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The so-called extended hyperbolic complex (EHC) function method is used to study further the stationary axisym-

metric Einstein—-Maxwell theory with p Abelian gauge fields (EM-p theory, for short). Two EHC structural Riemann—

Hilbert (RH) transformations are constructed and are then shown to give an infinite-dimensional symmetry group of

the EM-p theory. This symmetry group is verified to have the structure of semidirect product of Kac—-Moody group

SU(p+1,1) and Virasoro group. Moreover, the infinitesimal forms of these two RH transformations are calculated

and found to give exactly the same infinitesimal transformations as in previous author’s paper by a different scheme.

This demonstrates that the results obtained in the present paper provide some exponentiations of all the infinitesimal

symmetry transformations obtained before.
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1. Introduction

The stationary axisymmetric (SAS) Einstein—
Maxwell (EM) field equations with multiple (say p)
Abelian gauge fields (SAS EM-p equations, for short)
are a class of very important equations in mathe-
matical physics and attracted much attention in the
past years, e.g. Refs.[1-17]. It has been pointed
out!' =351 that the SAS EM (i.e. p = 1) theory pos-
sesses larger symmetry group than that of the SAS
vacuum gravity. However, the complications arising
from the existence of Maxwell fields make the study of
the field equations more difficult and thus some study-
ing methods previously used need to be extended.

(171 we presented and used a so-

In a recent paper,
called extended hyperbolic complex (EHC) function
method and found that all of the SAS EM-p theories
forp=0,1,2,---

special cases, p = 0 corresponds to the vacuum grav-

can be studied in a unified form (as

ity; p = 1, the EM theory). Moreover, we introduced a
(p+2) x (p+ 2) matrix Ernst-like EHC potential and
then established two Hauser—Ernst (HE)-type EHC

linear systems associated with the EM-p equations for

each p. Based on the solutions of these EHC linear
systems, some parameterized infinitesimal symmetry
transformations of the considered theories were con-
structed and these infinitesimal symmetry transfor-
mations were further verified to constitute an infinite-
dimensional Lie algebra: the semidirect product of
the Kac—Moody algebra su(p + 1,1) ® R(t,t~!) and
the Virasoro algebra (without centre charges), where
R(t,t 1) is the algebra of Laurent polynomials in ¢ and
t~! with real coefficients. These results show that the
EM-p theory under consideration possesses very rich
symmetry structures. However, only the infinitesimal
symmetry transformations were obtained there. In or-
der to generate new solutions (from some old ones) in
practice, we need to find finite symmetry transforma-

tions and this is the main aim of the present paper.

The present paper is a continuation of our previ-
ous paper.'” In this paper, by virtue of the presented
EHC function method, we establish an EHC structural
Riemann—Hilbert (RH) transformation for each of the
HE-type linear systems mentioned above and further
demonstrate that these two EHC RH transformations,
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joined together, give rise to symmetry actions of the
semidirect product of full affine Kac—-Moody group
and Virasoro group on the solution space of the EM-
p theory. These essentially realize exponentiations of
all the infinite-dimensional semidirect product Lie al-
gebra of the infinitesimal symmetry transformations
given in Ref.[17]. Here, in order to obtain new sym-
metries, the RH problem methods as well as EM-p
field equations and related linear systems are general-
ized to some EHC structural forms, and two distinct
EHC RH transformations are simultaneously consid-
ered. Moreover, some particular relations that hold
in the case of two-dimensional matrix, such as for any
2 x 2 matrix A: ATeA = (det A)e, ATe+eA = (trA)e

0 1
<With € = ( >>, have no general analogues
-1 0

for higher dimensional n x n (n > 3) matrices, while
these relations are important and useful in some stud-
ies of the reduced vacuum gravity.l'8:'°! However, for
the EM-p (especially p > 1) theories studied in the
present paper, the fundamental field equations and
the associate potentials are expressed in terms of some
(p+2) x (p+ 2) matrices, so some studying schemes
will be generalized in this paper.

In Section 2, some related concepts and notations
of the so-called EHC function method, the matrix
Ernst-like EHC potential and two HE-type EHC lin-
ear systems for the SAS EM-p theories are recalled. In
Section 3, two EHC structural RH transformations for
the studied theory and the equivalent integral equa-
tions are constructed. Section 4 discusses the relations
between the results of this paper and that of Ref.[17].

Finally, Section 5 gives the summary and discussions.

2.EHC function and EHC linear
systems associated with EM-p

equations

In this section, we briefly recall some related con-
cepts and notations of the EHC function and the EHC
matrix Ernst-like potentials, EHC linear systems as-
sociated with EM-p theories,['” which are useful in

the later discussions.
2.1. EHC function/!”]

