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The massless scalar quasinormal modes (QNMs) of a stationary axisymmetric Einstein-Maxwell dilaton—axion

(EMDA) black hole are calculated numerically using the continued fraction method first proposed by Leaver. The

fundamental quasinormal frequencies (slowly damped QNMs) are obtained and the peculiar behaviours of them are

studied. It is shown that these frequencies depend on the dilaton parameter D, the rotational parameter a, the multiple

moment [ and the azimuthal number m, and have the same values with other authors at the Schwarzschild and Kerr

limit.
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1. Introduction

The evolution of the external field perturbation
around a black hole is dominated by three stages:!
the initial wave burst, the damped oscillations called
QNMs and the power-law tail behaviour of the waves
at very late time. The QNMs of black holes have been
studied widely because they give information about
the main parameters of a black hole such as its mass
M, charge @ and angular momentum per unit mass
a = J/M. For a long time people generally believed
that the QNMs are part of the signals which will be
registered by the gravitational wave detectors, and so
these will be a very important tool in astronomy in
the next years.!

Regge and Wheeler first studied the linear per-
turbations of static black holes in 1957.13] This pio-
neering work on this topic has led to many investiga-
tions concerning the evolution of various fields in dif-
ferent black holes. Vishveshwaral¥ and Press!®! first
found the QNMs through numerical computations of
the time evolution of the gravitational waves around
the black hole. Using a direct numerical integration
of the Regge—Wheeler equation, Chandrasekhar and
Detweiler[® proposed the first method for calculat-
ing QNMs numerically and gave the values of the

first few least-damped QNMs. Meanwhile, there have
been analytical attempts to obtain QNMs,[7=16] but
these methods cannot provide very accurate values of
the frequencies and break down for rapidly damped

modes.

In 1985, Leaver!” presented a continued frac-
tion method for calculating the QNMs of both static
and rotating black holes. Then, Onozawa et al
improved this method to account for the extreme
case in 1996.'8] Leaver’s method provides extremely
accurate values for the QNMs of each black hole
which involves scalar, electromagnetic and gravita-
tional perturbations.['®~2!] Recently it was extended
to compute the QNMs of the Dirac field.22-24 Al-
though there are several methods to precisely get the
QNMs for static black holes, the continued fraction
method is the only one which can be generalized to the

(19 and Kerr-Newman

rotating cases, such as the Kerr
black holes,21:24] where besides the quasinormal fre-
quencies we must evaluate the separation constants
which is the angular eigenvalues associated with the

Teukolsky equations.

Nowadays, it seems that the superstring theory is
the most promising candidate for a consistent quan-

tum theory of gravitation. So there have been a
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lot of investigations concerning the QNMs of dilaton
black holes.[25=28] For instance, Konoplya explored
the QNMs of the electrically charged dilaton black
hole and studied the effect of the dilaton parameter
on QNMs. Obviously they only discussed the QNMs
of the static, spherically symmetric black holes. Thus,
it is worthwhile to extend the investigation to QNMs
of the dilaton black hole to be the stationary ax-
isymmetric solution of the so-called low-energy string
theory.[29:30]

The main purpose of this paper is to calculate
the scalar QNMs of a stationary axisymmetric EMDA
black hole. In Section 2 we give a short description of
the continued fraction equations for the angular part
and radial part. In Section 3 we will compute the
fundamental quasinormal frequencies (slowly damped
QNMs, i.e. aw is small) of this rotating dilaton black
hole. The last section gives the summary and conclu-

2.Continued fraction equations

In the Boyer—Lindquist coordinates (¢,,6, ¢), the
stationary axisymmetric EMDA black hole solution is
given!?9:30 by

.2
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with ¥ =72 —2Mr 4+ a?, A =r? — 2Dr + a® cos? 6,
and D, a, and M represent the dilaton, rotational,
The ADM mass
is Mapm = M — D. Throughout this paper we use
G=c=1.

and mass parameters, respectively.

In the background geometry of the black hole con-

sidered, a massless scalar field @ evolves according to

>:& 2)

So we derive the master equation that governs the evo-
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lution of massless scalar perturbations of the EMDA

spacetime,
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In case of a t and ¢ dependence given by e @tFime we
get the separated differential equation for an angular

part of the perturbations,

[(1 - uz)}/lm,u(u)]u + (a2w2u2

-1

5+ Alm)Ylm(u) =0, (4)

and that for a radial part,

— Aim Rim(r) =0, (5)
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where u = cos .

