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Using the mapping approach via a Riccati equation, a series of variable separation excitations with three arbitrary

functions for the (2+41)-dimensional dispersive long wave (DLW) equation are derived. In addition to the usual localized

coherent soliton excitations like dromions, rings, peakons and compactions, etc, some new types of excitations that

possess fractal behaviour are obtained by introducing appropriate lower-dimensional localized patterns and Jacobian

elliptic functions.
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1. Introduction

Fractals and solitons are two important in-
stances of nonlinearity.! =% They are widely applied
in many natural sciences, particularly in fluid dynam-
ics, plasma physics, field theory, optics and condensed
matter physics, etc.>~7 Conventionally, the two prob-
lem are treated independently since one often consid-
ers that solitons are the basic excitations of an in-
tegrable model while fractals are the elementary be-
haviours of a nonintegrable system. In other words,
one does not take into account the possibility of the
existence of fractals in a soliton system. However,
the above consideration may not be complete, espe-
cially for some higher-dimensional systems. In the

(8-19] have

recent study of soliton systems, scientists
found that some characteristic lower-dimensional ar-
bitrary functions exist in exact excitations of some
two-dimensional integrable models. This means that
any lower-dimensional fractal solutions can be used to
construct exact solutions of a higher-dimensional in-
tegrable model, which also implies that any exotic be-
haviour may propagate along this characteristics. In
this paper, we consider this phenomenon in the follow-

ing celebrated (2+1)-dimensional dispersive long wave

(DLW) system:
Uyt + Vaz + Uz Uy + Ulgy = 07

Vg + Uy + (U0) g + Ugwy = 0. (1)

The system was first derived by Boiti et all2% as a
compatibility condition for a “weak” Lax pair. In
Ref.[21], Paquin and Winternitz showed that the sym-
metry algebra of Eq.(1) is infinite-dimensional and has
a Kac—Moody—Virasoro structure. Some special sim-
ilarity solutions were also given in Ref.[21] by using
symmetry algebra and the classical theoretical analy-
sis. The more general symmetry algebra, W, sym-
In Ref.[23],

Lou gave out nine types of two dimensional similar-

metry algebra, was given in Ref.[22].

ity reduction and thirteen types of ordinary differen-
tial equation reduction. In Ref.[24], Lou showed that
Eq.(1) has no Painlevé property, though the system is
Lax or IST integrable. Abundant propagating local-
ized excitations were also derived by Lou et al[!%19]
with the help of Painlevé-Backlund transformation
and a multilinear variable separation approach. How-
ever, to the best of our knowledge, its excitations ob-
tained here that possess fractal behaviour by introduc-

ing appropriate lower-dimensional localized patterns
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and Jacobian elliptic functions has not been reported
in previous literature.

As is known, to search for the solitary wave so-
lutions to a nonlinear physical model, we can make
different approaches. One of the most efficient meth-
ods of finding soliton excitations for a physical model
is the so-called mapping transformation method.[25:26]
Along with the mapping deformation idea and based
on the general reduction theory,27=2°1 we introduce
the mapping approach via a Riccati equation. The
basic idea of the algorithm is: For a given nonlin-
ear partial differential equation (NPDE) with inde-
pendent variables X (zg = ¢,21,%2,...,%.,), and de-

pendent variable u,

)=o0, 2)

where P is in general a polynomial function of its ar-

P(u,ug, Ug,, Ugyaj s - -

gument, and the subscripts denote the partial deriva-
tives. We assume that its solution is in the form of
nonstandard truncated Painlevé expansion, namely

n

u= Y a(X)$'(¢(X)) 3)

with
¢' =0+ ¢? (4)
where ;(X)(i = —n,...,—1,0,1,...