Let € be the extended hyperbolic imaginary unit,
ie. €2 =1, ¢ # +1. When both a and b are or-
dinary complex numbers, we call ¢(¢) = a + €b an
extended hyperbolic complex (EHC) number and de-
note Regpc(c(e)) := a, Impuc(c(e)) := b. All the

EHC numbers with usual addition and multiplication
constitute a commutative ring which we call the EHC
ring. Corresponding to the two imaginary units € and
the ordinary imaginary unit i (i2 = —1) in the EHC
ring, we have two complex conjugations:

c(e)*:=a—eb, c(e) :=a+eb, (1)

where @ and b are ordinary complex conjugates of a

and b. If @ and b are ordinary complex functions of

some ordinary complex (or real) variables z1,- -, z,,
then ¢(z1, -, 2zn;€) = a(z1, "+, 2n) + €b(z1, "+, zn)
is called an EHC function. We say c(z1, ", z2n;¢€)
to be continuous, analytical, etc. if a(z1, -+, zn)
and b(z1,- -+, z,,) both, as ordinary complex functions,

have the same properties. We also need EHC (func-

tion) matrices, and for an EHC matrix A, we define

—T

Al =4, A = (Ah)* (2)

here “T" denotes the transposition.

2.2. EHC matrix potentials and HE-type EHC

linear systems!'”!

When there exist p (nonnegative integer) Maxwell
fields A, (a = 1,2,---,p) in space-time, the essen-
tially complete set of SAS EM-p field equations can

be written as[!7]

d(pM~tdM) =0, (3)

where M = M(z,y) is a (p + 2) X (p + 2) ordinary
complex matrix function of the remainder coordinates

x, y and satisfies the conditions
M'=M,  MyM = p*y, (4)

the real function p = p(x,y) > 0 and

0o 0 1
vyi=| 0 i, 0 |, v'==y, ¥*=-1, (5
1 0 0

I, and I are, respectively, the p-dim and (p + 2)-
dim unit matrices. Moreover, from (3) and (4), we
can introduce a matrix twist potential Q(z,y) and a
(p+2) x (p+2) Ernst-like matrix EHC potential (or
called EHC H-potential) H(e) := M + @ such that
dQ = —p~'M~*dM and the EM-p field equations can

be equivalently written as an EHC matrix equation
2(z +p")dH(e) = (H(e) + H(e)})erdH(e),  (6)

where another real field z = z(z, y) is introduced such
that *dp = dz and Q — Qf = —22.
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Now we introduce a (ordinary complex) parame-
ter t and define

Altse) := 1 —t(H(e) + H(e))ev, (7)
It 6) = () tdH (e), (8)
A(t) :=1-2t(z + p"),

A) = M) L = 2t(z — p")], (9)
A(t) = [(1 = 22t)* + (20t)°] /2. (10)

then equation (6) can be rewritten as

tdH(e) = A(t;e)I(t;€), (11)

which is the integrability condition of the following
EHC linear differential system:

dF'(t;e) = I'(t;e)evF(t;€), (12)

where F(t;¢) = F(z,y,t;¢) is an EHC (p+2) x (p+2)
matrix function of x, y and ¢ and is called an EHC F-
potential.

The HE-type EHC linear system (12) does not de-
termine F'(t;¢) uniquely, we can require that F(t;¢)
be holomorphic in a neighbourhood of t = 0 and sup-

press subsidiary conditions consistently as

F(0;e) =1, F(0;¢) = H(e)en, (13)
At)F(t;e)TeyF(t;e) = e, (14)

F(t;e) evA(t;e)F(t;e) = e, (15)

here F(t;z—:) = OF(t;e)/0t, F(t;e)t = F(t;e)f,

F(t;e)*
Besides, we can establish another EHC linear sys-
tem associated with SAS EM-p field equation (6). To

this end, we introduce another ordinary complex pa-

= F(t;¢)%,  is the complex conjugate of t.

rameter 7 and define

A(15¢) =7 = (H(e) + H(e) e, (16)
[(7;¢€) := A()"'dH (), (17)
A(T) =7 —2(z + p*),

A = M) = 2(2 - pY), (18)
Mr) = [(r = 22)° + (20)°]/2. (19)

Then the field equation (6) can be rewritten as
dH(e) = A(1;e) I (13¢), (20)

and this is the compatibility condition of the following

linear system:

dF(r;e) = f(T; E)E"/FN‘(T; £), (21)

here F(T;S) = F‘(I,y,T;s) isan EHC (p+2) x (p+2)
matrix function of x, y and 7. In addition, we may
require consistently that F (7; €) be analytic in a neigh-
bourhood of 7 = 0 and satisfy

)\(T)F‘(T; e)tevF(r;e) = v, (22)

F(1ie)*eyA(T;e)F(T5€) = €. (23)

We would like to point out that, although equa-
tions (12) and (21
t~1, that is not the case for the two linear systems
(12)—(15) and (21)—(23) because the analytic proper-
ties of F(t;¢) and F(r;¢), the conditions (14), (15)
and (22),
7 ¢+t~ The two linear systems give rise to different
symmetries of the EM-p theory (see Ref.[17] and the

following results of the present paper).

