the
quantum effect do not exist. But the quantum effect
in NLC is proved in our work. The mass of the liquid
crystal molecule is about three or four times as that of
the atom U?3®, which is comparatively large. When
considering the molecular orientational order, the cor-
responding effective mass should be calculated. We

use Eq.(22) to estimate the effective mass meg of the

2
U] o0 _ 1O

We could have fiw, = 3— ,
l Qmeﬂr

molecule.
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is about 10~2"kg, so it is not strange for the NLC to

show quantum effect.

h?l ,
SO Meff = ————=. Meg can be very small, its order
6|U|a?
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