bitrary functions to be determined, ¢ is a constant

,n), ¢(X) are ar-

and the prime denotes differentiation with respect to
q. To determine u explicitly, one can take the fol-
lowing procedure: First, similar to the usual map-
ping approach, we can determine n by balancing the
highest-order nonlinear term with the highest-order
partial derivative term in Eq.(2). Second, substitut-
ing Eq.(3) and Eq.(4) into the given NPDE, collecting
coefficients of polynomial of ¢ and eliminating each of
them, we can derive a set of partial differential equa-
tions of a;(X)(i = —m,...,—1,0,1,...,n) and ¢(X).
Third, to obtain «;(X) and ¢(X), we solve these par-
tial differential equations. Finally, as Eq.(4) has the

general solution

—y/—0 tanh(y/—0q), o <0,
—+/—0 coth(y/=aq), o <0,
¢ =< +/otan(y/oq), o >0, (5)
—+/o cot(+/oq), o >0,
_—1, o=0,
w

substituting a;(X), ¢(X) and the solutions (5) into
Eq.(3), we can derive the exact solutions of the given
NPDE.

2.New explicit solutions for the

(2+1)-dimensional DLW equa-
tion

Now, we make the above mapping approach to

Eq.(1). According to the balancing procedure, Eq.(3)

becomes

u=f+gd(q) +hd " (q),
v=F+Ge(q)+H*(q) + Mo (q) + No2(q), (6)

where f,g,h,F,G,H,M,N and q are arbitrary func-
tions of {z,y,t} to be determined. Substituting Eq.(6)
and Eq.(4) into Eq.(1), collecting coefficients of poly-
nomial of ¢ and setting each of the coefficients to zero,

we have

2Hq, + g°q, = 0,

299:9y + 299yt + 9 ey + 2£99:qy
+4H,q, + 2H gy + 29949, + 2Gq2 = 0,

8Hq2o + gidqy + 9yt + 9qyt + 9f2qy + 49°¢2qy0
+ fy99z + 929y + 2G4z + f92Gy + f9y4e
+ Hyp + 99zy + fg%:y + Ggzz = 0,

299yq10 + 2f99:9y0 + 2992940 + Gue + fgay
+ 2997;‘]950' + g2q$y0' + gyt + 2qu2go' + fa:gy + gz.fy
+2Hqg,0 +4H,q,0 + gfwy =0,

Fuo + ghay + Goyh + 919y0 + 2NG2 — fyhqs

— 2Moyqy — fhyQe + f920y0 + B Goay + 2G1q20
~ hfely + 9yat0 — fhaty + f9yz0 + 2Hq20”
+ [992y0 — Mqua + fyt + 9f29y0 + fy99:0

+ gyhe — fhquy + fofy + [foy — hayt + hyge

— hiy + 9°400y0” + 9y10 + GGano — hyq = 0,

2Mq o — 2hhyqs — 2hhyqy + 2fhquqyo + hy:
- 2quz - h2me + fyha: - 4qu:c + 2hqut0
+ fhoy + Myy + hfey + fohy =0,

— Mqyz0 +8Nq%0 + hhyy — fhyguo

— hyqs0 — hgyso + 4h*q.q,0

— fhzqyo — hfzqy0 + Ngy — fhqzyo + hyhy
— fyhqeo — higyo — 2Myq.0 =0,
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2fhgzq,0 — h2qzy + 2Mq§a — 2hhyq,
+ 2hgyqio — 2hhyqy — 4N2q — 2N qpe =0,

2Ngq, + h2qy =0,

299.q, + gH =0,

ng + ZquaZ; + 29‘19:90(]3/ + 4ngQa:y + ZQqu
+2Hq + gHy + 2fHqy + 492429y = 0,

9% + F 990 + 9900y + 9yGue + hHqs + 89¢2q,0
+ 9G, +39Hq.0 + fGq, + Gg + 9.G

Gi+ Fge + ha H + fGy + gauy + 29Gq:0
+ 9Fs + 499040y0 + 294020 + 2Hqs0o
+299y9220 + f2G + 49292940 + G
+hH,+2fHq,0 =0,