3. EHC structural Riemann—

Hilbert transformations

) are formally interrelated by 7 <>

(23) are not interrelated simply through

At first, we generalize the usual RH problem into
an EHC formulation. Let L denote a smooth contour
surrounding the origin in the ordinary complex plane
and be symmetric with respect to the real axis, L
and L_ be the inside and outside (including co) of L,
respectively. For an ordinary complex variable s, if
a given EHC matrix function G(s;e) is holomorphic
and invertible on L, then there exists a pair of EHC
matrix functions X4 (s;¢) which are (respectively for
+) holomorphic in Ly, continuous and invertible on
L U L4 such that

X_(s;e) = X4 (s;6)G(s;¢), seL. (24)
We call (24) an EHC structural RH problem. For a
fixed kernel G(s;¢), the fundamental solution X4 (s;¢)
of the RH problem is unique up to a non-singular con-
stant matrix factor. A suitable boundary condition

can cancel this indefiniteness.

3.1. EHC structural RH transformation for
Eq.(12)

Motivated by Ref.[19], we introduce a scalar func-
tion v(t) which is independent of z, y and holomor-
phic on L U L_ except infinity where it tends to lin-
ear divergence such that v(t) is a linear function of
t or has singularities in L. In addition, v(t) is real
when t is real. Furthermore, we introduce two new
real functions p' = p'(z,y), 2 = Z/(z,y) such that

(for fixed z, y) M(v(t)) = [(1 - 2zv(t))? + (2pv(t))?]"/?
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and X(t) == [(1 — 22't)® + (20't)?]'/? have the same  is holomorphic on L U L and satisfies
zeros in t, and 0(t) # 0 at these zeros. Thus we have
1 1 dF(t;e) = I''(t;e)evE(t;€), (30a)
S E——— - 25
2(z" £ ip') v (2(2 + ip)> ’ (25a) A(t;e)dE(t;e) = tdH(e)evE(t; €) (30Db)
dp’ =dz'. (25b)
Equation (25a) can be interpreted as a variable trans- F(0;e) =1, (31a)
formation under which equations (7)—(15) and their F(0;¢) = H(e)ey (31b)
EHC solutions are changed. We shall use the nota- ;(t)F . ; F(t;e) (31¢)
tions with prime to denote the changed functions, e.g. S\he)reriibie) = &, ¢
F(t;e) — F'(t; ), etc. E(t;e)“evA(t;e)E(t;e) = ey (31d)
Following the spirit of Refs.[18,19], for a given )
EHC solution F(t;¢) of equation (12) with conditions with )
(13)—(15), we select the contour L such that F(t;¢) is H(e) := H'(e) — X1(0;¢)e, (32)
holomorphic on L U L, for fixed z, y, and take the
kernel G(t;¢) of (24) as I'(t;e) = tA' (1)~ 1dH(e), (33a)
G(t;e) = F'(t;e)u(t)F(v(t);e) 7", (26) A(tie) :=1 —t(H(e) + H()H)(ey).  (33b)

where the (p+2) x
pendent of z, y) is holomorphic in LUL_ and satisfies

(p+ 2) matrix function u(t) (inde-

W) yut) =y, detu(t) =1,  (27)

ie. u(t) e SU(p+1,1).

By virtue of the above EHC structural RH prob-
lem, we have the following theorems:
Theorem 1 If, for fixed « and y, Xi(t;¢)
Xi(z,y,t;¢) is a fundamental solution of the EHC
RH problem (24), (26) with boundary condition

Theorem 2 The new EHC function H(e) given by
(32) is also an H-potential of the considered EM-p
theory. Explicitly, H(e) satisfies

2=+ p/")AH(E) = (H(e) + H(e))erdH(e), (34a)
SHE) ~ He)) = ~r2, (34b)
M := Regnc(H(e)), M= M, (34c)
MAyM = p*y. (34d)

