Vol 15 No 1, January 2006
1009-1963/2006/15(01)/0013-06

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

A geometric framework for time-dependent mechanical

systems with unilateral constraints’

Zhang Yi(3¢ 3%)»T and Mei Feng-Xiang (g R\ H1)P*
a) Department of Civil Engineering, University of Science and Technology of Suzhou, Suzhou 215011, China

b) Department of Applied Mechanics, Beijing Institute of Technology, Beijing 100081, China

(Received 10 December 2004; revised manuscript received 4 February 2005)

The description of modern differential geometry for time-dependent Chetaev nonholonomic mechanical systems

with unilateral constraints is studied. By using the structure of exact contact manifold, the geometric framework of time-

dependent nonholonomic mechanical systems subject to unilateral nonholonomic constraints and unilateral holonomic

constraints respectively is presented.
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1. Introduction

In nature as well as in engineering, there are
plenty of problems with unilateral constraints:™! for
example, the motion of a system restrained in a lim-
ited space, the motion of a system with gyro wheels,
the motion of a robot round barriers, the motion of a
system in vibration or under impact, and so on. The
history of investigation of mechanical systems with
unilateral constraints may be traced back to the be-
ginning of the 20th century,[? and in the 1930s and the
1940s of the 20th century, Levi-Civita and Amaldi,?!
and Suslov! studied the idea of unilateral constraint,
the D’Alembert—Lagrange principle and the virtual
work principle of systems with unilateral constraints.
In 1958, Wang!®! introduced the virtual work principle
of a particle and a system of particles with unilateral
holonomic constraints and their simple applications.
In 1988, Meil® reviewed the dynamics of systems
In 1993, Zhuravlev and
Fufaevl” published the first monograph on mechan-

with unilateral constraints.

ics of systems with unilateral constraints. In recent
years, some important results on researches of funda-
mental theories of systems with unilateral constraints
have been obtained.*='9 In Ref.[19] the tangent bun-

dle geometry is used to describe time-independent
dynamical systems subject respectively to unilateral
nonholonomic constraints and unilateral holonomic
constraints. In this paper, we further study the de-
scription of modern differential geometry for time-
dependent Chetaev nonholonomic mechanical systems

with unilateral constraints.

2.Preliminaries

Let @ be an n-dimensional differentiable mani-
fold, T'Q its tangent bundle, and 7 : TQ — Q the
canonical tangent bundle projection. We will denote
by {¢%;i = 1,...,n} aset of local coordinates in Q and
by {¢*,v%;i = 1,...,n} the associated coordinates in
TQ.

The time-dependent velocity phase space is rep-
resented, in geometric terms, by TQ x R. The nat-
ural coordinate on R will be denoted by ¢, and m; :
TQXR—TQ and 72 : TQ x R — R are the two pro-
jections onto T'Q and R, respectively. We will use as
the fundamental structure the bundle over the space
of events Q@ X R given by m : TQ X R - Q X R,m =
T1 X T, 71 = T o 1. The Liouville vector field will be

denoted by A and the (1,1) tensor field representing
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the time-dependent vertical endomorphism in 7Q x R
by St. In terms of local coordinates they have the
form,

; 0 9]
~ o ~ i
We will use the adjoint operator S* instead of S?
when it acts on A1(T'Q x R). Obviously,

0 0 0
t e = — St e == 0
(o) = o 5 (aws) =©
S (dg’) = §™(dt) =0,
S (dv') = d¢* — v'dt. (2)

A St ® (dg" — v'dt). (1)

Suppose that a time-dependent Lagrangian is
given as a differentiable function L on T'Q) X R, then we
can construct an energy function Ej, € C*°(TQ x R),
a semibasic 1-form ©f € AY(T'Q x R), and an exact
2-form 25, € A%(T'Q x R) by