— hgs + 299yq50° — fMqs — gNq, — hFq,
— 2hq2qy0 + hH 4.0 + 9uaqyo + gF g0

+ fGqz0 — 2hy Gy — huaqy — hyQaa

+ 292yq20 + fowy — Auay — 2hayGe + 9Guay0
+fo— Mg+ foF + fF. + Fy

+ 9o M + 7y G + 29292y + GyQaa0

+gM, + hG, + Gqio + gg.0 = 0,

— 2hMqy + 4hqqzy0 + haoy + 2hyqa230' + M;
—2fNqy + foM + hF + fM, + g.N + h, —2Ng;
+ 4hyq2qy0 + gNz + hF, + 2hqpeqyo = 0,

— 2hgyqz0 —
— hyGea0 — Mqio — hqyo + Ny

+ fN; — gNq,0 — 2h,quyo — 8hq2q,0* + hM,
— fMqzo —3hNg; + foN — hFq,0 =0,

hzzqyo' + hmM - hqma:yo'

4h,qrqy0° + 4hqeQey0® + 2hquaqy0? — 2hMq,0
+ hN, + h,N —2fNq,0 — 2Nq;o + Zhyqﬂzca2 =0,

2hq,£qy02 + hN = 0.

It is very difficult to obtain the general solution of
above algebraic equations. Fortunately, in the case of
q = x(z) +¢(y) +7(t), where x = x(z),¢ = ¢(y),7 =
7(t) are three arbitrary variable separation functions

of z,y and t, respectively, we can derive two couples

of meaningful solutions, i.e.

(A)

Xza: — T4
222 b+ +T),

x

Uy =

v1 = —1 = 2X20,0 — 2Xapyd* (X + 0 +7);  (7)
(B)

2z + Ti 2Xz0
=222 T L oxed(x + o+ ) — N

2 Xa dx+v+T1)

vy =—1—4dx,py0 — 2xx<py¢2(x +p+7)
B L (8)
P*(x+e+7)

Based on the solutions of Eq.(4), one can obtain the
explicit solutions of Eq.(1) corresponding to (A) and
(B) respectively:

Case A (1) For o < 0, we can derive the following

solitary wave solutions of Eq.(1):

uyy = %72X1\/T(Ttanh(\/ —o(x+e+71)), (9)

x

v11 = —1—=2Xa2py0 42X py0 tanh? (V=0 (x + ¢ +71));

(10)

upy = X277 9y /=g coth(v=a(x + ¢ + 1)),
(11)
vig = =1 — 2X2040 + 2X2py0 cothz(\/ —o(x+e+71)
(12)

with three arbitrary functions x(z), ¢(y) and 7(t).
(2) For o > 0, we can obtain the following periodic

wave solutions of Eq.(1):

zz — Ti
Uy = % + 2xzVotan(vo(x + ¢ + 7)), (13)

T

viz = —1 — 2X.py0 — 2Xapy0 tan® (Vo (x + ¢ + 7));
(14)

XX—‘T — 2x,V/Tcot(Va(x + ¢ + 7)), (15)

Uig =
Vi = —1 — 2X0y0 — 2Xapy0 cot?(Va(x + ¢ + 7))
(16)
with three arbitrary functions x(z), ¢(y) and 7(t).
(3) For 0 = 0, we can derive the following variable
separation solution of Eq.(1):

T — 2 T
U5 = X Tt — X 3 (17)
Xa X+teo+T
2Xa
vy = 1 P (18)

(X +¢+T7)?
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with three arbitrary functions x(z), ¢(y) and 7(¢). g = —1 — 2Xz Py _ (28)
Case B (1) For o < 0, we can derive the following (x+e+7)

solitary wave solutions of Eq.(1):

Xzz + Tt
Xz
— 2x,V/—0o tanh(v=o(x + ¢ + 1)
2XeV =0
B tanh(v/—o(x + ¢+ 7))’

U1 = —

(19)

v21 = — 1 —4xzpy0
+ 22Xz py0 tanh2(\/ —o(x+e+T1))
2Xapyo

T antl? (V= (x + o + 7))

(20)

Xaz + Tt
X(E
— 2xsv/ =0 coth(vV=o(x + ¢ +7)
_ 2Xz\/__0 (21)
coth(v=c(x+¢+71))’

U2 = —

vae = — 1 —4dx,p0y0

+ 2X2y0 COthQ(\/—U(X +eo+71))
2Xzpyo

T ot (Voo (x + @ + 7))

with three arbitrary functions x(z), p(y) and 7(t).