X (0;e) =1, (28) Before proving the Theorems 1 and 2, we first prove
then the EHC matrix function given by the following
Lemma 1 Based on the fundamental solution
F(tie) = X1 (t;€)F'(t;¢) in LU Ly X4 (t;€) of the EHC RH problem (24), (26) with (28),
=X (t;e)F(v(t);e)u(t) in LUL_ we can consistently define the following EHC functions
(29) oftas
|
Wi(tie) = X (t;e) tev Xy (tye) 7, on LUL,
= (W) N ()X (te) LerX_(t6)"Y on LUL- (352)
Wa(tie) = X (te) " teyAl(t;e) X o (te) 70, on LUL,
= X*(t;e) teyA(v(t);e) X_(t;e) Y on LUL_ (36a)
Wis(t;e) = dXy (t;6) Xy (t;e)7t
+ X (t;e) ' (te)ev Xy (t;e) 7t on LULy
— dX_(t:e)X_(t;¢)" (372)
£ X_ ()T (v(t);e)evX_(t;) on LUL-
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Wa(t;e) = evA(t; e)dX 4 (te) X (te)
+tX X (t;e) teydH'(e)ey X4 (t;e)™,  on LU L, (38a)
a
= evA(t;e)dX_(t;e) X_(t;e) !
+v(t) XX (t;e) " teydH(e)ey X (t;¢)™! on LUL_
and have Equation (37b) is proven as follows. From (24),
(26) and (12) we have
Wi(te) = ev; (35b)
Wa(tie) = evA(t;e); (36b) =dX, (s;6) X (s;¢)7!
Ws(t;e) = I'(t;€)en; (37b) + X, (s;6) " (s36)ev X4 (s5¢) 7
Wi(t;e) = teydH (e)ey (38b) =dX (s;6)X_(s;¢)7"
2
At (t;e)evA(t;e) = N7 (8 e)ey (39) + X_(s;6)I'(v(s);€)ev X _(s;¢) ", s € L. (40)

proof: From (14), (27), (26) and (24

) we obtain
X1(s;e) ey Xi(s;e)7!

=(A(v(s)) /N () XL (s;¢) 7 &),

Noticing the properties of the functions X4 (¢;¢), v(t),

A(t) and since [A(v(t))/N (t)] is non-singular in LUL_,
the above equation implies that Wi(¢;¢) in (35a) is

evX_(s; s € L.

consistently defined and gives an EHC entire function
of t. Note that

(A(w()/X (1) X (t;e) ™ &)

is regular at t = oo, so Wy(t;¢) is equal to a con-

ey X_(¢;

stant matrix. From the boundary condition (28), this

constant matrix is ey. Thus we get equation (35b).

To prove (36b), we use (15), (27), (26) and (24)
to get
X2 (56) 'er Al (5:0)X 4 (53)
=X*(s;¢) tevA(v(s);e) X _(s;¢)',  se L.

This implies that Wa(t;¢) is consistently defined and
gives EHC entire function of ¢t. From the expression
of A(v(t);e) and the property of v(t) at t = oo, we
By using (28)
we obtain the coefficients in this linear function such
that Wa(t; ) turns to be ey A(t; ) by definition (33c).
That proves Eq.(36b).

conclude that Ws(¢;¢) is linear in t.

AT (t;e)evA(te)

X1(te)™ LA (¢ e)ev X% (te) ey X (¢

X (t;e)TA* (v(t);
= M*(t)ey

£)eyX*(t;¢e)

e)TleyA(te) X+
ey XX(te) 7! )

Thus the function W3(t;e) defined in (37a) is a mero-
morphic function of ¢ and has simple singularities at
the zeros of N\ (t) (or, equivalently, A(v(t))). Accord-
ing to the theory of meromorphic function, Ws(t;e)
can be expressed as P(g) + tA'(t)1Q(e).
(28) and (32

By using

) we obtain

0,
Q(e) = dX . (0;¢) + dH'(e)ery = dH(e)en,

thus Ws(t;e) = tA'(t)"'dH (¢)ey and that gives (37b)
by (33).

To prove Eq.(38b), we note that from (40), (36a,
36b) and (11

) we have

= evA(s;€)d X (s;6) X (s56) 7t
+ XX (s;6) " teydH' (e)ey X4 (s;¢) 7"
ey A(s; )X (5;)X_ () "

+v(s)X X (s;6) reydH(e)ey X (s;e)7t, s € L.

Thus Wy(t;¢) in (38a) is an entire function of ¢ and
by using (28) we get (38b).

As for (39), we first note that from (14), (15) we
have AT (t;e)eyA(t;e) = A%(t)ey. Then from (35a,
35b) and (36a, 36b) it follows that

(t;e)
se) X_(t;e) !

on LUL,

evA(v(t on LUL_



No.1

New infinite-dimensional symmetry groups for the stationary ... 71

Proof of Theorem 1 Equation (30a) is derived
from (37a, 37b), (29), and (12); Eq.(30b) is deduced
from (38a, 38b), (29), (11), (12) and (36a, 36b);
Eq.(31a) follows simply from (29), (13) and (28); and
(31b) from Egs.(29), (28), (13) and the definition
(32); Eq.(31c) follows from (35a, 35b), (29) and (14);
Eq.(31d) is derived from (36a, 36b), (29) and (15).
Proof of Theorem 2 To prove (34a), note that
Egs.(33a) and (30a, 30b) imply A'(¢t)dE (t;e) = A(t;€)
dF(t;¢). Thus from (9) and (33b) we have

2(2' + p/")dE(t; €) = (H(e) + H(e)")eydE(t; ).

