Vol 15 No 1, January 2006
1009-1963/2006/15(01) /0053-07

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

Performance of an irreversible quantum

refrigeration cycle’

He Ji-Zhou(fa F )1,

Ouyang Wei-Pin(BXFH#%45), and Wu Xin(fh #k)

Department of Physics, Nanchang University, Nanchang 330047, China

(Received 2 February 2005; revised manuscript received 6 September 2005)

A new model of a quantum refrigeration cycle composed of two adiabatic and two isomagnetic field processes is

established. The working substance in the cycle consists of many non-interacting spin-1/2 systems. The performance

of the cycle is investigated, based on the quantum master equation and semi-group approach. The general expressions

of several important performance parameters, such as the coefficient of performance, cooling rate, and power input, are

given. It is found that the coefficient of performance of this cycle is in the closest analogy to that of the classical Carnot

cycle. Furthermore, at high temperatures the optimal relations of the cooling rate and the maximum cooling rate are

analysed in detail. Some performance characteristic curves of the cycle are plotted, such as the cooling rate versus the

maximum ratio between high and low “temperatures” of the working substances, the maximum cooling rate versus the

ratio between high and low “magnetic fields” and the “temperature” ratio between high and low reservoirs. The obtained

results are further generalized and discussed, so that they may be directly applied to describing the performance of

the quantum refrigerator using spin-J systems as the working substance. Finally, the optimum characteristics of the

quantum Carnot and Ericsson refrigeration cycles are derived by analogy.
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1. Introduction

In recent years, the optimal analysis of the per-
formance characteristics of thermodynamic cycles has
been extended to the regime of quantum cycles. The
performances of quantum Carnot, Ericsson and Stir-
ling cycles have been intensively studied.!~5] Fur-
thermore, finite-time thermodynamic analyses of some
quantum cycles have also been made.[6~19 Quite
a number of novel conclusions have been obtained.
However, the investigations have rarely dealt with the
performance of the quantum Brayton cycle.['!! In fact,
the Brayton cycle is one of very importance cycles
in engineering thermodynamics. The investigation re-
lated to the Brayton cycle has continuously attracted
much attention.'2=14 Tt has some distinctive merits
which are noteworthy in theory and practice.

In classical thermodynamic cycles there are the
Stirling cycle, Ericsson cycle, Brayton cycle, etc, be-
sides the Carnot cycle. The performance of the Carnot

cycle is independent of the property of the working

substance, while the performances of other cycles are,
in general, related to the property of the working
substance.[1%16] The quantum-mechanical cycle dif-
fers from the classical cycle in two respects. One
is the working substances, which may be the spin
systems, harmonic oscillator systems, ideal quantum
gases, and micro-particle systems confined in a poten-
tial well;(17=19] the other is the relaxation dynamics,
which is modelled by the semigroup approach. The
advantage of quantum cycles is that the phenomeno-

logical heat transfer law can be avoided.

In the present paper, a new model of quantum
Brayton refrigeration cycle using the spin-1/2 sys-
tems as the working substance is established which is
composed of two adiabatic and two isomagnetic field
processes. Firstly, The thermodynamic property of
a spin-1/2 system is given, based on the quantum
master equation and semi-group approach. The per-
formance characteristics of the quantum Brayton re-

frigeration cycle are analysed. Secondly, the impor-
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tant performance parameters such as the coefficient
of performance, cooling rate, and power input are op-
timized. Especially, at high temperatures the optimal
relation of the cooling rate and the maximum cool-
ing rate are derived in detail. Finally, these results
obtained here are generalized for the spin-J systems.
The optimum performances of the quantum Ericsson

or Carnot refrigeration cycle are derived similarly.
2.Quantum refrigeration cycle

Let us consider a quantum spin-1/2 system with
a magnetic moment M in a magnetic field B. The
magnitude of the magnetic field can change with time,
but is not allowed to reach zero. The Hamiltonian of
the interaction between the magnetic moment M in

the quantum system and the magnetic field B is given
by!20]

H(t)=-M-B=2u5 B =2upB, (t)5., (1)

where pup is the Bohr magnetron, S is the spin an-
gular momentum, h = h/(27), and h is the Planck
constant. Throughout this paper we adopt A=1 and
define w (t) = 2up B, (t) for simplicity. w is positive
since the spin angular momentum and magnetic mo-
ment are opposite in direction. One can refer to w
rather than B, as “the field”. Thus, the Hamiltonian
of an isolated single spin-1/2 system in the presence
of the field w(t) may be expressed as

H(t)=w(t)S.. (2)
The internal energy of the spin-1/2 system is the ex-

pectation value of the Hamiltonian, i.e.
E=(H) =w®)(5.)=wSs. (3)

Based on the statistical mechanics, the expectation
value of the spin angular momentum S, is expressed

by the following relation:21]

§ = (8.) = — tanh (5w/2), (4)

where —1/2 < S < 0.