(22)

(2) For o > 0, we can obtain the following periodic

wave solutions of Eq.(1):

ax + T
U3z = — % — 2xz Vo tan(vo (x + ¢ + 7))

x

2Xz\/0
tan(y/o(x + ¢ + 7))’

(23)

Vo = — 1 — dx3py0 — 2X0Py0 tan2(\/3(x +eo+7))
2Xzpy0

— ; 24

(Vo (x + ¢ + 7)) 24

Xz + Tt

Ugy = — + 2Xz V0 cot(vo(x + ¢ + 7))

_ 2Xe VO (25)

cot(v/o(x + ¢+ 7))’

Vog = — 1 — AX3py0 — 2X0py0 cotz(\/g(x +o+71))
2Xzpy0
— ; 26
o (Va(x + 7+ 1) (26)

with three arbitrary functions x(z), ¢(y) and 7(t).

(3) For 0 = 0, we can derive the following variable

separation solution of Eq.(1):

sz+7t+ ZXx
Xa X+e+T1

(27)

U25 = —

with three arbitrary functions x(z), p(y) and 7(¢).
3. Two classes of fractal
structures for the (2+1)-

dimensional DLW equation

Due to the arbitrariness of functions x(z), ¢ (y)
and 7(t) included in the above cases, the physical
quantity u and v may possess varied structures. For
example, when x(z) = kz,p(y) = ly and 7(¢) = ct,
all solutions of the above cases become simple trav-
elling wave excitations or rational singularity exci-
tations. Moreover, based on the derived solutions,
we may obtain a variety of stationary localized solu-
tions, which are neither travelling wave excitations nor
propagating waves, just as Wu et al reported about
the non-propagating solitons in 1984.139] For instance,
when the arbitrary functions are chosen appropriately,
we may derive many kinds of non-propagating local-
ized solutions like dromion solutions, ring solutions,

peakon and compacton solutions and so on.[31-33]

Now an important problem is, whether we can
find some new types of soliton/periodic structures that
possess fractal excitations for the (2 + 1)-dimensional
DLW system, i.e. the fractal excitations of the DLW
system. The answer is apparently affirmative since
x(z), ¢(y) and 7(t) are arbitrary functions. Here, we
cite some interesting possible fractal patterns. For
simplification, we merely discuss some special fractal

excitations of the solution vy in case A, namely

V=on=—1-2x0,0
+ 2Xapy0 tanh® (V=0 (x + ¢ + 7). (29)

3.1. Regular fractal dromion and lump

3.1.1. Regular fractal dromion

In a (2 4+ 1)-dimensional system, one of the most
important basic excitations is the so-called dromion
solution which is exponentially localized in all direc-
tions. Recently, it has been found that many lower-
dimensional piecewise smooth functions with fractal
structure can be used to construct exact localized so-
lutions for some higher-dimensional soliton systems

which also possess fractal structure. This situation
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also occurs in the DLW system. If we appropriately
select the arbitrary functions x, ¢ and 7, some special
types of fractal dromions for the physical quantity V'

can be found. For example, if we take
x(z) = 1 + el#l(+sin(in()) (30)
o(y) = 1 + elv/(Fsin(n(®)) (31)
T =sin <g + t>, (32)

then a simple fractal dromion is obtained. Fig-
ure 1(a) shows a plot of this special type of frac-
tal dromion structure for the physical quantity V'