Taking the t-derivative of the above equation and
then setting ¢ = 0, we obtain (34a) by using (31b).
Equation (34b) is derived by taking t-derivative of
Eq.(31c¢) and then setting ¢ = 0, and noting (31a,
31b). Equation (34c) is a trivial implication of
(34b). To prove (34d), note that from Egs.(34b, 34c),
A(t;e) = (1 — 2t2")I — 2tMe~y. Thus from (39) we
have (1—2t2')2ey—eyMeyMey = N (t)2e7, this gives
(34d).

3.2. EHC structural RH transformation for
Eq.(21)

Here we need another scalar function v(7), which
has the same properties as v(t) in the previous subsec-
tion but the variable t is replaced by 7, and according

to the properties of 9(7) we may write

U(7T)|r—00 = a1,  a > 0 (real number). (41)

Relating to ¥(7) we introduce two real functions p’’

~—

eu(m’y), - z//(gy,y) such that (for ﬁng T, y
A@(r) = [(@(r) = 22) + (2p)?]/2 and X'(t)

[(5(7) — 22'") + (2p'")?]'/? have the same zeros in 7,
and o(7) # 0 at these zeros. Thus we have
2(2” :tipll)
dpll — dZ”

=v ! (2(z £ip), (42a)

(42b)

equation (42a) can be interpreted as another vari-
able transformation, the corresponding transformed
functions will be denoted with double prime “’”’, e.g.
F(T;s) — F”(T;E), etc.

Consider an EHC structural RH problem relating
0 (21)—(23) as follows. Similar to L and L, now we
use L and L, in 7-plane. For a given EHC solution
F(T; ¢) of equation (21) with conditions (22), (23), we
choose the contour L such that F(T; ¢) is holomorphic
on LU L, for fixed z, y, and take the kernel of (24)

as

G(rie) = a™ 2F" (rye)i(r) F(i(r);e) ™!, (43)

where the positive real number a is the same as in (41),
and 4(7) has the same properties as u(t) in subsection
3.2 except that t is replaced by 7.

By virtue of EHC RH problem (24) with kernel
(43), we can obtain another EHC RH transformation
of the EM-p theories under consideration. Firstly, we
have the following
For fixed = and y, let Xi(T; g) =
Xi(m,y,'r;e) be a fundamental solution of the EHC
RH problem (24), (43) with boundary condition

Lemma 2
X_(oo;s) =1. (44)

Then we can consistently define the following func-

tions of 7 as

Wi(r;e) = X{(r6) teyXy(r56) 1, on LUL,
= a Y A@(T)) N ()X (r8)ten X _(136) 7Y on LUL_ (45a)

WQ(T;s) = Xj_( (7; 6)715714”(7'; 5))2_1_(7'; e)7 1, on LU +
= a ' XX (1;e) ey A(D(T); ) X _(36) 7Y on LUL_ (462)

Ws(rse) = dX (1€)X (3) 7" .

+ Xy (r;) " (15 8)ey Xy (15€) 71, on LULy
= dX ()X (i) (472)

= v on LUL_

+X_(rie) ' (3(r);e)er X (156) 7
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Wa(r;e) = evA(r;€)dX 4 (156) X (13€) !

+ X} (rye)teydH" (e)ey Xy (t5¢)™',  on LUL, (48)

- . - a
= evA(t;e)dX_(1;6) X _(1;¢) L

+a ' X*(r;6) " eydH (e)ey X _(1;6)™" on LUL_

and have Proof Firstly we note that equations (53a) and (51a)
Wi(r5¢e) = e7; (45b) PN
Wa(r;e) = evA(r;e); (46b) — A" (7)dE(1;e)E(7;¢) tey = dH(e). (56)
Va(rie) = I (7;€)ev; (47Db)
- (o) = s'}/dﬁ(a)av. (48b) To prove (55a), use (53a, 53b) to get
o - <2 N N N N
A (ie)evA(Tie) = N (T5e)ey (49) A(r;e)dE (r;5¢) = A (1)dFE(T5¢).
Where -
) Multiplying this equation from the left by A’'() and
H(e):=a 'H"(c) — 0uX_(7;8)|lw=087, w:=7 1, from the right by E(T;a)_ls'y, then we obtain (55a)
(50) by using (56) and the definitions of A(T; ¢) and ;1”(’7’).
i”(‘f'; e) = A//(T)ildﬁ(é‘), (51a) To prove (55b), note that from (54a) and (19) we
A(rie) o= 71 — (H(e) + A(e))ey.  (51b) 2