In quantum refrigeration cycles, the spin-1/2 sys-
tem is not only coupled mechanically to a given “mag-
netic field” w (¢), but also coupled thermally to a heat
reservoir at a temperature 7. Based on the semi-group

(22] the equation of motion of an operator in

formalism,
the Heisenberg picture is given by the quantum master
equation, i.e.

dx - X .

5 =i X]+ == + Lp(X), (5)

where
Lo(X) =Y 7a(VaIX, V] + V., XIV.)  (6)

is a dissipation term and originates from a thermal
coupling of the spin to a heat reservoir, V. and V:
are operators in the Hilbert space of the system and
are Hermitian conjugates, and -, are phenomenolog-
ical positive coefficients. Substituting X in Eq.(5) by
H and using Eq.(3), one can obtain the rate of change

of the internal energy as follows:

@ —ar T o
dw ds

w2 7
T s (7)

dE d .- H R
H <8 >+<LD(H)>

Comparing Eq.(7) with the time derivative of the first

law of thermodynamics/23!

dE 4w dQ
Frini el (8)

one can easily find that the instantaneous power is

dw OH dw
P_E?_<%>_E& ©)

and the instantaneous heat flow is

% =< Lp(H) >= w%. (10)

It is thus clear that for a spin-1/2 system, Eq.(7) gives
the time derivative of the first law of thermodynamics.
Figure 1 shows a schematic diagram of a quantum
refrigeration cycle, which is composed of two adiabatic
and two isomagnetic field processes. This cycle has
microscopic analog to the magnetic Brayton refrigera-
tion cycle,[?*! where the working substance consists of
magnetic salts. For the convenience of writing, “tem-
perature” will refer to 3 rather than 7', where 8 = 1/T
and T is the absolute temperature in energy units. In
two adiabatic processes, no heat exchange is involved.
Increasing w corresponds to the working substance do-
ing work on the surroundings. The reverse process
i.e. adiabatically decreasing w, corresponds to the
surroundings doing work on the working substance. In
the isomagnetic field processes, the working substance
is coupled to the hot reservoir at a constant “temper-
ature” (B and the cold reservoir at a constant “tem-
perature” (., respectively. Q1 and Q. represent the
amounts of heat exchange between the working sub-
stance and the heat reservoirs during the two isomag-

netic field processes, respectively. The “temperatures”
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of the working substance are different from those of
the heat reservoirs. They are, respectively, given by
81, B2, B3, and B4, and they are related to each other
as follows: B4 > 01 > Be > Pn > B3 > P2. wy and wy
represent the high and low “magnetic fields”, respec-

tively.
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Fig.1. The S — w diagram of a spin-1/2 Brayton re-

frigeration cycle, where w is in units of Joule.

3. Performance characteristics

Using Egs.(4) and (10), we can calculate the
amounts of heat exchange in the two isomagnetic field

processes as follows:

S1
Qn :/ wdS
Sa

o [%tanh (Bswr/2) + %tanh (Bawr /2)} (1)
|

Wy {%tanh (Bawo/2) — %tanh (ﬁlwz/Q)}

and

So
Q. :/ wdS
S1

o [—%tanh (Brws)2) + %tanh (Bawa/2)| ,(12)

where S7 and S5 are the mean values of the spin angu-
lar momentum in the two adiabatic processes respec-
tively and S; < S3. During the adiabatic process S

remains constant, so there are the following equations,

S1 = _%tanh (Bzw1/2) = _%tanh (Baw2/2), (13)
and
Sy = 7%tanh (Brw2/2) = —%tanh (Bow1/2).  (14)

Using Egs.(11) and (12), we obtain the work input per

cycle and the coefficient of performance as

W:|Qh+Qc‘

=w; {%tanh (Bsw1/2) — %tanh (ﬂgwl/Z)}

+ws Btanh (Brws)2) — %tanh (Baws /2)} . (15)

and

It is found that the coefficient of performance only
It is

well known that the coefficient of performance of the

depends on high and low “magnetic fields”.