Ep = A(L)— L, 0y = 8t (dL) + Ldt, 2, = —d6y.
(3)
We recall that if the Lagrangian L is regular,
then the 2-form 27, has maximal rank. In this case
(TQ x R,Oy) is an exact contact manifold. We
can then represent the dynamics by the vector field
X1 € x(TQ x R) satisfying the equation

(X)), =0 (4)
and the condition
i(Xp)dt = 1. (5)

The solution X, is uniquely determined, which turns
out to be a time-dependent second-order differential
equation vector field (hereafter abbreviated as SODE).
In local coordinates, X takes the form

i 0 0
+ f (qavat)w + aa
oL o’°L 0*L > (6)

; _wii [ 9L _ _
flavt) =W <8qj quavjv Otovi

.0
X, =v'—
L anl

where f(q,v,t) may be called the Lagrangian forces
in contrast with the constraint forces and W*J is the
inverse matrix of the time-dependent Hessian matrix
Wij.

In the following we will denote by x”(7'Q x R) the
set of all the vertical vector fields

X' (TQ x R)
={V ex(TQ x R)|S*(V) =0,i(V)dt =0} (7)

by x?(T'Q x R) the set of the SODE vector fields

X (TQ x R)
— (D e x(TQ x R)|S*(D) = 0,i(D)dt =1}, (8)

and by A}, (TQ x R) the set of the semibasic 1-forms
A4(TQ x R) = {B € 41(TQ x R)|s* (8) =0} . (9)

We will denote by {#%;i = 1,---,n} the set of lo-
cal contact 1-forms with coordinate expression §° =
dq® —v'dt; they generate a subset of semibasic 1-forms
that we will denote by AY(TQ x R). Therefore, a
semibasic 1-form « belongs to A} (TQ x R) if a = a;0°

where «; are local smooth functions.
3. Motion of nonholonomic sys-
tems with unilateral nonholo-

nomic constraints

Now we assume that the system is subject to
a Chetaev nonholonomic unilateral constraint and
g — 1 Chetaev nonholonomic bilateral constraints de-
termined by a submanifold C' of T'Q x R with bound-
ary. In local coordinates, the constraints are defined

by equations of the form

79_1)

9¢ = 9%(q,v,t) =0,(a=1,---
0, (10)

7 = 99(q,v,t)

v

where we assume that the constraints (10) are non-
integrable in the sense of Frobenius. Obviously, the
interior of C' (denoted by IntC) is a submanifold of
TQ x R, and its boundary 8C is a submanifold of
TQ x R of codimension 1 with respect to C, where

the boundary dC is assumed to be orientable.
Let us define 1-form on A}(TQ x R) as follows:

g =St (d9Y)(z), zeC, (11)

0 if zentC,
Qg = . ~ (12)
StT(dP9)(z) if xedC.

In local coordinates, we have

a

[/ ] .
(dg’ — o7 dt),

Ovi

(q,v,t) € C, (13)

g = 0q;0 =
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0 if (g,v,t)€ IntC,
ag = Y . (14)
ag;07 = W(dqj —vldt) if (q,v,t) € dC.

In order to obtain the vector field of dynamics of
the system with unilateral constraints, we first con-

sider the system of equations

i(X1)f2L =0, (15)
i(Za) 02 = oy, (16)
i(Zg)'QL = Qy, (17)

where Z, and Z, are respectively associated vertical
vector fields of contact semibasic 1-forms o, and oy,
which represent the modification that o, and a4 in-
troduce in the free Lagrangian dynamics. In local co-
ordinates, we have

0

Zo = —Wijaajw, (18)
0 if (g,v,t)€ IntC,
Zy = . o . - (19)
—W”agj% if (q,v,t) €0C.

fi(g,v,t) + )\“Wijaaj

Let M, A=1,---,g be a family of g functions in
TQx R and let I'y denote the associated A4-dependent
family of SODE vector fields defined by