Proof The proof is similar to that of Lemma 1. How-
ever, here the constant a is involved and we should use
the boundary conditions at 7 = co such as (41), (44).
Theorem 3 The EHC matrix function given by

F(rie) =a='2X, (1;€)F""(1;¢) in LUL,

= X_(r;e)F(o(r);e)a(r)"' in LUL_
(52)

is holomorphic on L U L and satisfies

dE(rie) = I''(r5e)evE(t;2), (53a)
A(T;e)dF(r;¢) = dH(e)eyF(r;¢),  (53b)
N'(1)E(r;e)TeyE(rie) = e, (54a)
(54b)

E(rye)*eyA(r;e)E(rie) = ev.
(

Proof Equations (53a, 53b), (54a, 54b) are, respec-
tively, derived from equations (47a, 47b), (52) and
(21), equations (48a, 48b), (52), (20), (21) and (46a,
46b), equations (45a, 45b), (52) and (22
(46a, 46b), (52) and (23).

Theorem 4 The new EHC function H(e) given by
(50) is also an H-potential of the considered EM-p
theory. Explicitly, H () satisfies

), equations

2"+ " )AH(e) = (A(e) + A (e)F)evddi(e), (55)
L (e) - (o)) = 92", (55b)
M := Regno (H(e)) ' =i, (55¢)
MM = p'" (55d)

)\II( ) 1d)\”( )
=—F (r;¢)7* a'de (158)ey
— E’YdF(T E)F(T e)7,

and

! (m)~ La\” (1) = —24" (r)dz"

These equations give

2eydz" =A"(1)dF(1;¢)E(T;¢) ey
— [A"(1)dE(r;€)E(T56) ten] ",

this, by using equation (56), is followed by dﬁ(e) —
dH (e)t = —2eydz" and then gives (55b) by choosing
some suitable integral constant.

Equation (55c¢) is a trivial implication of (55b).
The proof of (55d) is similar to that of (34d).

The EHC RH transformations given above can
be equivalently written as integral equations. Firstly,
note that X_(¢;¢) in (29) is analytic in L U L_ (in-
cluding t =

X_
a1 ), G =0
s—t

Substituting equation (29) into (57) it follows that

00), we have

teL,. (57)

E(s;e)u(s)F(v(s);e) !
s(s—1t)

dSZO, t€L+,

(58)
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subject to the condition F'(0;¢) = I. As for EHC RH

transformation (52), by condition (44) we have

1 X_(s;s)dszl

— _— L.. 59
2ri Ji, (s—71) ’ TE M (59)

Now from (52) we obtain

1 [ Bsoue) Pt

27 Jf (s—1)

TE I~/+.

(60)
In order to show the group structure of the above EHC
RH transformations explicitly, we introduce &£(t) :=
v~ 1(t) on the contour L and define the action of (u, &)
on any EHC analytic function ¥(t;¢) as

(u,€) ¥(tse) == u(t) W(E " (t);€) = ul(t) T(v(t);e).
(61)
Then integral equation (58) can be rewritten as
1 [ E(sie)(wF(sie)
27Ti/L = ds =0, teL,.
(62)

If we carry out the EHC RH transformation two times

successively and denote

(u,§) = F(t;e) — E(t;e),
(uy, &)+ E(t;e) — E(t;e), (63)

it can be verified that we have an EHC RH transfor-
F(t;e) — E(t;¢) such that

(ul’ygl (u)vé.lé.) (64)
{¢&r —

mation (ug,&2) :

(u2,&2) = (u1,61)(u,§) =

Here we have used the homomorphism v :

Aut{u} defined by

e s ult) — ye(u)(t) = w7 (1))
(65)

v i€ — e,

Similarly, we have
(iig, &) = (i1, &1)(@, &) = (U7, (@), &) (66)

According to the loop group theory,2?! the com-
position laws (64) and (66) show that the EHC RH
(58)) and (52) (or (60)) pro-

vide some representation of the semidirect product of

transformations (29) (or

the Kac-Moody and Virasoro groups. When v(t) = ¢,
(1) =7 (thus a = 1), (29) (or (58)) and (52) (or (60))
provide a representation of the Kac—Moody group.
When u(t) = I, a(r) = I, we get a representation

of the Virasoro group.
4. Infinitesimal RH transforma-
tions and their algebraic struc-

ture

In the paper Ref.[17], by a different method, we
gave an infinite set of infinitesimal symmetry transfor-
mations of the EM-p theories and showed that they
have an infinite-dimensional algebraic structure. In
this section, we discuss the relationship between the
ECH RH transformations given by Section 3 of this
paper and the results of Ref.[17].