Carnot refrigeration cycle is e, = T./(Ty, — T..). Com-
paring with these two results, we can find the analogy
between the classical thermodynamic result and the
result of Carnot cycle as long as the temperature T is

replaced by the “magnetic fields” w.
4. Time evolution of the spin an-
gular momentum and cycle pe-

riod

In order to calculate the durations of the heat-

wy Btanh (Bsw1/2) — %tanh (ﬂ2w1/2)] + wo [;tanh (Brwa/2) — %tanh (Baw2/2)

- . (16)

w1 — w2

exchange processes, one must solve the equation of
motion that determines the time evolution of the spin
angular momentum. For a spin system, V4 are cho-
sen to be the spin creation and annihilation operators:
5'+ = S'm—i—igy and §_ = Szfigy, and H = wgz. Sub-
stituting 5'+, S_,H,and X = S, into Eq.(5), one can
prove23] that

s _ aexp (gBw) {2[1 + exp (Bw)] S

dt
+ [exp (fw) — 1]}, (17)

where @ > 0 and —1 < ¢ < 0. Solving Eq.(17), one

can obtain the expression of time evolution as follows:
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1[5 ds
t=—— , (18)
aJs. exp(gfw){2[l + exp (Bw)] S + exp (Bw) — 1}

where S; and S are the initial and final values of S
along a given path S (3, w) respectively. Equation (18)
is a general expression of time evolution for a spin-1/2
system coupling with the heat reservoir and the exter-

nal magnetic field.

In the two isomagnetic field processes, the “tem-
perature” of the working substance changes from [
to B3 or from B, to B, so they need a nonnegligible
time. Substituting S (8) = —% tanh (Bw;/2), B8 = B,
S; = Si(B2,w1), and Sf = S¢(B3,w1) into Eq.(18), one
can obtain the duration of one isomagnetic field w,

process as follows:

w, [P
ti=5, | {exp (aBhwn) [exp (Buwn) = exp (Bwn)

a Jp,

x [1+ exp (—fw1)]} *dB, (19)

where (3, > [ because heat is transferred from the
working substance to the hot reservoir in the iso-

magnetic field (wq) process. Similarly, substituting

1
S(ﬂ) = _Etanh(ﬂw2/2)a ﬂ = ﬂc; Si = Si(/g4aw2)a
and Sy = S¢(f1,w2) into Eq.(18), one can obtain the

follows:
wo B1
tz =5 | {exp (aBews) [exp (Bews) — exp (fuws)]
Ba
-1
<[ ()] | a (20)

where 8. < 3 because heat is transferred from the cold
reservoir to the working substance in the isomagnetic
field (w2) process.

In the two adiabatic processes, since S is a con-
stant of the motion, irrespective of the time depen-
dence of w, the time spent along the adiabatic process
is negligible. Consequently, the cycle period is given
by

t =t +to. (21)

5.Optimization of performance

parameters

The coefficient of performance, cooling rate, and
power input are three of the important performance
parameters; they are often taken into account in the
optimal design and theoretical analysis of refrigera-
tors. Using Eqgs.(12), (15), and (21), one can find that

cooling rate and power input may be, respectively, ex-

duration of another isomagnetic field (wg) process as pressed as
|
Q. 1 1
R :T = W2 —itanh (ﬂlt.(J2/2) + itanh (,840.)2/2) /(tl + tg), (22)

and

p=
t

:{w1 Btanh (Bowr /2) — %tanh (Baeon /2)} +ws Btanh (Brws2) — %tanh (Baws /2)] } [t +12). (23)

Using Egs.(22) and (23), one can, in principle, opti-
mize these important performance parameters of the

quantum refrigeration cycle.

At very low temperatures, fw — o0, so that
tanh(Biw2/2) — 1 and tanh(Bsw2/2) — 1. In such
a case, the amount of refrigeration per cycle Q. = 0

and the refrigerator has lost its function.

fw << 1, the re-
sults obtained above may be simplified. For exam-
ple, Eqgs.(11)—(16), (19), (20), (22) and (23) may be,

respectively, simplified as

At high temperatures, i.e.