given by Eq.(29) with conditions (30)—(32). Figure
1(b) shows the fractal structure of dromion in the re-
gion {z = [-0.02,0.02],y = [-0.02,0.02]}. To ob-
serve the self-similar structure of the fractal dromion
clearly, we enlarge a small region near the centre of
Fig.1(b). When zooming in the region of Fig.1(b) to
{z = [-0.00085,0.00085], y = [—0.00085,0.00085]}
and {z = [-0.0000016,0.0000016], y = [—0.0000016,
0.0000016]}, completely similar structures to that
presented in Fig.1(b) are found (see Fig.1(c) and
Fig.1(d)).

-1.5x1076

-5.0x10~7

-5.0x10~7 5.0x1077 =@

5.0x10™7

—6
y 1.5%10—6 1.5x10

Fig.1. (a) Fractal dromion structure for the physical quantity V with conditions (30)—(32) and ¢t = 0. (b)—(d)
Fractal structures of dromion in the region {x = [-0.02,0.02],y = [—0.02,0.02]}, { = [—0.00085, 0.00085],
y = [-0.00085,0.00085]} and {z = [0.0000016,0.0000016], y = [0.0000016,0.0000016]}, respectively.

3.1.2. Regular fractal lump

It is well known that lump solution has been
formed by rational functions. This localized coherent
soliton structure is another type of significant local-
ized excitation. If we choose the functions x, ¢ and
7 of the physical quantity V' in Eq.(29) appropriately,
we can find some types of lump solutions with fractal
behaviour. Figure 2(a) shows a fractal lump structure
for the physical quantity V' given by Eq.(29), where
X, and 7 in Eq.(29) are chosen as
|| cos? (In(x?))

14 24
Jyl cos(In(y2))

14yt

x(z) =1+ ; (33)

p(y) =1+

= cos G) (35)

From Fig.2(a), we can see that the solution is localized
in all directions. Near the centre, there are infinitely
many peaks which are distributed in a fractal manner.
Figure 2(b) presents a density plot of the structure of
the fractal lump in the region {z = [—0.046,0.046],
y = [—0.046,0.046]}. More detailed study shows the
self-similar structure of this lump. We have reduced
the region of Fig.2(b) to {z = [-0.00042,0.00042],
y = [—0.00042,0.00042]} and so on, and a totally
similar structure to that plotted in Fig.2(b) has been

found.
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(a)

-0.95
> -1.00
-1.05

Fig.2.
t = 0.
[—0.046,0.046]}.

3.2. Jacobian periodic wave structures and
their fractal behaviour

In reality, there abounds an intricate variety of
periodic waves. How to describe and construct them
appropriately is an interesting topic. Recently, a kind
of Jacobian elliptic function approach, which is usu-
ally regarded as straightforward and effective, was pre-
sented and successfully applied to construct certain
periodic waves for many nonlinear models,34=37 be-
cause some suitable elliptic functions are useful and
helpful to describe the complicated periodic wave phe-
nomenon in physics and other natural sciences.

Now, we try to construct some Jacobian peri-
odic wave structures and their fractal behaviour for
the (2 + 1)-dimensional DLW system based on the
above variable separation result. Since the functions
x(z),¢(y) and 7(t) of the physical quantity V in

-15 10

Fig.3.

0.04

0.02 4

= 0.001

-0.02

-0.04 1

-0.04 -0.02 0.00 0.02 0.04

T

(a) Fractal lump structure for the physical quantity V with conditions (33) — (35) and
(b) Density of the fractal structure of dromion in the region {x = [—0.046,0.046], y =

Eq.(29) are arbitrary functions of the indicated ar-
guments, we may choose x(z),¢(y) and 7(t) to be

some Jacobian elliptic periodic functions. For in-
stance, when taking
x(@) =) Pj(a),
j=1
p(y) = Q;(y),7(t) = > R,;(t),  (36)
j=1 j=1

where Pj(z),Q;(y) and R;(t) are Jacobian elliptic pe-
riodic functions such as sn, cn, dn, etc, and ny,ng, ns
are positive integers, we can construct many kinds of
Jacobian periodic wave structures. Two special cir-
cumstances are depicted in Fig.3 and Fig.4 respec-
tively. The related functions x(x), ¢(y) and 7(t) are

directly presented in the figure captions.