Setting v(t) = t and considering the infinitesimal

transformation
u(t) =1+ u(t), F(t;e)=F(t;e)+ 6F(t;¢e),
then (58) becomes
P
F (si€ 5“3 ) t)(“)lds, teL,. (67)

Noticing the analytic property of u(t), without loss of
generality, we can choose 5&k)u(t) = T,t™k, (k > 0),
where T,, = T,a%, T, are generators of su(p + 1,1)
(the Lie algebra of SU(p+ 1,1)), a® are infinitesimal

real constants. Substituting them into (67), we have

SK B (t;e)F(t;e) ™t

t s_kF(s;a)TaF(s;s)_ld
=— — s
27 Jp, s(s—t) ’

Then the parameterized infinitesimal transformation

5a( Zt"“a

5o (t)F(t;e)F(t;e) ™

tel,.

e) (' € Ly) is given by

t X R F(s;)TaF(s;e)™!
ds
2 Lf sktl(s —t)
=— — s
27 Jp, (s—t’)(s—t)
t
S [F(t':e)To F(t';e)™! — F(t;e)ToF(t;€) 1.
(68)
Similarly, taking o(7) = 7 and considering the
infinitesimal transformation
a(r) = I+ ba(r),
E(r; ) (7€) + 0F (7€),
then (60) becomes
SF’(T; e)F(r;e)7t
. - ) i
- L F(S,E)5U(S)F(S,€) dS, = L+. (69)
27 J (s—17)
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Without loss of generality, we can choose Sgk)a(T) = by

T, 77k, (k > 1), then from (69) we obtain the param- A

eterized infinitesimal transformation 8o (7')F(7;¢) = v(t) =t+ ~(t)’ (74a)
ad (1) =71+ A1), (74b)

ZT’kS(gk)F(T;E) (7' € Ly) as
k=1

ba(T)F(1;8)F(1;€) 7"
= _[F(r ) TuF ()

T—T

— F(r;6)ToF(;6)7Y. (70)

The RH transformations (58) and (60), in fact,
contain more symmetries of the EM-p theories. To
show this, we need “cross” infinitesimal variations
of F(t;e) and F(r;¢), ie. O6F(t;¢) and 6F(r;e).
They are brought about by wu(t) = I + éu(t) and
a(r) = I + da(r), respectively. Considering the re-
lation between ¢t and 7 in (12) and (21), we can
choose g((xk)u(t) =T,t* (k>1) and 5&“&(7’) =T,",
(k > 0). Correspondingly, equations (67) and (69)

give, respectively,

S F(t;e)F(t;e) ™!
kT e -1
L/ s"F(s;e)ToF(s;¢) ds:
L

To obtain explicit expressions of the correspond-

ing parameterized “cross” infinitesimal variations of

ba(T)F(t;e) = irkg&k)F(t;a) and 0, (t)F(r;¢) =

Ztk(;ék)F(T;a), we note that since F(t;e), F(r;¢)
k=0

have different analytic properties, from (12)—(15),

(21)—(23) we can set
ﬁ'('r;e) 1= tl/zF(t;s),

F(t;e)or = 72 F(7;2). (71)

-

Thus we have

Su(M)F (52 F(t56) " = [F(r; ) T B (rse)
— F(t;e)TaF(t;6)7"]; (72)
1
1—tr
— F(r;8)ToF(1;€) 7. (73)

5a(t)}~7(7'; E)F'(T; e) ! = [F(t;e)ToF(t;) !

Next we consider the cases of u(t) = I and a(7) =
I of the transformations (58) and (60). We first cal-

culate the infinitesimal transformations brought about

where A(t) and A(7) are infinitesimal functions of ¢
and 7, respectively. For (74a), we write the variation
of F(t;e) as

E(t;e) = F(t;¢) + AF(t;¢),
F(u(t);e) ' = F(t;e) ' + F(t;e) TA(t), (75)

where F(t;g)_1 = 0,(F(v;e)™1)|y=¢. Substituting
u(t) = I and (75) into (58), we have

AF(t;e)F(t;e)™!
t F(s;e)F(s;e) !

= [ EBETBE) A(s)ds,

o g s(s—1) t € L+ (76)

Noticing the properties of v(¢), without loss of gener-
ality, we can choose A(t) = AP (t) = ot'=* (k> 0),
where o is an infinitesimal real constant. Then (76)

gives

AW E(t;e)F(t;e) ™t

_ ot / sl’kF(s;s)F(s;s)’ld
S 2om g s(s—1t) *

te L.
So, the infinitesimal parameterized variation
Ao (1) F(t;e) =Yt AP F(t;e)

k=0

is given by

AL (PR =T

—t'F(t';e)F(t';e)~ 1. (77)

[(tF(t;e)F(t;e)

Similarly, for (74b), we obtain the infinitesimal pa-

rameterized variation

— P F(r';6)F(r';2)7"]. (78)

As before, we also need “cross” infinitesimal
transformations AF(t;e) and AF(r;e) which are

brought about by variations

o(t) = t+ A1),
o(t) =74 A(7).