Qn = wi (B2 — Bs)/4, (24)
Qc = W% (ﬁ4 - /81)/47 (25)
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51/ﬂ2 = w1/w2 =T, (26)
ﬁ4/ﬂ3 = w1/w2 =T, (27)
W = [0} (85 — B2) + @3 (b1 — Ba)] /4, (28)
B By 1
6_51—/32_[34—@3_7“—1, (29)
1 Podp ﬂh*ﬁ2
R e R e
L dg 1 BB
“ )y BB aa " a-m O
_ aw3 (81 — B1)
= B-p | O—Bi (32)
Bn — B3 Be — B
and ) )
p— a [w1 (/63 - /32) + wj (ﬁl - /64)] 7 (33)
lnﬂh—ﬁz+lnﬂc—ﬂ4
ﬂh_ﬂ?) ﬂc_ﬂl

where 7 = w;/ws is the ratio between high and low
It is found that the coefficient of

performance only depends on r or the temperature

“magnetic fields”.

ratio between the original and final states in one adia-
batic process. The results obtained here may be com-
pared with those of macroscopic Brayton refrigeration
cycle where the working substance consists of mag-
netic salts.[?4 It is well known that the coefficient of
performance of an ideal gas Brayton refrigeration cy-
cle is 1/(1‘%,_1/7 — 1), where rp = P»/P; is the pres-
sure ratio and ~ is the specific heat ratio.l?®! It is thus
clear that the performance of a Brayton refrigeration
cycle depends closely on the properties of the working
substance, which is different from that of the Carnot
refrigeration cycle.

If the following assumptions are further made:
B3 — P2 << fn—P2, Ba—PF1 << Ba—Be, Bn > 262 — s,
B < 284 — (1, the durations of the two isomagnetic
field processes may be obtained and their sum is ex-

pressed as

B3 — P2 n Bs— P
da(Pu —B2)  4a(Bs—PBc)
Substituting Eqgs.(26), (27) and (34) into Egs.(32) and
(33) gives

t=1t +ty =

(34)

R=aw?[1/r(Bn — B2) + 1/(yBa — B)] ™", (35)

and

P=awi(r—1)[1/r(By — B2) +1/(yB2 — B)] ",
(36)
where y = 4/ is the maximum ratio between high

and low “temperatures” of the working substances in

Using Eq.(35) and the extremal

condition OR/9B; = 0, we can obtain an optimal re-

the Brayton cycle.

lation

_V ryﬂh + ﬂc . (37)
VY +y

Substituting Eq.(37) into Egs.(35) and (36), we find

that the fundamental optimal relations between per-

P2

formance parameters of the cycle and y are, respec-
tively, given by

R— aw% r (yBn — 5c), (38)

(v +v)*

and

P= awg (T — 1) (yﬂh - ﬂc) (39)

(Vo +vr)’
Using Eq.(38), we can plot the R* — y characteristic

/(aw2 )

=R/ (awl ,Bh) at a given w;

curves, as shown in Figs.2-5, where R* =
at a given wo and (., or R*
and Sy, is the dimensionless cooling rate, 7 = 8./f, is
the “temperature” ratio between high and low reser-
voirs. It is seen from Figs.2—-3 that the cooling rate
monotonically increases as the maximum ratio be-

tween high and low “temperatures” of the working

=15

RrR*

0 20 40 60 80 100

Fig.2. The dimensionless cooling rate R* = R/ (aw2 )
versus the maximum ratio between high and low “temper-
atures” of the working substances y at a given “tempera-

ture” ratio between high and low reservoirs.

substances increases. At y = 7, we have R = 0 and
P = 0. The optimal region of the maximum ratio
between high and low “temperatures” of the working

substances should be

Be/Bu <y < 12Bn/Be, (40)

and

r>7=L:/Pn- (41)
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Using Eq.(38), we can obtain

dR _ awir (Vrpn + Be//Y)
dy

> 0. (42)

(Vr+ )

R*

Fig.3. The dimensionless cooling rate R* = R/ (awgﬁc)
versus the maximum ratio between high and low “tempera-
tures” of the working substances y at a given ratio between

high and low “magnetic fields”.