0.015
0.010
0.005
0.000
-0.005
~0.010

~0.015 4
~0.015

~0.005 0.005 0.015

(a) Jacobian periodic wave structure for the physical quantity V give by Eq.(29) with x(z) =

sn(z), ¢(y) = sn(y) and 7(t) = sn(t) on the condition of ¢ = 0 and the modulus m = 0.5. (b) Density of the
fractal structure of Fig.3(a) in the region {z = [-0.016,0.016], y = [—0.016,0.016]}.
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Fig.4.

0.015
0.010{ 8
0.005 4

0.000

~0.005 0.005 0.015

T

(a) Jacobian periodic wave structure for the physical quantity V give by Eq.(29) with x(z) =

cn(z), p(y) = cn(y) and 7(t) = cn(t) — 1 on the condition of ¢ = 0 and the modulus m = 0.5. (b) Density of
the fractal structure of Fig.4(a) in the region {# = [—0.016,0.016], y = [—0.016,0.016]}.

Certainly, if we choose x(z),¢(y) and 7(t) to be
different types of Jacobian elliptic functions, we can
construct many different kinds of Jacobian double pe-

riodic wave structures with fractal behaviour.
4. Summary and discussion

In summary, by means of the mapping approach
via the Riccati equation, the (2+1)-dimensional DLW
system is successfully solved. Based on one of the
derived variable separation solutions with three arbi-
trary functions, we list some special examples such as
regular fractal dromion and lump solutions and Jaco-
bian periodic wave structures with fractal behaviour
for the (2+1)-dimensional DLW system. Actually, ac-
cording to the solution (18)/(28), we can also obtain
abundant non-propagating solitons. Comparing the
common formula (1.1) in Refs.[18,19] with the solu-
tion (18)/(19), one can find easily that they are es-
sentially equivalent when choosing p(z,t) = x(z) +
71(t),4(y,t) = ¢(y) + 72(t), 7(t) = T1(t) + 72(t), a1 =
as = 1 and a9 = a3 = 0. Therefore, all the localized
excitations based on the common formula (1.1) can be
derived from the solution (18)/(19) except for partial
propagating properties.

As is known, fractals not only belong to the realm
of mathematics or computer graphics, but also ex-
ist nearly everywhere in nature, such as in fluid tur-
bulence, crystal growth patterns, human veins, fern
shapes, galaxy clustering, cloud structures and in nu-

merous other cases. Traditionally, fractals are the

counterpart of solitons in nonlinear science since soli-
tons are representative of integrable systems while
fractals represent the behaviour of nonintegrable sys-
tems. However, in this paper, we have found some
fractal structures for localized/periodic solutions of
the (2+1)-dimensional dispersive long wave (DLW)
equation. Why these localized/periodic excitations
possess such kinds of fractal behaviour? If one consid-
ers the boundary and/or initial condition of the fractal
solutions obtained here, one can find that the initial
and/or boundary condition possess the fractal prop-
erty. This means that the fractal behaviour of these
localized /periodic excitations of the integrable models
comes from the nonintegrable boundary and/or initial
condition. Due to the wide application of the soli-
ton and fractal theory in many physics fields like the
fluid dynamics, plasma physics, field theory, optics,
etc, it is a significant task to learn more about the lo-
calized/periodic fractal excitations of the “integrable”
physical model with “nonintegrable” boundary and/or
initial condition such as fractal boundary and/or ini-
tial condition. This paper is just a beginning. We
hope that the approach taken in our present work
may be further extended to other nonlinear physical

systems.
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