I'y=Xp - \'Z, X2,
M e C=(TQ x R),

then I') is a solution of the equations

I(F)\).QL = —)\aaa - )\gag,
i(Iy)dt = 1. (20)

In local coordinates I') takes the form

, 0 0
+F1(q,’U,t,A)—< +

Iy =v' o
ATl vt ot

oo (21)

where

if (q,v,t) € ntC,

Fi(q,v,t,A) =¢ * 3 5 . (22)
g, v,t) + X*WWa,; + MW4ay; if (q,v,t) € dC,
and its integral curves are the solution of
d? fi(g,q,t) + X*Whay,; if (q,q,t) € IntC, (23)
24 = . .. . ~
de? Fi(g,q,t) + X*Wia,; + NMWilay; if (g,q,t) € dC.

In the set {I'\,A4 € C®°(TQ x R),A =1,---,g} there is a unique vector field I' € x2(TQ x R) that is
tangent to the submanifold Cc TQ x R with boundary. It is determined by the following conditions:

(oY) =0,(a=1,---,g—1) if (q,v,t)entC, (24)

A(8%) =0,(A =1,

i.e.

X1 (8%) — XZy(97) = 0, (a,b =
X1 (84) = XBZp(84) = 0, (A, B

Suppose the matrix

(Zb(éa)) if (q,v,t) € Inté:
(Zp(®4)) if (q,v,t) € dC,

M =

is non-singular, and A can be solved from Egs.(26).
Therefore, the vector field I" of dynamics for the time-

dependent system with unilateral constraints is ob-

,9) it (q,v,t) €9C, (25)

1,...,9—1) if (q,v,t) € ntC,
:17"'79)

if (q,v,t)€ acC.

tained.
Suppose a time-dependent Lagrangian L takes the

form
1 .
L(q,’U,t) = Egijvzvj - ‘/7
gij = 9ij(q,t),V = V(q,t).

Since W;; = g;;, so the condition of it being non-
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singular is satisfied automatically. 0 if (g,v,t)€ Inté’,
. . Bo = 9wt .
4. Motion of nonholonomic sys- Bydg? = anqu if (g,t)€aC.
tems with unilateral holonomic (32)
. We consider the system expressed by the following
constraints .
equations:
Suppose the system is subject to d ideal holo- i(X)2, =0 (33)
nomic unilateral constraint and g—1 Chetaev nonholo- .
nomic bilateral constraints determined by a submani- U(Zaa) 21 = o, (34)
fold C of TQ x R with boundary. In local coordinates, i(Zgp) 2 = By (35)

we have

P = P%gq,v,t) =
vt =0’g,t) >0,

~—
—~

0) a’:la"'ag)a (27)
(b=1,,d), (28)

where @° is non-integrable in the sense of Frobenius.
Let us define the 1-form on A (T'Q x R) as follows:

g =SV (d9?)(z) zeC, (29)

0 if zelntC,
By = _ . (30)
7 (d@b)(z) if z€aC,
where 7* : T*(Q x R) — T*(TQ x R) is the induced

mapping of 7. In local coordinates, we have,

The family of SODE vector fields
{T(A\p) € X*(TQ x R)|\,p € C™(TQ x R)}
is defined by
T\p)=X1 — X"Zoa — 1" Zs (36)
and satisfies the following equations:
i(D)02p = =\ — 4By, (37)

i(I)dt = 1. (38)
Therefore, in coordinates I' takes the form

r=v? 0

. 0
-+ [ tA\ ) — + — 39
o0 HE(q vt A )55+ o (39)
Qg = Oéajdqj = oui d¢/ (q,v,t) € C, (31)  where
|
, i(g,v,t)+ X Wi, if (q,v,t) € IntC,
i S@mOEX Wy i (@t et (10)
fz(qa ’U,t) + )‘GW”O‘aj + MbW”ﬂbj if (q) v, t) € 80,
and its integral curves are the solutions of
d ;) Fia,q.t) + A Wiay, if (q,4,t) € IntC, (1)
T4 = . - - -
de? Fi(2,@,1) + X Wi + f"Wig,; if (q,4,t) €9C,
which agree with the following equations by the classical approach:
aa¢a . b :
iaL % B A 8—(]1 if ?°(q,q,t) >0, (2)
N L, 09 ,out by
A — — if ¥ t) = 0.
o5 Mo ! (g,9,1)