(79a)
(79b)
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In these cases, the RH transformations (58) and (60)

give
F ~
AF(t:€)F(t;e / (s3¢) t Flsie)F(sie) 1 TAHETBE)  As)ds;
(s —
(80)
- - 1 [ F(s;e)F 1
AF(1;e)F(15e) = — —(S’E) (5¢) A(s)ds
27 Jj, (s—17)
(81)
Moreover, from the relations (71), we have
[(rs ) (r3) ]| =y
- 1
—tftF(te)F(te) " + 3l
[E(t;6)F(t;e) ez
3 i 1
= —7[rF(1;¢)F(1;6) ! + 5] (82)
Similar to above, we choose AE’%&) = et'"tk k& >

1; A((,k)(T) = or'tk k > 0 and the corre-
sponding parameterized infinitesimal transformations

) = ZTkAEk)F(t;E) and Ag(t)F(T;a) =
k=1

A(T)F(t
Z tkA((Tk)f:'(T; €) are given, respectively, by
k=0

A(r)F(t;e)F(t;e)

etT

=t (ko) F (o)™

trR(re) (i)™ + 5] (83)

Ag(t)F(T; 5)1:"(7'; e)~!

=T [TF(r;¢)F(r;e)7!

+tE(t;e)F(t;e)”

1 %]. (84)

Finally, we give the transforms of p, z under these

infinitesimal RH transformations. Write

ni=z+ip, =241, 7" =2"+1p",
ty=1[2(z+ ip)]fl, Ty = 2(z +ip). (85)
Then from (25a) and (77), we have
APn =" = 1))
Za:AW@nzommﬁ, (k> 0),
therefore
As(tyn =" t*alky
k=0
= t 2
0n§: =0

this implies that

(86)

Similarly, from Eqgs.(42a), (79) and (85), we obtain

thus

[2(r — 22) — 207,

Equations (68), (70), (72), (73), (77), (78), (83),
(84) give exactly the same infinitesimal transforms
of F(t;e), F(r;¢) used in Ref.[17], and (86), (87)
give the same infinitesimal transformations of p, z
as obtained in Ref.[17].

transforms we have verified in Ref.[17] that the cor-

By using these infinitesimal

responding infinitesimal transformations of EHC H-
potential constitute an infinite-dimensional Lie alge-
bra: the semidirect product of the full Kac—-Moody
algebra SU(p + 1,1) ® R(t,t~1) and Virasoro alge-
bra (without centre charges). However, in the present
paper, these are obtained as the results of infinitesi-
mal forms of the RH transformations (58) and (60).
This demonstrates that these two EHC RH transfor-
mations, joined together, provide some exponentia-
tions of all the infinitesimal symmetry transformations
in Ref.[17]. Moreover, the EHC RH transformations
(58) and (60) (or equivalently (29) and (52)) give out
finite transformations which can, in principle, be di-
rectly used to generate new solutions of EM-p theories

from old ones.

5.Summary and discussions

By using the so-called EHC function method, the
SAS EM-p theories are studied further. The usual
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RH problem is extended into an EHC formulation.
Associated with two HE-type EHC linear systems
(12)—(15) and (21)—(23), we construct two EHC struc-
tural RH transformations of the F-potentials F(t;e)
and F(r;¢), i.e. (29) and (52) (or equivalently (58)
and (60)).

ate new F-potentials from old ones and are shown to

These EHC RH transformations gener-

give an infinite-dimensional symmetry transformation
group of the EM-p theory under consideration. This
symmetry group is then shown to have the structure
of semidirect product of complete Kac—-Moody group
SU(p/—iT 1,1) and Virasoro group. (However, the EHC
RH transformation (29) (or equivalently (58)) alone
gives the “positive half” symmetry subgroup only.)
Moreover, we calculate the infinitesimal forms of the
above mentioned two RH transformations and find

that they give exactly the same infinitesimal trans-

forms as in Ref.[17] by a different scheme, this demon-
strates that two EHC RH transformations given in
the present paper, joined together, provide some ex-
ponentiations of all the infinitesimal symmetry trans-
formations obtained in Ref.[17]. However, the EHC
RH transformations in this paper give out finite sym-
metry transformations which can, in principle, be di-

rectly used to generate new solutions of EM-p theories.

This paper treats all of the SAS EM-p theories
for p=10,1,2,---
of p = 0 gives the result for the SAS vacuum gravity

in a unified formulation. The case

theory but in a “dualized” formalism. The “positive
half” infinite-dimensional symmetry subgroup for the
SAS vacuum gravity (corresponding to (29) (or (58))
of the case of p = 0) in a “non-dualized” formalism

was given in the pioneering papers Refs.[18] and [19].
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