Vol 15 No 1, January 2006
1009-1963/2006/15(01)/0019-03

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

Lie symmetry and conserved quantity of a system

of first-order differential equations’

Xu Xue-Jun (2 %)>P)1

Mei Feng-Xiang(#§ X)), and Zhang Yong-Fa (3K 7k %))

a) Department of Mechanics, Beijing Institute of Technology, Beijing 100081, China

b)Department of Physics, Zhejiang Normal University, Jinhua 321004, China

(Received 22 April 2005)

This paper focuses on studying the Lie symmetry and a conserved quantity of a system of first-order differential

equations. The determining equations of the Lie symmetry for a system of first-order differential equations, from which

a kind of conserved quantity is deduced, are presented. And their general conclusion is applied to a Hamilton system, a

Birkhoff system and a generalized Hamilton system. T'wo examples are given to illustrate the application of the results.
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1. Introduction

Since Noether revealed the inner relation between
symmetries and conserved quantities of dynamical
systems in 1918, people have made great progress
with the subsequent research on both symmetries and
conserved quantities,?~3] and the application of Lie
groups on differential equations has been made much
account of.5=8 The Lutzky conserved quantity!®:
and the Hojman conserved quantity®'112] can be di-
rectly deduced from the Lie symmetry. In this paper,
the Lie symmetry and a conserved quantity of a sys-
tem of first-order differential equations are studied,
and the application of the conclusions to three kinds

of mechanical systems is presented.
2.Lie symmetry and conserved

quantity

A system of first-order differential equations can

be written in the form

&, = fu(t,x) (rL=1,2,...,m). (1)
Introduce infinitesimal transformations as

t"=t+elo(t,x), x,(t")=2u(t) +eu(t, @)

(,u:1,2,...,m), (2)

where ¢ is an infinitesimal parameter and &, £, are
infinitesimal generators. Under the transformations
(2), the determining equations of the Lie symmetry

for Eq.(1) are

d
_ x(0) —
L 26— x5 =0
(u:1727~'-am)7 (3)
where
0 d 53] 0
(0) - _Z =
X 50 i sy @ o ae, @

Proposition If the infinitesimal generators &y, &,
satisfy Eq.(3), and besides, there exists a function
A = A(t, x) satistying

Bfﬂ of d
xO (e ) - Ty
oz, dt ot <8$u dt[

then Eq.(1) has a conserved quantity as

O], (5)

_ Z£H f;L 9o — x() (ln /\) = const. (6)
.’E” ;L
Proof Let
& a& e xo (fi)-
T T g
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Differentiating @, with respect to z,, and summing up

for p, we have

8%, 9 ag af, d
oz, Oz, dt" Oz, dt>’
o d d
— fu——to— —XO(f). (A
fﬂa% 3% o, (fuw). (A)

Substituting the following three relations:

0a, a0 o0,
Oz, dt T oz, Oz, Bm“’
o d, da& | 0 0f,
oz, dt™" ~ dt oz, ' Oz, dx,’
9 of, Ofu 9 | 0fu 08
— x(0) —x0O [ ZIn ZJn =250 L
oz, (fu) oz, + ot oz, Oz, 0z,
into formula (A), we obtain
00, A (96, O
oz, S dt oz, ’Lax#
af of, d
—_xO) (e ) e = e B
(3xu> Owx,, dt 0 (B)

Substituting relation (5) into formula (B), we get

99, d[06 , 0%
=SS B0 x O
oz,  dt [&cu In5a, (n )|

and then the system (1) has the integral (6).

Corollary 1 If
Of.
—H =0 7
Oz, ’ (™)

Eq.(1) has a conserved quantity as

23 9o
=t _f—> = t. 8
9z, fu 9z, cons (8)
Corollary 2 If
Ofu
8$N ) &-0 ) ( )

Eq.(1) has a conserved quantity as

I= % = const. (10)
oz,

3. Application to mechanical sys-

tems
For a Hamilton system
oH oH
.s: ; .s:_ :1727"'5 ) 11
Q=g P 2. (s n), (11
we have

of, 0 0H a(aH>:0’ (12)

81:;1 B 0q, Op, Ops _aQS

where

(s=1,2,...,n; m=2n).
(13)

According to corollary 1, the system has the conserved

s = (gs, xn-}-s = Ps

quantity (8) which subsequently becomes

0H 0

I ¢,
0q, Op,

g,

dns  OH 9&

_ - t. (14
Ops  Ops Oqs const, (14)

where ns = £,,+s. Particularly, if £, = 0, relation (14)

will give

ot, O,
_£+77

I =
dqs  Op,

= const, (15)

which is a Hojman conserved quantity of the Hamilton
system.

For a Birkhoff system

8B OR
Gt = HY [ =— Y =1,2,...,2 16
; (aaﬁat) (h=1,2,...,20), (16)
let
L (0B OR,
s=at fu=0 (o). o

and then the system (16) can be written in the form of
Eq.(1). According to corollary 2, if relation (9) holds,
the system will have the conserved quantity (10) which
was given in proposition 4 of Ref.[13].

A generalized Hamilton system

OH

— =1,2,... 18
o (=Ll2..m) ()

z, = Ju

can certainly be written in the form of Eq.(1). If

0 0H
Juw—1]=0, 19
Oz, ( a (9:1:,,) (19)

according to corollary 1, the system (18) will have the

conserved quantity (8), where

fo=1J 0H

nv )
oz,

(20)

and subsequently, will become relation (10) in the spe-

cial case of £, = 0.

4. Illustrative examples

Example 1 A generalized Hamilton system is

fCl = I, $.2 = —2, m.g = —4$1$2. (21)
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The determining equations (3) of the Lie symmetry

for the system give

d d
551 - l‘zafo = 527

d d
552 + afo = —£,

d d
Efs + 4561902&50 = —4& 1y — 4&oy,
which have a solution as

&1 =¢=6=0, & = (zysint+ xycost) (22)

It is obvious that relation (7) holds, hence the con-

served quantity (8) gives
9o 9o

[ =— 19— _=
2 8231 + 1 8.762

=2(zqsint + x5 cost)(xy cost — xasint)

=const. (23)

Example 2 The Birkhoff functions and the Birkhof-

fian of a second-order Birkhoff system are

Rl :az,
1

%(aQ)Q 4 %azt%(t) + %0%(1&) +60(t), (24)

Ry =0,
B:

where m is a constant and 6y(¢), 6;(t) are known func-
tions with respect to time t. The Birkhoff equations

of the system can be written in the form

1 1
it = —a®+ —06,(t), a®=0. 25
it = —a’+ —6(t), @ (25)

We can easily verify that relation (7) holds. The de-

termining equations (3) of the Lie symmetry give

d 1, d 1 . d
dtgl m(a + 1)dt§0 m(52+ 10), dt& ;
which have a solution as
t 0
g =(a' — —a®— [ —adt)?,
m
0 t 0
& = 2(a' — —a®— [ 2dt)?, & =0. (26)
m m m
Hence the conserved quantity (8) gives
06 1 ., 9o
=—=_ - 9.) =2
dal m (a”+01) dal
2a? ¢ 6
=— i(a1 — —a%— / “Ldt) = const. (27)
m m m

5. Conclusion

The condition (5) under which the Lie symmetry
can lead to a conserved quantity for a system of first-
order differential equations and the form of the con-
served quantity (6) are presented in this paper. These
results can be applied to studying the Lie symmetries
and the conserved quantities of the Hamilton system,
the Birkhoff system and the generalized Hamilton sys-
tem. We are looking forward to generalizing the re-

sults to second-order differential equations.
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