The Lagrange multipliers A* and p® in the clas-
sical approach can be regarded as the “intensity” of
the modification of the vertical vector fields in the ge-
ometrical approach. In order to determine A* and u?,

it needs to be complemented with some conditions,

such as we may assume

. awb . owb
V= ——v'+—— =0 if
a¢ | T ot !
then in the set {I'|A% pu® € C®(TQ x R)} there is a
unique vector field I' € x2(TQ x R) that satisfies the

following equations:

wb(q,t) =0, (43)
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F(¢a):07(a:15 '79)5
rwty=o0,b=1,---,d if (q,v,t)edC, (44)
ie.
XL(P%) = X\Zae(®*) =0 if (q,v,t) € IntC, (45)
Xr(9%) — XZpe(P*) — uZp(9%) =0
X1 (W) = A Zae(UP) — uZ5.( %) =0 if (q,v,t)€aC. (46)
(C)a: 17"'79;67b: ]-a)d)
|
These are the algebraic equations about A® and u®, if  equations of the form
the coefficient matrix of the equations is non-singular, L Y )
A% and p® can be solved out, and therefore, the vector ¢ =¢q +atqg” —ag”+t=0, (48)
field I" of the unilateral constrained dynamics can be ®? = ¢ — atg* + aq' > 0. (49)

obtained.
5. Example

Suppose the Lagrangian of a mechanical system

® 1 2 2 2
L= @)+ @+ @), an
and the constraints for this system are defined by

0

Ay =

In this case the 2-form {27, and the 1-forms oy, as

are

25, =dg* Adgt + dg? A dg? + dg® A dg?
+¢'dgt A dt + ¢%dg? A dt + ¢3dg® A dt. (50)

—atdg' + d¢® + (at(j1 — q'?’) dt if &?=0,

and the vector fields Xy and Z;, Z; turn out to be

o ., 0

X, =— — 53
1o} 0
1= ——— —at— 54
1 Bql a 8q~2a ( )
0 if #2>0,
oy = (55)

o 4 ..

Thus, the A*-dependent vector field I'y takes the form

d 0 o B,
M= —+¢"— + XN — + Mat—
A Tk T o T Mo
if &*>0, (56)
0 0 0 B
Iy=—+d"— + X\ + Nat—
Yot Tl e T e T Yag
0 0
—Nat— + X if &= (57)

ay = dq* + atdg® — (q1 + atq'z) dt, (51)
if @%2>0,
(52)
|
and its integral curves satisfy
=X, @=aX, =0
if ¢*>0, (58)
G = —at)?, F#=at\, =N
if @%=0. (59)

The functions A' and A? are to be obtained by impos-

ing the conditions

Iy(e')=0 if &* >0, (60)
I\(®')=0,I\ (%) =0 if &*=0, (61)
thus we obtain
1

M=——"") AM=0 if ¢*>0 62
1+a2t27 1 > Y ( )

D i

1+ a?t2 4 a4t?’

t

N=— T if $2=0. (63)

14+ a2t + gttt
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Hence, the dynamics for the time-dependent system

with unilateral constraint is given by

Vol. 15
0 0 1
I =— k = -
8t+q ok 1+ a?t? + a*t?t
P bon D P
X 8_ql+at(1+at)8_q2+at8—q3
if #*=0. (65)

p_0 0 1 )
o ¢ dqk 1+ a2t2 94t
at
- if 2>0 64
TTerag o C0 O
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