For Eq.(4) A, is the angular separation con-
stant, and it is reduced to {(I+1) in the Schwarzschild
case. But for the stationary axisymmetric EMDA
black holes, we have to solve it numerically follow-
ing Leaver.['”) Boundary conditions for Eq.(4) are that
Yim (u) are finite at the regular singular points u = +1,
where the indices are given by +m/2. So a solution

to Eq.(4) may be expressed as

oo

2)lml/2 3

n=0

Vion(w) = (1 — a(1+u)",  (6)

—aw

where the superscript 6 denotes the association with
the angular equation. The expansion coefficients are
related by a three-term recurrence relation and the
boundary condition at u = +1 is satisfied only by its
minimal solution sequence. The three-term recurrence

relation is written as

0‘0“1 + ﬂo 0= (7)

CYnan+1 + ﬂnan + 72“2—1 = 07 (TL Z l)v (8)

where
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af = —2(n+1)(n+2m| + 1),

B% =n(n —1) + 2n(jm| + 1 — 2aw) — [2aw(|m| + 1)
— pml(ll 4 )] - (@ + Ay),

18 =2au(n + m). )

We will obtain the minimal solution if the angular
separation constant Aj,, is a root of the continued

fraction equation

00 00 0.0 0.0
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A solution to the radial Eq.(5) is obtained simi-
larly to the solution for Eq.(4). Obviously, the quasi-

normal boundary conditions for Eq.(5) are

Rin(r) ~ (r =) 7%,

Ry (r) ~ prHAM=Dlwgior oy 0o, (11)

asr—ry,

where

2(M — D)wry —am
oL = 5

and

b=2v/ M2 —a?.

Thus, our solution should be

le(,,,) :eiwr(r - T_i)fl+2i(M7D)w+io+

X (r —ry)Tio+ i a’, (: — :+>n (12)

n=0

The expansion coefficients here are again defined by a

three-term recurrence relation

apar + Byag =0,
onan iy + Bpan +pan_ =0, (n>1). (13)

The recursion coefficients are

ol =n?+ (co+ 1)n + co,
Br = —2n% + (c; + 2)n +cs,
Y =n?4(co —3)n+cqg—co+2, (14)

where
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 6i(M — D)o s(M—bD)w+21

X [2M(M — D)w — am] . (15)

The radial series solution (12) converges and the
boundary condition (11) is satisfied as the frequency w

is a root of the three-term continued fraction equation

TaT T rAT TAT
Qo1 X172 X273 A3V

Ry

(16)

To find these QNMs using Leaver’s continued
fraction method, we will seek the roots which satisfy
both Egs.(10) and (16) for a given set of D, a, [ and

m.

3. Numerical results

In order to compare with other authors’ re-
sults, we set 2Mapm = 2(M — D) = 1. Because
ry = Mapm + D £ \/(MADM + D)% — a2, we have

(Mapwm + D)2 > a?. Notice that the dilaton param-
[29,30]

eter D is negative but the rotational parameter

a is positive. Thus, as D — 0 and ¢ — 0 our re-
sults are reduced to the static Schwarzschild case, and
as D — 0 reduced to the rotating Kerr case. The
continued fractions Eq.(10) can be evaluated by us-
ing an excellent method known as the modified Lentz
algorithm.[31]

Because we are interested in the fundamental
QNMs (slowly damped QNMs) of the black hole con-
sidered, the angular separation constant A;, can be

approximated for small aw by perturbation theory:32

A = Ag + awA; + d®w? A5 4+ O((aw)®),  (17)
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where the coefficients are

Ao =1(1+1)—s(s+1),
2m.s?
Ay =8
YT+

Ay =H(l+1)— H(l) — 1,

with
2(l2 _ m2)(l2 _ 82)2
(20— )32 + 1)

H(l) =

This approximation still gives us the extremely accu-

rate values for these fundamental QNMs, and it makes

our computing easy. In this paper we only study the
case s = 0, i.e., the scalar field perturbation.

In Table 1 we give numerical results for the fun-
damental scalar QNMs with [ = m = 0 as a function
of dilaton and angular momentum. The left value in
each bracket is the real part of the fundamental quasi-
normal frequency wg, and the right one is the imag-
inary part wy. Dashed entries in this and the follow-
ing tables correspond to combinations of D and a for
which (Mapym + D)? < a?. Tables 2 and 3 give nu-
merical results for the fundamental scalar QNMs with

l=2,m=0and [l =m = 2, respectively.

Table 1. Fundamental scalar QNMs of the EMDA metric with I = m = 0 for selected values of the dilaton

and angular momentum. The left value in each bracket is the real part of the fundamental quasinormal

frequency wgr, and the right one is the imaginary part wy. Dashed entries in this and the following tables

correspond to combinations of D and a for which (Mapy + D)2 < a?.