It is shown that the cooling rate is a monoton-
ically increasing function of y. Substituting Y., =
r26n/B. into Eq.(38), we can derive the maximum
cooling rate,

Ry — w (43)
(VB + VB

Using Eq.(38), we can plot the R

*
max -r and Rmax -T
characteristic curves, as shown in Figs.4 and 5, where
R .. = Ruux/ (aw%ﬂL) is the dimensionless maximum
cooling rate. It is shown that at a given 7 the maxi-

mum cooling rate increases as the ratio between high

max
N
1

*

Fig.4. The dimensionless maximum cooling rate
R* = Rmax/ (awgﬂc) versus the ratio between high

max

and low “magnetic fields” r.

and low “magnetic fields”, r, increases, while at a
given r the maximum cooling rate decreases as the
“temperature” ratio between high and low reservoirs,
7, increases. Therefore, in order to make the maxi-
mum cooling rate as large as possible, we may increase

r, or decrease T.

*
max

10
r
Fig.5. The dimensionless maximum cooling rate
R} = Rmax/(aw%ﬁc) versus the “temperature” ra-

tio between high and low reservoirs 7.

6. Discussion and generalization

1) When the working substance is composed of a

spin-J system (J=1/2, 1, 3/2, 2, ...), the mean value

of the spin angular momentum is given by!21-23]

S =<8, >=—JBs(Buwl), (44)
where —J < § < J and
2J+1 2J+1 1 x
By(z) = < 57 >coth< 57 m) _ﬁCOth(ﬁ)

is the Brillouin function.

At high temperatures,
Eq.(44) may be simplified as
J(J+1)
3
Compared with Eq.(4), the heat quantities of the two
isomagnetic field processes in the cycle may be ob-
tained by multiplying Eqs.(24) and (25) with a factor
of 4J (J +1)/3. On the other hand, using the method

in Section 4, one may prove that the time evolution of

S=- Buw. (45)

the spin angular momentum is determined by

% — 2a{25+Bw [J(J+1)—M]},  (46)
where M = M From Egs.(45) and (46), we

can find that the durations of the two isomagnetic field
processes are the same as those expressed by Egs.(30)
and (31). Thus, the coefficient of performance of the

quantum cycle consisting of the spin-J systems is the
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same as that of the quantum cycle consisting of the
spin-1/2 systems, while the cooling rate and power
input are 4J (J + 1)/3 times as large as those of the
quantum cycle consisting of the spin-1/2 systems, re-
spectively.

2) When B3 — B2 >> (1 — B2, the two adiabatic
processes in the cycle may be replaced by two isother-
mal processes, the cycle is close to a quantum Eric-
sson refrigeration cycle.l! In this case, 81 =~ (2, and
Bs = B4. When B3 — B2 << 1 — B2, the two iso-
magnetic field processes in the cycle may be replaced
by the two isothermal processes, the cycle is close to
a quantum Carnot refrigeration cycle.l?! In this case,
B2 ~ B3 and (1 ~ (4.

3) The above discussion only refers to a single
spin-J system. For the working substance consisting
of many non-interacting spin-J systems, the coeffi-
cient of performance still holds true, while the internal
energy, work input, power input, and heat quantity
can be obtained as long as the above results are sim-

ply multiplied by the total number of spin systems.
7. Conclusion

We have established a model of a typical quantum

Brayton refrigeration cycle consisting of two isoadia-

batic and two isomagnetic field processes and using
non-interacting spin-1/2 systems as the working sub-
stance. Based on the spin theory, motion equation
of an operator, and semi-group formalism, we have
analysed the optimal performance characteristics of
the quantum refrigeration cycles and derived the con-
crete expressions of several important parameters such
as the coefficient of performance, cooling rate, and
power input. Especially, the optimal performance of
the quantum refrigerator in the high temperature limit
is discussed in detail. The maximum cooling rate is

calculated.

The obtained results are further generalized, so
that they are also suitable for the working substance
consisting of non-interacting spin-J systems. Finally,
the two adiabatic processes in the cycle may be re-
placed by the two isothermal processes, and the cycle
is close to a quantum Ericsson refrigeration cycle. On
the other hand, the replacement of the two isomag-
netic field processes by the two adiabatic processes
gives directly the cycle model of a quantum Carnot
refrigerator, so that the optimal performance of the
quantum Carnot or Ericsson refrigeration cycle can

be derived by analogy from the present paper.
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