a D=0 D =-0.1 D =-0.2
0 (0.220910, —0.209791) (0.238212, —0.213368) (0.260585, —0.217266)
0.1 (0.221535, —0.209025) (0.239078, —0.212226) (0.261789, —0.215056)
0.2 (0.223398, —0.206506) (0.241573, —0.208257) (0.264577, —0.206624)
0.3 (0.226342, —0.201397) (0.244600, —0.199110) -
0.4 (0.229074, —0.191402) - -
0.45 (0.227696, —0.183138) - -
a D =-0.3 D=-04 D = —-0.45
0 (0.291943, —0.221038) (0.343595, —0.221904) (0.390392, —0.215480)
0.1 (0.293461, —0.215597) - -
> 0.2 - - -
Table 2. Fundamental scalar QNMs of the EMDA metric with [ =2,m = 0.
a D=0 D =-0.1 D =-0.2
0 (0.967288, —0.193518) (1.04035, —0.198010) (1.13626, —0.203100)
0.1 (0.969828, —0.192911) (1.04410, —0.197018) (1.14239, —0.201252)
0.2 (0.977719, —0.190929) (1.05593, —0.193641) (1.16235, —0.194391)
0.3 (0.991872, —0.186957) (1.07790, —0.186160) -
0.4 (1.01423, —0.179323) - -
0.45 (1.02953, —0.172788) - -
a D =-03 D=-04 D =-0.45
0 (1.27266, —0.208572) (1.50083, —0.212329) (1.71088, —0.208579)
0.1 (1.28473, —0.204176) - -
>0.2 - - -
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Table 3. Fundamental scalar QNMs of the EMDA metric with Il = m = 2.

a D=0 D=-0.1 D=-02
0 (0.967288, —0.193518) (1.04035, —0.198010) (1.13626, —0.203100)
0.1 (1.03424, —0.192764) (1.12587, —0.196022) (1.25400, —0.198451)
0.2 (1.11929, —0.189862) (1.24210, —0.189782) (1.43728, —0.182529)
0.3 (1.23473, —0.182492) (1.42258, —0.171754) -
0.4 (1.41365, —0.163040) - -
0.45 (1.56328, —0.138578) - -
a D=-03 D=-04 D = -0.45
0 (1.27266, —0.208572) (1.50083, —0.212329) (1.71088, —0.208579)
0.1 (1.46098, —0.195988) - -
> 0.2 - - -
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Fig.1. Graphs of selected fundamental scalar QNMs in the complex plane. In each panel, the bottom-lying curved line
corresponds to modes of non-rotating black hole, i.e. a =0 and D = 0 — —0.5. As D decreases the static modes move
counterclockwise in the complex frequency plane. The other five lines from left to right on this bottom-lying line correspond
to modes of rotating black hole, i.e., D = 0and a =0 — 0.5, D = —0.1 and a =0 — 04, D = —0.2 and a = 0 — 0.3,
D = —-03and a =0 — 0.2 and D = —0.4 and a = 0 — 0.1 respectively. These six panels show the trajectories of the

fundamental scalar modes with l =m =0,l=2and m =0, =2 and m = £1 and [l = +m = 2, respectively.
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Figure 1 shows trajectories described by selected
fundamental scalar QNMs in the complex plane. In
each panel, the bottom-lying curved line corresponds
to modes of non-rotating black hole, i.e., a = 0 and
D =0 — —0.5. As D decreases the static modes move
counterclockwise in the complex frequency plane. The
other five lines from left to right on this bottom-
lying line correspond to modes of rotating black hole,
ie, D = 0and a = 0 - 05, D = —0.1 and
a=0—-04,D=-02anda=0—03,D=-03
anda =0 — 02and D = —04 and a = 0 — 0.1
respectively. These six panels show the trajectories of
the fundamental scalar modes with [ = m =0, = 2
and m=0,l=2and m =41 and [ = +m = 2 re-
spectively. The observed behaviour (as a function of
both dilaton parameter D and rotational parameter a)
is very interesting and confirms the results presented
in Refs.[19] and [21].

4. Conclusions

We have calculated numerically the massless
scalar quasinormal modes (QNMs) of the EMDA
black hole using Leaver’s continued fraction method.
We obtained the fundamental QNMs (slowly damped
QNMs) and studied the peculiar behaviours of them.
The main conclusions and their physical implications
are the following: 1) The massless scalar fundamental
quasinormal frequencies of the EMDA black hole are
affected by the dilaton parameter D, the rotational pa-

rameter a, the multiple moment [ and the azimuthal
number m. 2) If a, | and m are fixed, the real part of
the fundamental quasinormal frequency wg increases
as D decreases, but the imaginary part w; decreases
first and then increases. It is shown that the interme-
diate decay of the massless scalar perturbation around
the EMDA black hole depends on the dilaton param-
eter D. The oscillating frequency of this decay which
corresponds to wg increases as D decreases, and the
amplitude per unit time ~ e*! which depends on wy
decreases first and then increases. 3) If D and [ are
fixed, wr and w; generally increases as a increases for
the case m > 0, but for the case m < 0, wr decreases
while wy decreases first and then increases. (4) If D
and a are fixed, wg and w; generally increases as [ in-
creases except for some special case. (5) If D and !
are fixed, these QNMs are independent of m for the
static black hole a = 0, but wr and wy increase as m
increases for the stationary black hole a # 0. We also
noted that these QNMs have the same values as given
by other authors at the Schwarzschild and Kerr limit.

Our study shows that the qualitatively different
properties between the dilaton spacetimes in string
theory and those appearing in general relativity are
because of the appearance of dilaton. And an inter-
esting extension of our work concerns the study of
highly damped black hole QNMs which removes the
limit of small aw. We hope to return to this problem

in the future.
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